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One of the main challenges of contemporary physics is the unification of the four funda-
mental interactions. On the one hand, the electromagnetic, weak and strong interactions have
been unified in the general framework of quantum field theory, within the Standard Model.
This theory provides a quantum description of these interactions in agreement with special
relativity but restricted to a regime where gravity can be neglected. Numerous predictions of
the Standard Model have been verified with an impressive accuracy through experiments with
particles colliding in accelerators. On the other hand, the gravitational interaction has a very
different status since, according to Einstein’s General Relativity which remains its current
best description, gravity is encoded in the curvature of spacetime induced by the presence of
matter. In this context, spacetime becomes dynamical, which is different to what happens
in quantum field theory where particles propagate in a fixed background. General Relativity
successfully computed the perihelion precession of Mercury, the deflection of light by the sun,
etc... and it is even used in our everyday life through the global positioning system. But it
is a classical theory, and cannot be applied to energy scales larger than the Planck energy.
In some extreme situations such as those encountered in the center of black holes or at the
origin of the universe, all interactions become simultaneously relevant. Unfortunately, direct
attempts to express General Relativity in quantum mechanical terms have led to a web of
contradictions, basically because the non–linear mathematics necessary to describe the cur-
vature of spacetime clashes with the delicate requirements of quantum mechanics [83]. This
situation is clearly not satisfactory and a theory encompassing all fundamental interactions
must be found. This hypothetic theory should reproduce the Standard Model and General
Relativity in their respective domains of validity.
So far, the most promising candidate for such a unification is string theory. The basic
idea of string theory is to replace the point particles by one–dimensional objects. These
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one–dimensional objects can vibrate and the different vibration modes correspond to various
particles. A very exciting feature of string theories is that their particle spectra contain a
graviton (the hypothetic particle mediating the quantum gravitational interaction) and may
contain particles mediating the other three forces. String theory predicts additional spatial
dimensions, and supersymmetry — mixing bosons and fermions — is a key ingredient. A
drawback of string theories is that a satisfactory formulation based on first principles is still
missing. Another drawback at first sight is that there exist five coherent supersymmetric
string theories: type I, type IIA, type IIB, heterotic E8 × E8 and heterotic SO(32). One
may wonder how to choose the one which is the most fundamental? Fortunately, relations
between these theories, named dualities, have been discovered during the nineties. There are
essentially two types of dualities: the T–dualities and the S–dualities.
In order to understand how T–duality acts, some knowledge of dimensional reduction is
necessary. If one of the space–like dimensions is assumed to take its values on a circle of radius
R, a closed string can wrap ω times around this circle. Winding requires energy because the
string must be stretched against its tension and the amount of energy is ωR/ℓ2st, where ℓst is
the string length. This energy is quantised since ω is an integer. A string travelling around
this circle has a quantised momentum around the circle; indeed, its momentum is proportional
to the inverse of its wavelength λ = 2πR/n, where n is an integer. The momentum around
the circle — and the contribution to its energy — goes like n/R. At large R there are many
more momentum states than winding states (for a given maximum energy), and conversely
at small R. A theory with large R and a theory with small R can be equivalent, if the role
of momentum modes in the first is played by the winding modes in the second, and vice
versa. Such a T–duality relates type IIA superstring theory to type IIB superstring theory.
This means that if we take type IIA and type IIB theories and compactify them on a circles,
then switching the momentum and winding modes as well as inverting the radii, changes one
theory into the other. The same is also true for the two heterotic theories.
In contrast with standard quantum field theories, the coupling constant of the string
depends on a spacetime field called the dilaton. Replacing the dilaton field by minus itself
exchanges a very large coupling constant for a very small one. An S–duality is a relation
exchanging the strong coupling of one theory with the weak coupling of another one. If two
string theories are related by S–duality, then the first theory with a strong coupling constant
is the same as the other theory with a weak coupling constant. Superstring theories related
by S–duality are: type I superstring theory with heterotic SO(32) superstring theory, and
type IIB theory with itself.
It turns out that T–duality of compactified string theories and S–duality do not commute
in general but generate the discrete U–duality group [98]. In particular, when compactifying
type II string theories on a d–torus, the conjectured U–duality group is the discrete group
Ed+1(d+1)(Z).
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The discovery of the various dualities between the five D = 10 superstring theories sug-
gested that each of them could be a part of a more fundamental theory that has been named
M–theory [178]. Much of the knowledge about M–theory comes from the study of the D = 10
maximal supergravity theories which encode the complete low energy behaviour of all the
known superstring theories. Moreover, the D = 11 supergravity [31] has been argued to be
the low energy limit of M–theory [178]. This theory has a special status: it is the highest
dimensional supergravity theory and it is unique in D = 11 [139].
Although very little is known about M–theory, it is believed that M–theory should be a
background independent theory that would give rise to spacetime as a secondary concept. It is
expect that M–theory should also possess a rich symmetry structure. Since symmetries have
always been a powerful guide in the formulation of fundamental interactions, the knowledge
of the symmetry group of M–theory would certainly constitute an important step towards
an understanding of its underlying structure. The following statement is therefore very
intriguing: the infinite–dimensional Kac–Moody group E11(11) has been conjectured to be
the symmetry group of M–theory [177, 126].2 The corresponding Kac–Moody algebra e11(11)
is the very extension of the finite dimensional Lie algebra e8(8). [ More precisely e
+++
8(8) is
the split real form of the complex Kac–Moody algebra e+++8 defined by the Dynkin diagram
depicted in Figure 1, obtained from those of e8 by adding three nodes to its Dynkin diagram
[80]. One first adds the affine node, labelled 3 in the figure, then a second node labelled 2,
connected to it by a single line and defining the overextended g++ algebra, then a third one
labelled 1, connected by a single line to the overextended node.]
Figure 1: The Dynkin diagram of e+++8
1 2 3
i i i i i i i i i i
i
This conjecture is supported by the fact that evidence has been given according to which the
bosonic sector of D = 11 supergravity could be reformulated as a non–linear realisation based
on the Kac–Moody group E11(11) and the conformal group [176, 177]. Theories of type IIA
and IIB can also be reformulated as non–linear realisations based on E11(11) [159, 176]. The
E11(11) group contains the Lorentz group which is evidently a symmetry of the perturbative
theory but it also contains symmetries which are non–perturbative. The simplest example
is provided by the case of IIB theory: the E11(11) symmetry contains its SL(2,R) symmetry
[160] which acts on the dilaton and therefore mixes perturbative with “non–perturbative”
phenomena.
The relevance of infinite–dimensional Kac–Moody algebras as symmetries of gravitational
theories has already been pointed in [105, 106, 103]: it has been conjectured that the dimen-
2Here, Kac–Moody groups are understood to be the formal exponentiation of their algebras.
14 INTRODUCTION
sional reduction of D = 11 supergravity down to one dimension would lead to the appearance
of the Kac–Moody group E++8(8) = E10(10). In this context, E10(10) is called a hidden symme-
try of D = 11 supergravity since it was thought to appear only after dimensional reduction
(and/or dualisations of certain fields). The emergence of hidden symmetries is not particular
to D = 11 supergravity: they also appear in other supergravities and in pure gravity. Their
full implications are to a large extent still mysterious. Before concentrating on dimensional
reduction of D = 11 supergravity, let us recall the first example of hidden symmetries and
comment about the N = 8, D = 4 supergravity.
This first example comes from the study of solutions of the Einstein equations of pure gravity
in D = 4 admitting Killing vectors. The Ehlers SL(2,R) group is a symmetry group acting
on certain solutions possessing one Killing vector [67]. When combined with the Matzner–
Misner group, it leads to an infinite–dimensional symmetry — the Geroch group — acting
on solutions of Einstein’s equations with two commuting Killing vectors (axisymmetric sta-
tionary solutions) [82]. The Geroch group has been identified with the affine extension of
SL(2,R), namely the affine Kac–Moody group SL(2,R)+ [105]. These results also provided
a direct link with the integrability of these theories in the reduction to two dimensions, i.e.
the existence of Lax pairs for the corresponding equations of motion [66, 124, 17, 131, 13].
Hidden symmetries have further been discovered in various supergravities [26, 27]. The max-
imal N = 8 supergravity in D = 4 was shown to possess an E7(7) symmetry; the D > 4
theories which reproduce this theory upon dimensional reduction(s) a` la Kaluza–Klein also
possess hidden symmetries which are displayed in Table 1. Non–maximal (N < 8) super-
gravities in D = 4 — obtained by consistent truncations of the fields decreasing the number
of supersymmetries of the N = 8 supergravity in D = 4 — and their higher dimensional
parents again exhibit hidden symmetries. [The D = 3 theories obtained from the D = 4 ones
also give rise to hidden symmetries.] All these symmetries enter very nicely in the so–called
magic triangle of Table 1. For each N , the highest dimensional theory is said to possess
hidden symmetries since it possesses symmetries revealed only after dimensional reduction
and suitable dualisations of fields.
Let us now focus on the D = 11 supergravity, which is of particular interest in the context
of M–theory, and its successive dimensional reductions (for excellent lecture notes on the
subject see [150]). More precisely, we will consider the scalar sector of the reduced theories
since it can be shown that the symmetry of the scalar sector extends to the entire Lagrangian
[150]. Performing successive dimensional reductions on an circle, a torus, ... an n–torus
increases the number of scalar fields. Indeed, from the (D − 1)–dimensional point of view,
the D–dimensional metric is interpreted as a metric, a 1–form called graviphoton and a scalar
field called dilaton while a D–dimensional p–form potential yields a p–form potential and a
(p−1)–form potential. The scalar fields appearing in successive dimensional reduction of the
D = 11 supergravity down to D < 11, including those that arise from dualisation of forms,
combine into a non–linear realisation of a group G. More precisely, they parametrise a coset
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Table 1: Real magic triangle Cosets: N is the number of supersymmetries in D = 4, D the spacetime
dimension and a + means that a theory exists but possesses no scalars. The remarkable property of
the magic triangle is its symmetry — up to the particular real form — with respect to the diagonal
(see [91] for more details).
N = 8 N = 6 N = 5 N = 4 N = 3 N = 2 N = 1 N = 0
D = 11 +
D = 10 R
D = 9
SL(2)
SO(2) × R
D = 8
SL(3)×SL(2)
SO(3)×SO(2)
D = 7
SL(5)
SO(5)
D = 6
SO(5,5)
SO(5)×SO(5)
SO(5,1)×SO(3)
SO(5)×SO(3)
D = 5
E6(6)
Usp(8)
SU⋆(6)
Usp(6)
D = 4
E7(7)
SU(8)
SO⋆(12)
U(6)
SU(5,1)
U(5)
SU(4)×SU(1,1)
SU(4)×SO(2)
U(3)
U(3)
U(2)
U(2)
U(1)
U(1) +
D = 3
E8(8)
Spin(16)/Z2
E7(−5)
SO(12)×SO(3)
E6(−14)
SO(10)×SO(2)
SO(8,2)
SO(8)/Z2×SO(2)
SU(4,1)
SO(6)×SO(2)
SU(2,1)×SU(2)
SO(4)×SO(2)
SL(2)×SO(2)
SO(2)×SO(2)
SL(2)
SO(2)
space G/K where K is the maximally compact subgroup of G, see Table 2. These results
deserve some comments:
– When a gravity theory coupled to forms is reduced on an n–torus, one ex-
pects that the reduced Lagrangian possesses a GL(n,R) symmetry since this is
the symmetry group of the n–torus and one assumes that the reduced fields do
not depend on the reduced dimensions. In the case at hand, this is what hap-
pens in D = 10 and D = 9. D = 8 is the first dimension in which one gets a
scalar from the reduction of the D = 11 3–form. The symmetry in D = 8 is an
SL(3,R) × SL(2,R) symmetry instead of the expected GL(3,R) = SL(3,R)× R
symmetry: this is because there is a congruence between the scalar field coming
from the D = 11 3–form potential and the scalar fields arising from the reduction
of the metric. The same kind of phenomenon happens in lower dimensions.
– Three–dimensional spacetimes are special because there all physical (bosonic)
degrees of freedom can be converted into scalars3: the scalar fields arising from the
dualisation of the 1–form potential contribute to the E8(8) symmetry in D = 3.
Going down bellow three dimensions, one obtains Kac–Moody extensions of the exceptional
E–series. The two–dimensional symmetry E9(9) is, like the Geroch group, an affine symmetry
[106, 17, 141]. In one–dimensional spacetimes, the expected symmetry is the hyperbolic
extension E10(10) [105, 106, 103] and in zero–dimensional spacetimes, one formally finds the
Lorentzian group E11(11).
3Remember that a p–form potential in D = d+ 1 dimensions is dual to a (d− p− 1)–form potential.
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Table 2: The symmetry groups of the D = 11 supergravity reduced on an n–torus are given in this
table. The scalar sector in D = 11−n fits into a non–linear realisation based on the coset spaces G/K
where K is the maximally compact subgroup of G.
D G K
10 R 1
9 SL(2,R)× R SO(2)
8 SL(3,R)× SL(2,R) SO(3)× SO(2)
7 SL(5,R) SO(5)
6 Spin(5, 5,R) (Sp(2) × Sp(2))/Z2
5 E6(6) Sp(4)
4 E7(7) SU(8)/Z2
3 E8(8) Spin(16)/Z2
2 E9(9) K(E9(9))
1 E10(10) K(E10(10))
0 E11(11) K(E11(11))
The hidden symmetries encompass the U–duality [146]: in the case of type II string
theories compactified to n dimensions on an (11− n)–torus the conjectured U–duality group
is the discrete group E11−n(11−n)(Z), which is a subgroup of the hidden group E11−n(11−n) in
D = 11− n dimensions.
Another reason to think that infinite–dimensional Kac–Moody algebras might be symme-
tries of gravitational theories comes from Cosmological Billiards, which shed a new light on
the work of Belinskii, Khalatnikov and Lifshitz (BKL) [10, 12, 11]. BKL gave a description
of the asymptotic behaviour, near a space–like singularity, of the general solution of Ein-
stein’s empty spacetime equations in D = 4. They argued that, in the vicinity of a space–like
singularity, the Einstein’s equations — which are a system of partial differential equations
in 4 variables (t, xi) — can be approximated by a 3–dimensional family, parametrised by
(xi) ∈ R3, of ordinary differential equations with respect to the time variable t. This means
that the spatial points effectively decouple. The coefficients entering the non–linear terms of
these ordinary differential equations depend on the spatial point xi but are the same, at each
given xi, as those that arise in the Bianchi type IX or VIII spatially homogeneous models.
References [118, 23, 10, 12, 11] provide a description of this general asymptotic solution in
terms of chaotic successions of generalised Kasner solutions [a Kasner solution is given by a
metric ds2 = −dt2+ t2p1(dx1)2+ t2p2(dx2)2+ t2p3(dx3)2 where p1, p2, p3 are constants subject
to p1 + p2 + p3 = (p1)2 + (p2)2 + (p3)2 = 1; a generalised Kasner solution can be obtained
from the Kasner solution by performing a linear transformation on the metric in order to
“un–diagonalise” it]. Using Hamiltonian methods, these chaotic successions have been shown
to possess an interpretation in terms of a billiard motion on the Poincare´ disk [24, 135].
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The emergence of Kac–Moody structure a` la limite BKL has given a new impulse to this
field [41, 40, 39, 44]. This approach allows to tackle theories of gravity coupled to p–forms
and dilatons in any spacetime dimensions and generalises the previous works. In reference
[44] a self–consistent description of the asymptotic behaviour of all fields in the vicinity of
a space–like singularity as a billiard motion is given. It is also shown how to systematically
derive the billiard shape, in particular the position and orientation of the walls, from the field
content and the explicit form of the Lagrangian. The striking result is that, when one studies
the asymptotic dynamics of the gravitational field and the dilatons, the shape of the billiard
happens to be the fundamental Weyl chamber of some Lorentzian Kac–Moody algebra for
pure gravity in D ≤ 10 as well as for all the (bosonic sector of the) low energy limits of the
superstring theories and D = 11 supergravity [40, 41, 39].
Depending on the theory under consideration, there are essentially two types of behaviours.
Either the billiard volume is finite and the asymptotic dynamics is mimicked by a monotonic
Kasner–like regime or the billiard volume is infinite and the asymptotic dynamics is a chaotic
succession of Kasner epochs. When the billiard is associated with a Kac–Moody algebra, the
criterium for the behaviour to be chaotic is that the Kac–Moody algebra be hyperbolic [42].
The spacetime dimension 10 is critical from this point of view. Indeed, it has been shown
that pure gravity in D dimensions is related, in this context, to the over–extended Kac–
Moody algebra A++D−3. This algebra is hyperbolic for D ≤ 10 and therefore the asymptotic
dynamics are chaotic [65, 63]. The Kac–Moody algebras relevant for the (bosonic sector of
the) low energy limits of various superstring theories and for the D = 11 supergravity are
also hyperbolic. Note that the D = 11 supergravity asymptotic dynamics is chaotic in spite
of the fact that D > 10, thanks to the crucial presence of the 3–form potential.
The question arose whether the appearance of these Kac–Moody algebras in the asymptotic
regime was a manifestation of the actual symmetry of the full theory. A way to tackle this
question is to write an action explicitly invariant under the relevant Kac–Moody algebra and
compare the equations of motion of this action with the ones of the gravitational theory.
Let us specify this discussion to the bosonic sector of the D = 11 supergravity for which
the relevant Kac–Moody group is E10(10) = E
++
8(8). An action SE++8(8)
invariant under this
group can be constructed by considering a geodesic motion, depending on time, on the coset
space E10(10)/K(E10(10)), where K(E10(10)) is the maximally compact subgroup of E10(10)
[43]. This coset space being infinite–dimensional, the motion is parametrised by an infinite
number of fields and a “level” is introduced to allow a recursive approach. On the D = 11
supergravity side, one considers a “gradient” expansion of the bosonic equations of motion.
It has been shown that, up to a certain level, the level expansion and the gradient expansion
match perfectly provided one adopts a dictionary mapping spacetime bosonic fields at a given
spatial point to time dependent geometrical quantities entering the coset construction [43].
A key ingredient to establish this dictionary is that the level relies on the choice of a sl(10,R)
subalgebra of the Kac–Moody algebra e10(10) the representations of which can be identified
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with spacetime fields. Unfortunately, the Kac–Moody algebras are poorly understood and
this causes problems to continue the comparison.
Hidden symmetries and Cosmological Billiards have been invoked above. One should note
that they are intimately connected. For instance, pure gravity in D spacetime dimensions
possesses the hidden symmetry SL(D − 2,R) [i.e. when reduced to D = 3, this theory is a
non–linear sigma model based on the coset space SL(D−2,R)/SO(D−2) coupled to gravity]
and its asymptotic dynamics in the vicinity of a space–like singularity is controlled by the
Weyl chamber of the Kac–Moody algebra sl(D−2,R)++. This suggests that when the hidden
symmetry of a theory is given by a simple Lie group G with Lie algebra g, the asymptotic
dynamics of this theory is controlled by the over–extended algebra g++. This is indeed
what happens for the (bosonic sector of the) low–energy limits of various string theories and
the bosonic sector of D = 11 supergravity. There exists a constructive approach, based on
the oxidation procedure, to find theories possessing a hidden symmetry given by a simple
Lie group G and whose asympotic dynamics is controlled by the over–extended Lie algebra
g++. The oxidation of a theory refers to the procedure inverse to dimensional reduction
[110, 111, 112]. The oxidation endpoint of a theory is the highest dimensional theory the
reduction of which reproduces the theory we started with. In some cases, there can be more
than one oxidation endpoint. Reference [30] considers the three–dimensional non–linear σ–
models based on a coset spaces G/K coupled to gravity for each simple Lie group G, where K
is the maximally compact subgroup of G.4 And it provides the oxidation endpoints of these
theories, which we will refer to in the sequel as the maximally oxidised theories G. These
theories include in particular pure gravity in D dimensions, the bosonic sector of the low
energy limits of the various D = 10 superstring theories and of M–theory, which all admit
a supersymmetric extension. But it also contains many more theories which do not admit
a supersymmetric version such as the low energy effective action of the bosonic string in
D = 26. Therefore, hidden symmetries appear to have a wider scope than supersymmetry.
Generalising the work [177], it has been conjectured that the maximally oxidised theories,
or some extensions of them, possess the very–extended Kac–Moody symmetry G+++ [73].
The possible existence of this Kac–Moody symmetry G+++ motivated the construction of
an action SG+++ explicitly invariant under G+++ [71]. The action SG+++ is defined in a
reparametrisation invariant way on a world–line, a priori unrelated to spacetime, in terms of
fields depending on an evolution parameter ξ and parameterising the coset G+++/K˜+++. A
level decomposition of G+++ with respect to a preferred sl(D,R) subalgebra is performed,
where D can be identified to the spacetime dimension5. The subalgebra K˜+++ is defined to
be the subalgebra of G+++ invariant under a “temporal” involution, which is chosen such
that the action is SO(1,D − 1) invariant at each level. In this formulation, spacetime is
expected to be generated dynamically since it is not included as a basic ingredient. Note that
4See also [18] for an earlier work.
5Level expansions of very–extended algebras in terms of the subalgebra sl(D,R) have been considered in
[172, 144, 122].
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this construction is similar to the one of SE++
8(8)
described above. In fact, this action can be
found again by performing a consistent truncation of some fields in SE+++
8(8)
. More generally,
each action SG+++ encompasses two distinct actions SG++C and SG++B invariant under the
overextended Kac-Moody subalgebra G++ [69]. SG++C carries an Euclidean signature and is
the generalisation to all G++ of SE++
8(8)
. The second action SG++B carries various Lorentzian
signatures revealed through various equivalent formulations related by Weyl transformations
of fields. The signatures found in the analysis of references [113, 114] and in the context
of SE++8B
in [69] match perfectly with the signature changing dualities and the exotic phases
of M–theories discussed in [96, 97, 95]. The action SG++B admits exact solutions that can be
identified to solutions of the maximally oxidised theories, which describe intersecting extremal
branes smeared in all directions but one. For a very pedagogical introduction on intersecting
branes, we refer to [2]. Moreover, the intersection rules for extremal branes [3] translate
elegantly, in the Kac–Moody formulation, into orthogonality conditions between roots [72].
The dualities of M–theory are interpreted in the present context as Weyl reflections.
Let us mention that there exists an approach of M–theory based on Borcherds algebras
and del Pezzo surfaces. Borcherds algebras encode nice algebraic structures and generalise
the Kac–Moody algebras [91, 92, 93].
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Plan of the thesis
This thesis is divided into two parts. The first one is devoted to the Cosmological Billiards
and tries to provide a better understanding of their connection with Kac–Moody algebras.
The appearance of these algebras rises numerous questions like: What property of a theory
is responsible for a chaotic behaviour in the asymptotic regime? What does the asymptotic
regime tell us about the full theory? Is there a signal of a deeper importance of Kac–Moody
algebras? There are lots of billiard walls, some of them are not relevant to determine the
billiard shape. What is the significance of these non–dominant walls? In the second part,
we will focus on the attempts to reformulate gravitational theories as non–linear realisations
that are proposed in [43] and [71].
In the first chapter, an intuitive introduction is given. The purpose is to shed light on
the beautiful connection between the dynamics of the gravitational field in the vicinity of a
space–like singularity [described as the free motion of a ball within a particular billiard plane]
and Kac–Moody algebras. Chapter 2 presents the general setting of Cosmological Billiards
within the Hamiltonian formalism; the Iwasawa decomposition plays an important role here.
We also refer to [44, 33, 36, 34, 35, 143] for introductions on Cosmological Billiards.
Spatially homogeneous cosmological models play an important role in our understanding
of the universe [154]. It is therefore natural to investigate how the BKL behaviour is modified
(or not) in this simplified context. Conversely, one might hope to get insight about conjectures
about the BKL limit by testing them in this simpler context. This question has already been
addressed in [64, 63] and references therein. In chapter 3 we reconsider this problem with
the enlightening approach of [44]. We analyse the Einstein and Einstein–Maxwell billiards
for all spatially homogeneous cosmological models corresponding to 3 and 4–dimensional real
unimodular Lie algebras and we provide the list of the models that are chaotic in the BKL
limit. Through the billiard picture, we confirm that, in D = 5 spacetime dimensions, chaos is
present if off–diagonal metric elements are kept: the finite volume billiards can be identified
with the fundamental Weyl chambers of hyperbolic Kac–Moody algebras. The most generic
cases bring in the same algebras as in the inhomogeneous case, but other algebras appear
through special initial conditions. These “new” algebras are subalgebras of the Kac–Moody
algebras characterising the generic, i.e. non homogeneous, case. Therefore the study of
homogeneous cosmologies naturally leads to tackle Lorentzian subalgebras of the Kac–Moody
algebras appearing in the generic case.
In chapter 4, we quit the simplified context of homogeneous cosmologies and focus on
questions concerning oxidation. We used the billiard analysis to set constraints on the field
content and maximal dimension a theory must possess to exhibit a given duality group in
D = 3. We concentrate on billiards controlled by the restricted root system of a given
(non–split) real form of any complex simple Lie algebra. The three–dimensional non–linear
σ–model based on the coset spaces G/K coupled to gravity, where G is a Lie group, the Lie
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algebra of which is a given real form of g, have been shown to exhibit these billiards [89],
i.e. the restricted root system controls the billiard. We show how the properties of the Cos-
mological Billiards provide useful information (spacetime dimension and p–form spectrum)
on the oxidation endpoint of these σ–models. We compare this approach to other methods
dealing with GL(n,R) subgroups and the superalgebras of dualities.
Hyperbolic Kac–Moody algebras seem to play a distinguished role since there is a deep
connection between the hyperbolicity of the algebra and the chaotic behaviour of spacetime
in the vicinity of a space–like singularity [42]. A complete classification of hyperbolic algebras
is known [155, 169]; it is natural to wonder if these algebras are related to some Lagrangian.
We answer completely this question in chapter 5: we identify the hyperbolic Kac–Moody
algebras for which there exists a Lagrangian of gravity, dilatons and p–forms which produces
a billiard identifiable with the fundamental Weyl chamber of the hyperbolic Kac–Moody
algebra in question. Because of the invariance of the billiard upon toroidal dimensional
reduction [37], the list of admissible algebras is determined by the existence of a Lagrangian
in three spacetime dimensions, where a systematic analysis can be carried out since only
zero-forms are involved. We provide all highest dimensional parent Lagrangians with their
full spectrum of p–forms and dilaton couplings. We confirm, in particular, that for the rank
10 hyperbolic algebra, CE10 = A
(2)∧
15 , also known as the dual of B
∧∧
8 , the maximally oxidised
Lagrangian is 9 dimensional and involves besides gravity, 2 dilatons, a 2–form, a 1–form and
a 0–form. We insist on the fact that we are interested, in this chapter, in the minimal field
content that is necessary to exhibit a given hyperbolic Weyl group in the BKL limit. In
particular we are not interested in the Chern–Simons terms nor the p–forms that would not
lead to dominant walls.
The second part of the thesis deals with non–linear realisation based on coset spaces
G+++/K˜+++ and G++/K++. Chapter 6 presents an introduction to non–linear realisations
based on the coset spaces G+++/K˜+++. The level decomposition, which permits a recursive
approach, is explained in detail as well as the choice of the subgroup K˜+++. The link with
gravitational theories coupled to p–forms is, as far as it is understood, explained. In this
perspective, the two non equivalent truncations of SG+++/K˜+++ are recalled.
Chapters 7 and 8 deal with the inclusion of fermions in this context.
Dirac fermions are considered in chapter 7. Before confronting the difficulties coming
from infinite–dimensional algebras, we analyse the compatibility of Dirac fermions with the
hidden duality symmetries which appear in the toroidal compactification of gravitational
theories down to three spacetime dimensions. We show that the Pauli couplings to the
p–forms can be adjusted, for all simple (split) groups, so that the fermions transform in
a spinorial representation of the maximal compact subgroup of the symmetry group G in
three dimensions. Then we investigate how the Dirac fermions fit in the conjectured hidden
overextended symmetry G++. We show compatibility with this symmetry up to the same level
as in the pure bosonic case. We also investigate the BKL behaviour of the Einstein–Dirac–
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p–form systems and provide a group theoretical interpretation of the Belinskii–Khalatnikov
result that the Dirac field removes chaos.
The gravitino field is next envisaged in chapter 8. Recall that the hyperbolic Kac–Moody
algebra E10(10) has repeatedly been suggested to play a crucial role in the symmetry structure
of M–theory. This attempt, in line with the established result that the scalar fields which
appear in the toroidal compactification down to three spacetime dimensions form the coset
E8(8)/(Spin(16)/Z2), was verified for the first bosonic levels in a level expansion of the theory
[43]. We show that the same features remain valid when one includes the gravitino field.
In chapter 9, we turned to the SG++B –theories which are obtained by a consistent trun-
cation of SG+++ –theories after a Weyl reflection with respect to the very–extended root.
The actions SG++B are invariant under G
++ and in particular under Weyl reflections of g++
which happen to change the signature. The G++ content of the formulation of gravity and
M–theories as very–extended Kac–Moody invariant theories is further analysed. The differ-
ent exotic phases of all the G++B theories, which admit exact solutions describing intersecting
branes smeared in all directions but one, are derived. This is achieved by analysing for all G++
the signatures which are related to the conventional one (1,D − 1) by “dualities” generated
by the Weyl reflections.
Brief conclusions and perspectives are given in the last chapter.
The results presented in this thesis have been published in references [56, 55, 50, 53, 51, 52].
Part I
Cosmological Billiards
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Chapter 1
A First Approach
The intention of this first chapter is to introduce
the Cosmological Billiard picture in an intuitive way.
Precise statements are given in the next chapter.
The Einstein equations are second order partial differential equations. Their complexity
is such that no general solution of them is known. Under certain conditions, the appearance
of singularities is a generic property of the solutions of the Einstein equations [84]. Reference
[84] does not provide a detailed description of how spacetime becomes singular. The work
of BKL is therefore remarkable. Indeed, they described the general behaviour of the D = 4
empty spacetime in the vicinity of a space–like singularity (t = cst) [10, 11, 12].1 The essential
simplification of the Einstein equations in this regime follows from the fact that the partial
differential equations for the metric components become ordinary differential equations with
respect to the time t = x0. Accordingly, there is an effective decoupling of the spatial points
in the asymptotic regime. BKL further argued that the general behaviour of spacetime is a
never ending chaotic succession of Kasner epochs at each spatial point. They also showed
that chaos disappears in the presence of a mass–less scalar field [1, 8]. Before entering into
the details of the asymptotic dynamics of the gravitational field in the vicinity of a space–like
singularity, we will focus on the empty D = 4 spacetime and (i) review the Kasner metric,
(ii) describe the BKL solution with words, (iii) reinterpret this solution as a billiard motion
(thanks to the enlightening approach of [44]) and (iv) show how Kac–Moody algebras come
in. Finally, we make general comments which extend beyond the example of pure D = 4
gravity.
1This simplification has not been rigourously justified although it is strongly supported.
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Kasner Solution
The Kasner metric is the solution of the D = 4 Einstein equations Rµν(gρσ) = 0 depending
only on time (see [127] paragraph 117) which reads
ds2 = −e2τdτ2 + eβ1(dx1)2 + eβ2(dx2)2 + eβ3(dx3)2 (1.1)
βi = 2piτ ,
where i = 1, 2, 3 and p1, p2, p3 are constants such that
p1 + p2 + p3 = 1 , (1.2)
−→p 2 = p21 + p22 + p23 − (p1 + p2 + p3)2 = 0 . (1.3)
Eq.(1.2) is a gauge choice, namely the proper time t = eτ obeys g = t2 (g is the determinant
of the spatial metric), Eq.(1.3) comes from the invariance under time reparametrization.
Important properties of the Kasner solution are the spatial homogeneity and the anisotropy.
This metric is singular at t = 0 and this singularity cannot be removed by a coordinate
change. The scalar RαβγδRαβγδ becomes infinite when t goes to zero and the spatial volume
vanishes as t → 0. The only exception is when the p’s take their values in the set {1, 0, 0}
because it corresponds to flat spacetime2. One can infer from Eqs.(1.2 & 1.3) that one of
the p’s is negative while the other two are positive. For definiteness, take p1 negative. To
gain a better understanding of the Kasner metric, let us imagine how a sphere —located at a
fixed spatial point– gets deformed as one goes to the singularity. More precisely, the “sphere”
will be elongated in the direction corresponding to the coordinate x1 and contracted in the
directions corresponding to the coordinates x2 and x3 as depicted in Figure 1.1.
t
x1
x2
x3
singularity at t = 0
Figure 1.1: A “sphere” located at one fixed spatial point is deformed as one goes to the singularity
in a “Kasner spacetime”.
2This is clear after performing the coordinate change (τ, x1, x2, x3) → (ξ, ρ, x2, x3) given by the equations
eτ sinhx1 = ξ and eτ cosh x1 = ρ.
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BKL Solution
The general behaviour of empty D = 4 spacetime in the vicinity of a space–like singularity
is, as explained by BKL and depicted in Figure 1.2, an infinite succession of Kasner epochs
at each spatial point. The decoupling of the spatial points follows from the dominance of the
temporal gradients compared to the spatial ones and the changes from one Kasner metric
to another one due to the spatial curvature (and reflects the non–linearity of the Einstein’s
equations). Moreover, as shown by BKL, these never ending successions are chaotic.
 singularity at t = 0
2nd Kasner epoch (p′1, p
′
2, p
′
3)
3rd Kasner epoch (p′′1 , p
′′
2 , p
′′
3 )
1st Kasner epoch (p1, p2, p3)
t
Figure 1.2: A “sphere” located at one fixed spatial point is deformed as one goes a space–like
singularity in a generic empty D = 4 spacetime.
Remark : The never ending succession of Kasner epochs is the generic behaviour of the
empty D = 4 spacetime in the vicinity of a space–like singularity. If symmetry conditions
are imposed, as for the Schwarzschild solution, the behaviour can be different. The
Schwarzschild metric is,
ds2Schwarschild = −(1−
2m
r
)dt2 + (1− 2m
r
)−1dr2 + r2(dθ2 + sin2(θ)dφ2) ,
and possesses a space–like singulartiy located in r = 0 (inside the horizon, the coordinate
r is time–like). In the vicinity of the singularity the metric takes the following form,
ds2Schwarschild →
r→0
ds2 =
2m
r
dt2 − r
2m
dr2 + r2(dθ2 + sin2(θ)dφ2) .
If one sets τ = 2r
3/2
3
√
2m
, σ = (4m/3)1/3t, θ¯ = (9m/2)1/3θ, and φ¯ = (9m/2)1/3φ this metric
reads
ds2 = −dτ2 + τ−2/3dσ2 + τ4/3(sin(θ)dφ¯)2 ,
and is a Kasner metric. The asymptotic dynamics of the gravitational field is therefore
not a chaotic succession of Kasner epochs but a single Kasner epoch.
This analysis has been done in [10, 11, 12, 23, 118].
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Billiard Picture
The question addressed here is: What is the link between the BKL solution and a billiard
motion? To apprehend the connection it is useful to represent a Kasner solution (1.1) by a
null line in a 3–dimensional auxiliary Lorentz space with coordinates {β1, β2, β3}, which are
the “scale factors” introduced in (1.1).3 The Lorentzian metric, given by the quadratic form−→
β 2 = (β1)2+(β2)2+(β3)2− (β1+β2+β3)2 (see (1.3)), comes from the De Witt supermetric
—restricted to the diagonal components of the metric— entering the Hamiltonian of General
Relativity [this Hamiltonian being quatratic in the momenta indeed encodes a metric]. The
null line is depicted in the left panel of Figure 1.3. The BKL solution being a succession of
Figure 1.3: The Kasner solution (1.1) can be represented as a free ball moving on the β–space with
a null velocity (1.3) as depicted in the left panel [the origin of the line depends on initial conditions].
The right panel illustrates a BKL motion in the auxiliary Lorentz space.
Kasner epochs will be represented on the auxiliary Lorentz space as a succession of null lines.
The BKL solution depicted in Figure 1.2 is illustrated by Figure 1.3 in the auxiliary Lorentz
space. Notice that the Kasner epoch (p1, p2, p3) ends when the corresponding null line meets
a hyperplane. 2nd Kasner epoch (p′1, p
′
2, p
′
3) follows and lasts until the collision with the next
hyperplane; 3rd Kasner epoch (p′′1, p
′′
2 , p
′′
3) begins and...
The hyperplanes are called the walls. As will later be explained, these walls originate from
the spatial curvature and the non-diagonal terms of the metric (also from the matter if one
considers non empty spacetime). The succession of null lines also describes a massless ball
moving freely between the walls on which it bounces elastically: this is how the billiard picture
emerges. In the case at hand (empty D = 4 spacetime), the ball will always meet some wall
and there will be an endless succession of Kasner epochs.
3The β’s will be called the scale factors although they more precisely refer to their logarithms.
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This description is redundant since the β’s (and their conjugate momenta) are subject to
the Hamiltonian constraint, which expresses the invariance by time reparametrisation. To
avoid this, the auxiliary Lorentz space can be radially projected on the unit hyperboloid. Let
βi = ργi such that −→γ 2 = −1. Then the motion can be projected on the upper sheet of the
unit hyperboloid −→γ 2 = −1, H2. This hyperboloid H2 can be represented on the Poincare´
disk [151], see Figure 1.4 for a representation of a Kasner epoch on the Poincare´ disk (after
its projection onto the upper sheet of the hyperboloid).
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Figure 1.4: The projection of the auxiliary Lorentz space onto the upper sheet of the hyperbole on
a two–dimensional example is illustrated in the left panel. In this picture the point P in the Lorentz
space, as all the points of the dashed line, are projected on the point P ′ of the upper sheet of the
hyperbole.
A Kasner regime depicted in the Lorentzian auxiliary space and its representation on the Poincare´
disk are illustrated in the right panel. The light–like line in the Lorentz space, i.e. the Kasner regime,
is first projected onto an hyperbole of the upper sheet of the hyperboloid and then represented by a
geodesic in the Poincare´ disk.
The Figure 1.5 illustrates the nomenclature used on the Poincare´ disk and given here under,
The walls = The walls in the auxiliary Lorentz space are pro-
jected on hyperplanes in the upper sheet of the
hyperbolid (or geodesics of the Poincare´ disk)
which are also called walls.
The billiard = The section of the Poincare´ disk delimited by the
walls is called in this context the billiard table or
simply the billiard.
The ball motion = The projection of a null line in the auxiliary
Lorentz space is a geodesic onto the hyperbolic
plane. The succession of geodesics is the inter-
rupted free motion of a ball on this billiard.
The billiard picture was first obtained for the homogeneous (Bianchi IX) four–dimensional
case [24, 135] and latter extended to higher spacetime dimensions with p–forms and dilatons
[119, 120, 101, 102, 1, 41, 43, 45, 44].
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c
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b
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Figure 1.5: Lorentz space and projection on Poincare´ disk: a succession of Kasner epochs. The time–
like hyperplanes in the Lorentz space intersect the upper sheet of the hyperboloid along hyperboles;
these hyperboles are represented by geodesics on the Poincare´ disk, i.e. the three plain lines in the right
panel. The Kasner epochs depicted in the Lorentz space are projected onto sections of hyperboles of
the upper sheet of the hyperboloid; these sections of hyperboles are themselves represented by sections
of geodesics of the Poincare´ disk, i.e. the dashed line in right panel.
The A++1 Kac–Moody Algebra
There are lots of walls but only few of them can really be hit by the ball, the other walls
standing behind the former. The notion of dominant wall refers to the walls seen by the
ball. The metric on the auxiliary space, i.e. the Poincare´ disk, is known and from this
one can compute the angles between the dominant walls and get information about the
billiard volume. This reveals the shape of the billiard. This shape appears to be that of the
fundamental Weyl chamber of A++1 . Recall that the roots of the Kac–Moody algebra A
++
1
live in an hyperbolic space (the Poincare´ disk is an hyperbolic space) and that the region of
this space delimited by the hyperplanes orthogonal to the simple roots define the fundamental
Weyl chamber. The statement is that the simple roots of A++1 can be identified with the
vectors normal to the dominant walls.
The connection between the asymptotic behaviour of the gravitational field dynamics
and Kac–Moody algebra A++1 is very surprising. Indeed, the billiard can be identified with
the Weyl chamber of some corresponding Lorentzian Kac–Moody algebra only when many
conditions are simultaneously met. In particular, (i) the billiard table must be a Coxeter
polyhedron (the dihedral angles between adjacent walls must be integer submultiples of π)
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and (ii) the billiard must be a simplex [151, 37]. There is no reason, a priori, why these
conditions are satisfied. But in the case at hand, namely pure gravity in D = 4, they are.
More Kac–Moody Algebras
In this brief introduction to billiards, we focussed on the empty D = 4 spacetime. The more
general action we are interested in is the one that describes gravity coupled to an assortment
of p–forms and dilatons in any spacetime dimension D. A natural question to address is
which changes are brought by the matter fields. The dilatons play the same role as the scale
factors, therefore for n dilatons the dimension of the auxiliary Lorentz space becomes n+ d.
On the contrary, in the BKL limit the p–forms get frozen and their effect is simply to add
new walls to the billiards. The billiard picture is still valid for these more general theories but
the shape of the billiard will generically not be associated with a Kac–Moody algebra. The
appearance these algebras requires indeed a very particular set of p–forms and dilatons with
extremely fine tuning of the coupling constants. There are essentially two types of behaviour
of the gravitational field in the vicinity of a space–like singularity: either the billiard volume
is infinite and the asymptotic dynamics is mimicked by a monotonic Kasner–like regime or
the billiard volume is finite and the asymptotic dynamics is a chaotic succession of Kasner
epochs. The criterion to get a chaotic behaviour, i.e. an infinite succession of Kasner epochs,
is that the volume of the billiard be finite. For the billiards identifiable with a Weyl chamber
of a Kac–Moody algebra, reference [42] showed that the criterion becomes the following one:
to get a chaotic behaviour the Kac–Moody algebra must be an hyperbolic Kac–Moody algebra
— see appendix C for the definition of hyperbolic.
The astonishing fact is that for all “physically relevant” theories, the billiards are char-
acterised by hyperbolic Kac–Moody algebras and therefore the asymptotic dynamics is chaotic
[39, 40, 41, 42, 37, 43, 44]. “Physically relevant theories” refered to here are pure gravity and
the low energy limits of string theories and M-theory.
A general class of theories happens to offer a chaotic asymptotic behaviour of the gravita-
tional field. This class corresponds to theories which, upon dimensional reduction to D = 3,
describe gravity coupled to a non linear sigma model G/K, where G is a finite dimensional
simple Lie group (the Lie algebra of which is the maximally non compact real form of one
of the finite dimensional simple Lie algebras g = {an, bn, cn, dn, g2, f4, e6, e7, e8}) and K its
maximal compact subgroup (see [56] and references therein). In these cases, the billiard’s
shape is the fundamental Weyl chamber of the Kac–Moody algebra g++. Other real forms
are considered in reference [89]. Notice that all the “physically relevant theories” mentioned
above fall into this class, see Table 1.1.
Remember that the oxidation procedure of a given D dimensional theory consists in
finding a theory of dimension D′ > D such that the reduction of this theory gives back the
D dimensional theory. A oxidation endpoint or maximally oxidised theory, which may be
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not unique, refers to a theory which possess no higher dimensional parent. The general term
maximally oxidised theory G refers here to the oxidation endpoint of D = 3 gravity coupled
to a non–linear sigma model based on the coset space G/K where G is a finite dimensional
simple Lie group and K its maximal compact subgroup.
The appearance of these Kac–Moody algebras rises numerous questions like: What prop-
erties do share the theories which lead to a chaotic behaviour in the asymptotic regime?
What can we infer from the asymptotic regime about the full theory? Is there a signal of a
deeper importance of Kac–Moody algebras? There are lots of walls: what is the signifiance
of the non-dominant ones? This connection deserves to be studied in depth.
One should notice that unfortunately rigorous mathematical proofs [1, 45, 152, 100] concern-
ing the connection between the Einstein equations in the vicinity of a space–like singularity
and the equations of motion of a ball moving freely within a billiard plane are only available
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Table 1.1: Theories exhibiting Kac–Moody Billiards
This table lists theories of gravity coupled to dilatons and p–forms which exhibit Kac–Moody algebras
when the dynamics of the gravitational field in the vicinity of a space–like singularity is studied.
⋆ As mentioned in the text, a wide class of theories shearing this property is the set of all maximally
oxidised theories. The over–extended Kac–Moody algebras are listed here under together with the
maximally oxidised theory exhibiting them.
a++r The oxidation endpoint of gravity in D = 3 coupled to a non–linear σ–model based on the coset space
SL(r + 1,R)/O(r + 1) — the Lie algebra of SL(r + 1,R) is sl(r + 1,R) = ar — is the pure gravity in
D = r + 3,
L = R ⋆ 1
which exhibits the Weyl chamber of the over–extended Kac-Moody algebra A++r .
b++r The oxidation endpoint of D = 3 gravity coupled to the non–linear σ-model based on the coset space
SO(r, r+1)/(SO(r)×SO(r+1)) — the Lie algebra of SO(r, r+1) is so(r, r+1) = br — is a D = r+2
dimensional theory which comprises the metric, a dilaton, a 2–form B, and a 1–form A. The Lagrangian
reads
LD = R ⋆ 1− ⋆dφ ∧ dφ− 1
2
ea
√
2φ ⋆ G ∧G− 1
2
ea
√
2
2
φ ⋆ F ∧ F,
where a2 = 8/r, G = dB + 1
2
A ∧ dA and F = dA. The Kac–Moody algebras B++r are hyperbolic for
r ≤ 9. The r = 8 case corresponds to the bosonic sector of the low energy limit of the heterotic String
Theory and type I String Theory.
c++r The oxidation endpoint of D = 3 gravity coupled to the non–linear σ-model based on the coset space
Sp(r,R)/U(r) — the Lie algebra of Sp(r) is sp(r) = cr — is the D = 4 theory whose Lagrangian is
given by
L4 = R ⋆ 1− ⋆d~φ ∧ d~φ− 1
2
∑
α
e2~σα.
~φ ⋆ (dχα + · · · ) ∧ (dχα + · · · )
−1
2
n−1∑
a=1
e~ea.
~φ
√
2 ⋆ dAa(1) ∧ dAa(1) ,
where the dots in the brackets complete the “curvatures” of the χ’s [30]. The (r − 1) dilatons ~φ =
(φ1, ..., φr−1) are associated with the Cartan subalgebra of C2r−2 and the 12r(r − 1) axions χα are
associated with the positive roots of C2r−2. The fields Aa(1) are one–forms. The ~σα are the positive
roots of Sp(2n− 2,R); these can be written in terms of an orthonormalised basis of (n− 1) vectors in
Euclidean space (~ea · ~eb = δab) ~ea (a = 1, . . . , n− 1) as
~σα = {
√
2~ea,
1√
2
(~ea ± ~eb), a > b}.
d++r The oxidation endpoint of D = 3 gravity coupled to the non–linear σ-model based on the coset space
SO(r, r)/(SO(r)× SO(r)) — the Lie algebra of SO(r, r) is so(r, r) = dr — is a D = r + 2 dimensional
theory whose Lagrangian is
L = R ⋆ 1− ⋆dφ ∧ dφ− 1
2
ea
√
2φ ⋆ dB ∧ dB ,
where B is a 2–form and a2 = 8/n. For r = 8, one gets the last hyperbolic algebra in this family,
namely DE10 ≡ D++8 , [41]. For r = 24, which is the case relevant to the Bosonic String, one gets D++24 .
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e++6 The oxidation endpoint of D = 3 gravity coupled to the non–linear σ-model based on the coset space
E6/Sp(4) is a theory in dimension D = 8. This theory is the smallest obtainable as a truncation of
maximal supergravity in which the 3–form potential is retained. It comprises the metric, a dilaton and
an axion, χ, together with the 3–form, C [30]. The 8–dimensional Lagrangian is given by
L = R ⋆ 1− ⋆dφ ∧ dφ− 1
2
e2
√
2φ ⋆ dχ ∧ dχ− 1
2
e−
√
2φ ⋆ G ∧G+ χG ∧G ,
where G = dC.
e++7 The oxidation endpoint of D = 3 gravity coupled to the non–linear σ-model based on the coset space
E7/SU(8) is a consistent (albeit non supersymmetric) truncation of D = 9 maximal supergravity to
the theory whose bosonic sector comprises the metric, a dilaton, a 1–form, A, and a 3–form potential
C [30]. The Lagrangian reads as
L9 = R ⋆ 1− ⋆dφ ∧ dφ− 1
2
e
2
√
2√
7
φ
⋆ dC ∧ dC
−1
2
e
− 4
√
2√
7
φ
⋆ dA ∧ dA− 1
2
dC ∧ dC ∧A.
e++8 The oxidation endpoint of D = 3 gravity coupled to the non–linear σ-model based on the coset space
E8/SO(16) is D = 11–dimensional supergravity whose bosonic sector is given by
L = R ⋆ 1− 1
2
⋆ dC ∧ dC − 1
6
dC ∧ dC ∧ C ,
C is a 3–form. This theory has been postulated to be the low energy limit of the M-theory. As pointed
out in [41], E++8 is also relevant in the asymptotic dynamics of the gravitational field in the vicinity of
a space–like singularity for the type IIA supergravity in ten dimensions as well as type IIB [153] [15].
The relevance of E10 in the supergravity context was first conjectured in [103].
f++4 The oxidation endpoint of D = 3 gravity coupled to the non–linear σ-model based on the coset space
F4/(Sp(3)× SU(2)) is a D = 6 dimensional theory containing the metric, a dilaton φ, an axion χ, two
one–forms A±, a two–form B and a self-dual 3–form field strength G [30]. The Lagrangian is given by
L6 = R ⋆ 1− ⋆dφ ∧ dφ− 1
2
e2φ ⋆ dχ ∧ dχ− 1
2
e−2φ ⋆ H ∧H
−1
2
⋆ G ∧G− 1
2
eφ ⋆ F+ ∧ F+ − 1
2
e−φ ⋆ F− ∧ F−
− 1√
2
χH ∧G− 1
2
A+ ∧ F+ ∧H − 1
2
A+ ∧ F− ∧G .
The field strengths are given in terms of potentials as follows:
F+ = dA+ +
1√
2
χdA−
F− = dA−
H = dB +
1
2
A− ∧ dA−
G = dC − 1√
2
χH − 1
2
A+ ∧ dA−.
g++2 The oxidation endpoint of D = 3 gravity coupled to the non–linear σ-model based on the coset space
G2/SU(8) is the Einstein-Maxwell system in D = 5 with an extra FFA Chern–Simons term [30]:
L5 = R ⋆ 1− 1
2
⋆ F ∧ F + 1
3
√
3
F ∧ F ∧ A, F = dA .
⋆ also twisted overextensions [89] - are associated to gravitational models that reduce to G/K coset models
upon toroidal dimensional reduction to D = 3.
⋆ Several other hyperbolic algebras also appear in the billiard analysis of D = 4 and D = 5 spatially
homogeneous cosmological models [55], see chapter 3.
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⋆ The hyperbolic algebras play a special role since they are associated with chaotic behaviour. The
question of whether or not there exists a Lagrangian such that the billiard is the fundamental Weyl
chamber of a given hyperbolic algebra is addressed in chapter 5.
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Chapter 2
General Framework
The general analysis of [44], which is sketched in the previous pages, is reviewed in detail
in this chapter. The general models considered are the Einstein–dilaton–p–form systems.
Reference [44] (and references therein) establishes that the dynamics of these systems in the
vicinity of a space–like singularity can be asymptotically described, at a generic spatial point,
as a billiard motion in a region of the Poincare´ disk. The following points will be reviewed
in detail,
• Near the space–like singularity, t→ 0, due to the decoupling of space points, Einstein’s
PDE equations become ODE’s with respect to time.
• The study of these ODE’s near t → 0, shows that the d ≡ D − 1 diagonal spatial
metric components “gii” and the dilaton φ move on a billiard in an auxiliary d+1 ≡ D
dimensional Lorentz space.
• All the other field variables (gij , i 6= j,Ai1...ip) freeze as t→ 0.
• In many interesting cases, the billiard tables can be identified with the fundamental
Weyl chamber of hyperbolic Kac–Moody algebra.
In this perspective, the following two ingredients are very powerful,
Iwasawa decomposition: In the previous chapter, the Kasner exponents p’s are the vari-
ables relevant for the description of the BKL solution. For a deeper analysis of the asymptotic
dynamics the most convenient variables are the Iwasawa ones [44]. More precisely, one uses a
decomposition of the spatial metric g given by g= TNA2N where N is an upper triangular
matrix with 1’s on the diagonal and A = diag(e−β1 , · · · , e−βd). The scale factors β are the
interesting dynamical variables, with non trivial dynamics in the asymptotic regime; the N ’s
get “frozen” in the vicinity of the singularity.
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Hamiltonian formalism : The presence of a space–like singularity naturally leads to a
splitting of spacetime into space and time so the Hamiltonian formalism is well adapted to
the BKL limit.
2.1 General Models
The general systems considered here are of the following form
S[gµν , φ,A
(p)] =
∫
dDx
√
−(D)g
[
R(g)− ∂µφ∂µφ
−1
2
∑
p
1
(p + 1)!
eλpφF (p)µ1···µp+1F
(p)µ1···µp+1
]
+ . . . . (2.1)
Units are chosen such that 16πGN = 1, GN is Newton’s constant and the spacetime dimen-
sion D ≡ d + 1 is left unspecified. Besides the standard Einstein–Hilbert term the above
Lagrangian contains a dilaton field φ and a number of p–form fields A(p)µ1···µp (for p ≥ 0).
The generalisation to any number of dilatons is straightforward. The p–form field strengths
F (p) = dA(p) are normalised as
F (p)µ1···µp+1 = (p+ 1)∂[µ1A
(p)
µ2···µp+1] ≡ ∂µ1A
(p)
µ2···µp+1 ± p permutations .
As a convenient common formulation we have adopted the Einstein conformal frame and
normalised the kinetic term of the dilaton φ with weight one with respect to the Ricci scalar.
The Einstein metric gMN has Lorentz signature (− + · · ·+) and is used to lower or raise
the indices; its determinant is denoted by g. The dots in the action (2.1) above indicate
possible modifications of the field strength by additional Yang–Mills or Chapline–Manton-
type couplings [14, 22]. The real parameter λp measures the strength of the coupling of A
(p)
to the dilaton, sometimes we will use λ˜p = λ2/2. When p = 0, we assume that λ0 6= 0 so that
there is only one dilaton in order to simplify the notations.
At the singularity, which is chosen to lie in the past for definiteness, the proper time
t is assumed to remain finite and to decrease towards 0+. Irrespectively of the choice of
coordinates, the spatial volume density is assumed to collapse to zero at each spatial point
as one goes to the singularity.
2.2 Arnowitt–Deser–Misner Hamiltonian Formalism
To focus on the features relevant to the billiard picture, we assume here that there are no
Chern–Simons and no Chapline–Manton terms and that the curvatures F (p) are abelian,
F (p) = dA(p). That such additional terms do not alter the asymptotic dynamical analysis has
been proven in [44]. In any pseudo-Gaussian gauge (Ni = g0i = 0 ) and in the temporal gauge
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( A(p)0i2...ip = 0, ∀p), the Arnowitt-Deser-Misner Hamiltonian action [4], reads ( see appendix
D for details)
S
[
gij , π
ij , φ, πφ, A
(p)
j1···jp , π
j1···jp
(p)
]
=∫
dx0
∫
ddx
(
πij ˙gij + πφφ˙+
1
p!
∑
p
π
j1···jp
(p) A˙
(p)
j1···jp −H
)
, (2.2)
where the Hamiltonian density H is
H ≡ N˜H , (2.3)
H = K+M , (2.4)
K = πijπij − 1
d− 1π
i
iπ
j
j +
1
4
π2φ +
∑
p
e−λpφ
2 p!
π
j1···jp
(p) π(p) j1···jp , (2.5)
M = −gR+ ggij∂iφ∂jφ+
∑
p
eλpφ
2 (p + 1)!
g F (p)j1···jp+1F
(p) j1···jp+1 , (2.6)
where R is the spatial curvature scalar, N˜ = N/
√
g is the rescaled lapse and g is the deter-
minant of the spatial metric. The dynamical equations of motion are obtained by varying
the above action with respect to the spatial metric components, the dilaton, the spatial p–
form components and their conjugate momenta. In addition, there are constraints on the
dynamical variables,
H ≈ 0 (“Hamiltonian constraint”),
Hi ≈ 0 (“momentum constraint”),
ϕ
j1···jp−1
(p) ≈ 0 (“Gauss law” for each p–form),
with
Hi = −2πj i|j + πφ∂iφ+
∑
p
1
p!
π
j1···jp
(p) F
(p)
ij1···jp ,
ϕ
j1···jp−1
(p) = π
j1···jp−1jp
(p) |jp ,
where the subscript |j stands for spatially covariant derivative.
2.3 Iwasawa Decomposition of the Spatial Metric
The metric gab can be build out of the co–vielbeins matrix e
(c)
a as gab = e
(c)
ae
(d)
bη(c)(d),
see appendix E. This matrix e(a)b defines the co–vielbeins θ
(a) trough θ(a) = e(a)bdx
b and
can be seen as an element of GL(D,R). Every element of GL(D,R) can be written as the
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product of a matrix proportionnal to the identity and an element of SL(D,R). The Iwasawa
decomposition of SL(D,R) allows to decompose each element of this group as the product
of three elements K, A and N such that K belongs to SO(D,R), A is a traceless diagonal
matrix and N is an upper triangular matrix with 1’s on the diagonal. One chooses the gauge
K = 1. In terms of the Iwasawa decomposition the veilbein and the metric are,
e−1 = AN e(c)a = e−β(c)N (c)a
g = tNA2N gab = Na(c)A(c)(d)N (d)b (2.7)
with
A =


e−β
1
0 0 · · · 0
0 e−β2 0 · · · 0
...
. . .
0 e−βd


and
N =


1 N 12 · · · N 1d
0 1 N 23 · · · N 2d
0 0 1 N 3d · · · N 3d
...
. . .
0 · · · 1


.
One will also need the Iwasawa coframe {θ(a)iw},
θ(a)iw = N (a)i dxi , (2.8)
as well as the frame {eiw (a)} —also called Iwasawa frame— dual to the coframe {θ(a)iw},
eiw (a) = N i(a) ∂
∂xi
.
The matrix N i(a) is again an upper triangular matrix with 1’s on the diagonal since it is the
inverse of N (a)i.
2.4 Hamiltonian in the Iwasawa Variables
The Hamiltonian action gets transformed when one performs, at each spatial point, the
Iwasawa decomposition of the spatial metric (for more details see appendix D). The change
of variables (gij → β(a),N (a)i) corresponds to a point transformation and can be extended to
the momenta as a canonical transformation in the standard way via
πij g˙ij ≡
∑
a
π(a)β˙
(a) +
∑
a
P i(a) ˙N (a)i . (2.9)
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To avoid the excess of parentheses, we will denote β(a) simply by βa in the exponentials. The
momenta P i(a) and π(a) are (see Eqs.(D.11)),
P i(a) =
∑
b<a
e2(β
b−βa)N˙ (a)jN−1j (b)N−1i(b)
π(a) = 2 N˜
−1G(a)(b)β˙(b) .
where G(a)(b) is the quatratic form given by
G(a)(b)dβ
(a)dβ(b) =
∑
c
(dβ(c))2 − (
∑
c
dβ(c))2 . (2.10)
Note that the momenta conjugate to the nonconstant off-diagonal Iwasawa components N (a)i
are only defined for a < i; hence the second sum in (2.9) receives only contributions from
a < i. In the following, the β(a) and φ are collectively denoted by βµ = (β(a), φ). The metric
(2.10) generalises to
Gµνdβ
µdβν =
∑
c
(dβ(c))2 − (
∑
c
dβ(c))2 + dφ2 βµ = (β(a), φ) . (2.11)
πµ ≡ (π(a), πφ) are the momenta conjugate to β(a) and φ, respectively, i.e.
πµ = 2N˜
−1Gµν β˙ν = 2Gµν
dβν
dτ
.
Reexpressing the Hamiltonian H (2.3) in terms of the Iwasawa variables modifies “non triv-
ially” only the first two terms of K (2.5) and the first term of M (2.6), i.e. pure gravity
terms. The Hamilton H (2.3) reads (see Eq.(D.13) of appendix D),
H =
N˜
4
G(a)(b)π(a)π(b) +
1
4N˜
∑
b<d
e2(β
d−βb)(N (d)iP i(b))2 + N˜
4
π2φ
+
N˜
2 p!
∑
a1,a2,··· ,ap
e−2ea1···ap(β)(E (a1)···(ap))2
− N˜g(d)R+ N˜
∑
a
e−µa(β)(N−1 i(a)∂iφ)2
+
N˜
2 (p + 1)!
∑
a1,a2,··· ,ap+1
e−2ma1···ap+1(β)(F(a1)···(ap+1))2 , (2.12)
where the various variables are expressed in the Iwasawa basis,
E (a1)···(ap) ≡ N (a1)j1N (a2)j2 · · · N (ap)jpπj1···jp ,
F(a1)···(ap+1) ≡ N j1(a1) · · · N jp+1(ap+1)Fj1···jp+1 ,
and
ea1···ap(β) = β
a1 + · · ·+ βap + λp
2
φ ,
ma1···ap+1(β) =
∑
b/∈{a1,a2,···ap+1}
βb − λp
2
φ ,
µa(β) =
∑
e
βe − βa .
42 GENERAL FRAMEWORK
The indices in the Iwasawa basis are raised and lowered with the diagonal metric A2. The
expression of the spatial scalar curvature (d)R in terms of the Iwasawa variables is given in
appendix E.
2.5 Splitting of the Hamiltonian
The Hamiltonian H (2.3) density is next split in two parts: H0, which is the kinetic term for
the local scale factors and the dilaton βµ = (β(a), φ), and V, a “potential density” (of weight
2) , which contains everything else. The analysis below will show why it makes sense to put
the kinetic terms of both the off-diagonal metric components and the p–forms together with
the usual potential terms, i.e. the term M in (2.4). Thus, one writes
H = H0 + V (2.13)
with the kinetic term of the β variables
H0 = 1
4
Gµνπµπν , (2.14)
where Gµν denotes the inverse of the metric Gµν of Eq. (2.11) (H0 includes the first term of
(2.12) and the third of (2.5)). In other words, the right hand side of Eq. (2.14) is defined by
Gµνπµπν ≡
d∑
a=1
π2(a) −
1
d− 1
(
d∑
a=1
π(a)
)2
+ π2φ , (2.15)
The total (weight 2) potential density,
V = VS + VG +
∑
p
Vp + Vφ ,
is naturally split into a “centrifugal” part VS linked to the kinetic energy of the off-diagonal
components (the index S referring to “symmetry,”), a “gravitational” part VG, a term from
the p–forms,
∑
p Vp, which is a sum of an “electric” and a “magnetic” contribution and also
a contribution to the potential coming from the spatial gradients of the dilaton Vφ.
“Centrifugal” Potential
VS = 1
2
∑
a<b
e−2(β
b−βa) (P j (b)N (a)j)2 ,
“Gravitational” (or “Curvature”) Potential
VG = −gR = 1
4
∑
a6=b6=c
e−2αabc(β)(Cabc)
2 −
∑
a
e−2µa(β)Fa ,
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where
dθ(a) = −1
2
Cabcθ
(b) ∧ θ(c)
and the only property of the Fa that will be of importance here is that they are polynomials
of degree two in the first derivatives ∂β and of degree one in the second derivatives ∂2β. The
αabc(β) are given in the next section.
p–form Potential
V(p) = Vel(p) + Vmagn(p) ,
Vel(p) =
1
2 p!
∑
a1,a2,··· ,ap
e−2ea1···ap(β)(E (a1)···(ap))2 ,
Vmagn(p) =
1
2 (p + 1)!
∑
a1,a2,··· ,ap+1
e−2ma1···ap+1(β)(F(a1)···(ap+1))2 .
Dilaton Potential
Vφ = ggij∂iφ∂jφ
=
∑
a
e−µa(β)(N−1 i(a)∂iφ)2 .
2.6 Appearance of Sharp Walls in the BKL Limit
In the decomposition of the hamiltonian as H = H0 + V, H0 is the kinetic term for the βµ’s
while all other variables now only appear through the potential V which is schematically of
the form
V(βµ, ∂xβµ, P,Q) =
∑
A
cA(∂xβ
µ, P,Q) exp
(− 2wA(β)) , (2.16)
where (P,Q) = (N (a)i, P i(a), E (a1)···(ap),F(a1)···(ap+1)). Here wA(β) = wAµβµ are the linear wall
forms already introduced above:
symmetry walls : wSab ≡ βb − βa; a < b (2.17)
gravitational walls : αabc(β) ≡
∑
e
βe + βa − βb − βc, a 6= b, b 6= c, c 6= a (2.18)
µa(β) ≡
∑
e
βe − βa, (2.19)
electric walls : ea1···ap(β) ≡ βa1 + ...+ βap +
1
2
λpφ, (2.20)
magnetic walls : ma1···ap+1(β) ≡
∑
e
βe − βa1 − ...− βap+1 − 1
2
λpφ. (2.21)
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In order to take the limit t → 0 which corresponds to the squared norm Gµνβµβν of the
vector βµ tending to infinity and this vector pointing toward the future, one decomposes βµ
into hyperbolic polar coordinates (ρ, γµ), i.e.
βµ = ργµ
where γµ are coordinates on the future sheet of the unit hyperboloid, constrained by
Gµνγ
µγν ≡ γµγµ = −1
and ρ is the time–like variable defined by
ρ2 ≡ −Gµνβµβν ≡ −βµβµ > 0,
which behaves like ρ ∼ − ln t → +∞ at the BKL limit. In terms of these variables, the
potential term looks like∑
A
cA(∂xγ
µ, P,Q)ρ2 exp
(− 2ρwA(γ)) .
The essential point now is that, since ρ → +∞, each term ρ2 exp ( − 2ρwA(γ)) becomes a
sharp wall potential, i.e. a function of wA(γ) which is zero when wA(γ) > 0, and +∞ when
wA(γ) < 0. To formalise this behaviour one defines the sharp wall Θ-function
1 as
Θ(x) :=
{
0 if x < 0 ,
+∞ if x > 0 .
A basic formal property of this Θ-function is its invariance under multiplication by a positive
quantity. Because all the relevant prefactors cA(∂xβ
µ, P,Q) are generically positive near each
leading wall [the cA’s for the gravitational walls µa are potentially dangerous since one has
no clear control on their signs. But since they are behind others they can be asymptotically
neglected], one can formally write
lim
ρ→∞
[
cA(∂xβ
µ, Q, P )ρ2 exp
(− ρwA(γ))] = cA(Q,P )Θ( − 2wA(γ))
≡ Θ(− 2wA(γ))
valid in spite of the increasing of the spatial gradients [44]. Therefore, the limiting dynamics
is equivalent to a free motion in the β-space interrupted by reflections against hyperplanes
in this β-space given by wA(β) = 0 which correspond to a potential described by the sum of
infinitely high step functions
V(β, P,Q) =
∑
A
Θ
(− 2wA(γ))
1One should more properly write Θ∞(x), but since this is the only step function encountered here, one
uses the simpler notation Θ(x) which usually satisfies Θ(x) = 1 for x > 0.
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The other dynamical variables (all variables but the βµ’s) disappear from this limiting Hamil-
tonian and therefore get frozen as t→ 0. Indeed, their equations of motion are schematically
f˙ = [f,H] = 0. The volume of the region where V = 0, i.e. the area given by the inequal-
ities wA(β) > 0 ∀A and delimited by the hyperplanes wA = 0, is called the billiard. This
derivation is explained in more details in [44].
2.7 Cosmological Singularities and Kac–Moody Algebras
Recall that the billiard is determined by the conditions,
wA(β) > 0 ∀A.
Two kinds of motion are possible according to whether the volume of the projected billiard
is finite or infinite. This depends on the fields present in the Lagrangian, on their dilaton-
couplings and on the spacetime dimension. The finite volume case corresponds to never–
ending, chaotic oscillations for the β’s while in the infinite volume case, after a finite number
of reflections off the walls, they tend to an asymptotically monotonic Kasner–like behavior,
see Figure 2.1. The billiard refers to the area of the β–space bounded by the hyperplanes
wA(β) = 0 on which the billiard ball undergoes specular reflections; the projected billiard
corresponds to this area projected on the future light cone of the unit hyperboloid γµγµ = −1.
Figure 2.1: The panels represent the billiard tables (and billiard motions) after projection onto
hyperbolic space H2 (as in the D = 4 pure gravity case). The hyperbolic space H2 is represented
by its image in the Poincare´ disk. The billiard volume of the left pannel is finite and therefore the
billiard motion is chaotic. On the contrary, the billiard volume of the right pannel is infinite and after
a finite number of reflections the ball freely move .
In fact, not all the walls are relevant for determining the billiard table. Some of the walls
stay behind the others and are not met by the billiard ball. Only a subset of the walls wA(β),
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called dominant walls and here denoted {wi(β)} are needed to delimit the hyperbolic domain.
Once the dominant walls {wi(β)} are found, one can compute the following matrix
Aij ≡ 2(wi, wj)
(wi, wi)
(2.22)
where (wi, wj) = G
µνwiµwjν . By definition, the diagonal elements are all equal to 2. More-
over, in many interesting cases, the off-diagonal elements happen to be non positive integers.
These are precisely the characteristics of a generalised Cartan matrix, namely that of an
infinite Kac–Moody algebra. The hyperbolic Kac–Moody algebras are those relevant for
chaotic billiards since their fundamental Weyl chamber has a finite volume. As previously
emphasised, for the physically relevant theories, the matrix (2.22) is the Cartan matrix of a
Kac–Moody algebra, see the list at the end of the first chapter. Here we recall in Table 2.7
the hyperbolic Kac–Moody algebras relevant in the context of pure gravity, string theories
and M-theory.
Theory Hyperbolic Kac–Moody algebra
Pure gravity in D ≤ 10 α1 α2 α3
αD−1
α4
α5
i i i i
i i
 
 
  
M-theory, IIA and IIB Strings α1 α2 α3 α4 α5 α6 α7 α8 α9
α10
i i i i i i i i i
i
type I and heterotic Strings α1 α2 α3 α4 α5 α6 α7 α8 α9
α10
i i i i i i i i i
 
@
i
closed bosonic string in D = 10 α1 α2 α3 α4 α5 α6 α7 α8
α9 α10
i i i i i i i i
ii
Table 2.1: This table displays the Coxeter–Dynkin diagrams which encode the geometry of the billiard
tables describing the asymptotic cosmological behavior of General Relativity and of three blocks of string
theories: B2 = {M -theory, type IIA and type IIB superstring theories}, B1 = {type I and the two heterotic
superstring theories}, and B0 = {closed bosonic string theory in D = 10}. Each node of the diagrams
represents a dominant wall of the cosmological billiard. Each Coxeter diagram of a billiard table corresponds
to the Dynkin diagram of a (hyperbolic) Kac–Moody algebra: E10, BE10 and DE10.
The precise links between a chaotic billiard and its corresponding Kac–Moody algebra can
be summarized as follows
• the scale factors βµ parametrize a Cartan element h =∑rµ=1 βµhµ,
• the dominant walls wi(β), (i = 1, ..., r) correspond to the simple roots αi of the Kac–
Moody algebra,
• the group of reflections in the cosmological billiard is the Weyl group of the Kac–Moody
algebra, and
• the billiard table can be identified with the Weyl chamber of the Kac–Moody algebra.
Chapter 3
Homogeneous Cosmologies
The BKL equations describing the asymptotic dynamics of the gravitational field in the
vicinity of a spacelike singularity coincide with the dynamical equations of some spatially
homogeneous cosmological models which exhibit therefore the main qualitative properties of
more generic solutions. For D = 4, the spatially homogeneous vacuum models that share
the chaotic behaviour of the more general inhomogeneous solutions are labelled as Bianchi
type IX and VIII; their homogeneity groups are respectively SU(2) and SL(2,R). In higher
spacetime dimensions, i.e. for 5 ≤ D ≤ 10, one also knows chaotic spatially homogeneous
cosmological models but none of them is diagonal [7, 6, 32]. In fact, diagonal models are too
restrictive to be able to reproduce the general oscillatory behaviour but, as shown e.g. in
[63], chaos is restored when non-diagonal metric elements are taken into account.
The purpose of this chapter is to analyse the billiard evolution of spatially homogeneous
non-diagonal cosmological models in D = 4 or 5 spacetime dimensions, in the Hamiltonian
formalism. Since one knows that the full field content of the theory is important in the
characterisation of the billiard, we compare the pure Einstein gravity construction to that
of the coupled Einstein–Maxwell system. The gravitational models we are interested in are
in a one–to–one correspondence with the real Lie algebras – a complete classification based
on their structure constants exists for d = 3 and d = 4, (D = d + 1)[127, 130, 148]1 –
and we restrict our analysis to the unimodular ones, because only for such models can the
symmetries of the metric be prescribed at the level of the action. For the non–unimodular
algebras, the addition of boundary terms to the Einstein–Hilbert action is necessary to impose
the symmetry at the level of the action [163, 129]. We proceed along the same lines as in the
chapter 2 but with a special concern about
• the presence or absence of the each curvature walls, which depends on the structure
constant of the particular homogeneity algebra;
1We will use the notations of MacCallum, we refer to [130] for translation to other notations
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• the roˆle played by the constraints. Indeed, while in the general inhomogeneous case,
the constraints essentially assign limitations on the spatial gradients of the fields with-
out having an influence on the generic form of the BKL Hamiltonian, in the present
situation, they precisely relate the coefficients that control the walls in the potential.
Consequently, the question arises whether they can enforce the disappearing of some
(symmetry, gravitational, electric or magnetic) walls. Because of this, they could pre-
vent the generic oscillatory behaviour of the scale factors. The answer evidently depends
on the Lie algebra considered and on its dimension: for example, while going from the
Bianchi IX model in d = 3 to the corresponding U3S3 model in d = 4, the structure
constants remain the same but the momentum constraints get less restrictive. Hence
generic behaviour is easier to reach when more variables enter the relations.
We find that, except for the Bianchi IX and VIII cases in D = 4, symmetry walls (hence off-
diagonal elements) are needed to close the billiard table: thereby confirming, in the billiard
picture, previous results about chaos restoration. Moreover, we find that when the billiard
has a finite volume in hyperbolic space, it can again be identified with the fundamental Weyl
chamber of one of the hyperbolic Kac–Moody algebras. In the most generic situation, these
algebras coincide with those already relevant in the general inhomogeneous case. However,
in special cases, new rank 3 or 4 simply laced algebras are exhibited.
The chapter is organised as follows. We first adapt to the spatially homogeneous case
that part of the general Hamiltonian formalism reviewed in the previous chapter necessary
to understand how, at the BKL limit, the billiard walls arise in the potential. We explicitly
write down the form of the momentum constraints in the generalised Iwasawa variables and
analyse their meaning for each of the 3 and 4 dimensional real unimodular Lie algebras as
well as their impact on the billiard shape. For the finite volume billiards, we compute the
scalar products of the gradients of the dominant walls using the metric defined by the kinetic
energy and show that the matrix
AAB = 2
(wA|wB)
(wA|wA) where(wA|wB) = G
ab wAawBb (3.1)
is the generalised Cartan matrix of an hyperbolic Kac–Moody algebra.
3.1 General Setting
3.1.1 Spatially Homogeneous Models, Hamiltonian
In this chapter, we are specially interested in d = 3 and d = 4 dimensional spatially homoge-
neous models equipped with a homogeneity group simply transitively acting; these models are
known to be in a one-to-one correspondence with the 3 and 4 dimensional real Lie algebras
and have been completely classified [130, 154]. We restrict our analysis to the unimodular
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algebras, i.e. those whose adjoint representation is traceless2, that is Ciik = 0 , since only for
these homogeneous models do the equations of motion follow from a reduced Hamiltonian
action in which the symmetry of the metric is enforced before taking variational derivatives
[163, 129].
We work in a pseudo-Gaussian gauge defined by vanishing shift N i = 0 and assume the
D = d+ 1 dimensional spacetime metric of the form
ds2 = −(Ndx0)2 + s(i)(j)(x0)ω(i) ω(j)
where x0 is the time coordinate, t is the proper time, dt = −N dx0, and N is the lapse. For
definiteness, we will assume that the spatial singularity occurs in the past, for t = 0.
The gravitational dynamical variables s(i)(j) are the components of the d dimensional
spatial metric in the time-independent co–frame {ω(i) = ω(i)j dxj} invariant under the group
transformations
dω(i) =
1
2
C˜(i)(j)(k) ω
(j) ∧ ω(k) ;
the C˜(i)(j)(k)’s are the group structure constants. The metric s(i)(j)(x
0) depends only on time
and may contain off-diagonal elements. With use of g ≡ det sij , one defines the rescaled lapse
as N˜ = N/
√
g.
In the spatially homogeneous Einstein–Maxwell system, there is besides the metric, an
electromagnetic 1–form potential A and its 2–form field strength F = dA. In the temporal
gauge A0 = 0, the potential reduces to
A = A(j) ω
(j) .
In the Hamiltonian framework, we assume the potential itself to be spatially homogeneous3
so that its space components in the ω(j) frame are functions of x0 only: A(j) = A(j)(x
0).
Accordingly, its field strength takes the special form
F = dA = ∂0A(j) dx
0 ∧ ω(j) − 1
2
A(i) C˜
(i)
(j)(k) ω
(j) ∧ ω(k)
which shows the links between the components of the magnetic field and the structure con-
stants. Hence, from the Jacobi identity, one infers that
F(i)[(j) C˜
(i)
(k)(l)] = 0. (3.2)
The first order action for the homogeneous Einstein–Maxwell system can be obtained
from the D dimensional Hilbert-Einstein action in ADM form after space integration has
2The group Adjoint representation is unimodular.
3This is more restrictive than requiring spatial homogeneity of the field strength; in the present analysis
the difference only arises with regard to the magnetic walls which are always subdominant.
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been carried out; this operation brings in a constant space volume factor that will be ignored
hereafter. The action is given by
S[s(i)(j), π
(i)(j), A(j), π
(j)] =
∫
dx0
(
π(i)(j)s˙(i)(j) + π
(j)
F A˙(j) − N˜H
)
. (3.3)
The Hamiltonian N˜H reads as
H = K +M
K = π(i)(j)π(i)(j) − 1
d− 1π
(i)
(i)π
(j)
(j) +
1
2
π(j)F πF (j)
M = −gR+ 1
4
F(i)(j)F
(i)(j)
where R is the spatial curvature scalar defined, in the unimodular cases, by the following
combination of structure constants and metric coefficients
R = −1
2
(C˜(i)(j)(k) C˜(j)(i)(k) +
1
2
C˜(i)(j)(k) C˜(i)(j)(k) ) ,
where
C˜(i)(j)(k) = s(i)(ℓ) C˜
(ℓ)
(j)(k) and C˜
(i)(j)(k) = s(j)(ℓ) s(k)(m) C˜(i)(ℓ)(m) . (3.4)
The equations of motion are obtained by varying the action (3.3) with respect to the
spatial metric components s(i)(j), the spatial 1–form components A(j) and their respective
conjugate momenta π(i)(j) and π(j). The dynamical variables still obey the following con-
straints:
H ≈ 0 (Hamiltonian constraint) (3.5)
Hi = −C˜(j)(i)(k) π(k)(j) + π(j)F F(i)(j) ≈ 0 (momentum constraints); (3.6)
notice that the Gauss law for the electric field is identically satisfied on account of the uni-
modularity condition.
3.1.2 Generalised Iwasawa Variables
In order to develop the billiard analysis, it was seen in the previous chapter to be necessary to
change the variables and uses the Iwasawa decompostion of the spatial metric. This Iwasawa
decomposition now is done in the invariant frames. More precisely, the metric components
s(i)(j) are replaced by the new variables β
a and N˜ (a)(i), defined through the Iwasawa matrix
decomposition
s = N˜ TA2N˜ (3.7)
where N˜ is an upper triangular matrix with 1’s on the diagonal and A is a diagonal matrix
with positive entries parametrized as
A = exp(−β), β = diag(β1, β2, ..., βd) .
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The explicit form of (3.7) reads
s(i)(j) =
d∑
a=1
e−2β
aN˜ (a)(i)N˜ (a)(j) . (3.8)
The N˜ (a)(i)’s measure the strenght of the off-diagonal metric components and define how to
pass from the invariant {ω(i)} co–frame to the Iwasawa co–frame {θ(a)iw } – see Eq. (2.8) – in
which the metric is purely diagonal
θ(a)iw = N˜ (a)(j)ω(j) .
In this basis, one has for the components of the 1–form A(a),
A(j) ≡ A(a)N˜ (a)(j) . (3.9)
As in (2.9), the changes of variables (3.8) and (3.9) are extended to the momenta as canonical
point transformations in the standard way via
π(i)(j)s˙(i)(j) + π
(j)A˙(j) = π(a) β˙
(a) +
∑
a<j
P˜(j)(a) ˙˜N
(a)
(j) + Ea A˙a .
In this expression, P˜(j)(a) denotes the momentum conjugated to N˜ (a)(j) and is defined for
a < j, Ea denotes the momentum conjugated to Aa. The Iwasawa components E (a) and
F(a)(b) of the electric and magnetic fields are given by
E (a) ≡ N˜ (a)(j) π(j) , F(a)(b) ≡ F(i)(j) N˜−1 (i)(a)N˜−1 (j)(b) .
The vectorial frame {eiw (a)} dual to the co–frame {θ(a)iw} is given by
eiw (a) = X(j) N˜−1 (j)(a) , (3.10)
where X(j) are the vectorial frame dual to ω
(i). While shifting to the Iwasawa basis and co-
basis, the structure constants of the group, which also define the Lie brackets of the vectorial
frame {X(i)} dual to the invariant co–frame {ω(i)}
[X(i),X(j)] = −X(k) C˜(k)(i)(j) ,
transform as the components of a (12)-tensor so that
[eiw (b), eiw (c)] = −eiw (a) C ′(a)(b)(c), with C ′(a)(b)(c) = N˜ (a)(i) N˜−1(j)(b) N˜−1(k)(c) C˜(i)(j)(k) .
(3.11)
3.1.3 BKL Analysis
The general analysis of the previous chapter can be repeated in the homogeneous context.
The Hamiltonian controlling the dynamics is,
H = H0 + VS + VG + V
el + V magn (3.12)
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where H0 is given by (2.14); we rewrite VS as
VS =
1
2
∑
a<b
e−2(β
b−βa) cab (3.13)
where the cab are explicitly written in the next sections for D = 4 and D = 5; the “gravita-
tional potential” now simply reads
VG = −gR = 1
2
e−2
∑
d β
d
∑
a,b,c
(e2β
c
C ′(a)(b)(c) C ′(b)(a)(c) +
1
2
e−2β
a+2βb+2βc (C ′(a)(b)(c))2 )
and one considers also the presence of a 1–form,
V el =
1
2
e−2ea (E (a))2
V magn =
1
4
e−2mab (F(a)(b))2
where the notations of Eqs. (2.20, 2.21) are used.
For the D = 4 and D = 5 homogeneous cosmologies, we will systematically investigate,
– the prefactors controling the presence of the curvature walls which crucially depend on
the homogeneity group under consideration: the more the group ”looks” abelian, the less
curvature walls are present.
– the momentum constraints, which in this spatial homogeneity context, can influence the
billiard shape. Indeed, they establish linear relations between the wall coefficients cA’s in
which all together the structure constants, the {N˜ , P˜, E , F}’s and even the variables {β, π}
are mixed up; so the question arises whether, asymptotically, they are equivalent to the
condition that some of the cA’s vanish forcing the corresponding walls to disappear.
3.2 d = 3 Homogeneous Models
3.2.1 Iwasawa Variables
In spatial dimension d = 3, using the simplified notations
N˜ (1)(2) = n1, N˜ (1)(3) = n2, N˜ (2)(3) = n3
P˜(2)(1) = p1, P˜(3)(1) = p2, P˜(3)(2) = p3 ,
the prefactors (P˜(j)(a)N˜ (b)(j))2 of the possible symmetry walls e−2(βb−βa), b > a, in (3.13), read
for a = 1, b = 2 : c12 = (p1 + n3p2)
2 (3.14)
for a = 1, b = 3 : c13 = (p2)
2 (3.15)
for a = 2, b = 3 : c23 = (p3)
2. (3.16)
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The Iwasawa decomposition (3.7) provides explicitly
s(1)(1) = e
−2β1 , s(1)(2) = n1e−2β
1
, s(1)(3) = n2e
−2β1 (3.17)
s(2)(2) = n
2
1e
−2β1 + e−2β
2
, s(2)(3) = n1n2e
−2β1 + n3e−2β
2
(3.18)
s(3)(3) = n
2
2e
−2β1 + n23e
−2β2 + e−2β
3
. (3.19)
The momenta conjugate to the sab read
2π(1)(1) = −(π(1) + 2n1p1 + 2n2p2)e2β1 − (n21π(2) + 2n21n3p3 − 2n1n2p3)e2β
2
− (n22 + n21n23 − 2n1n2n3)π(3)e2β
3
2π(1)(2) = p1e
2β1 + (n1π(2) + 2n1n3p3 − n2p3)e2β2
+ (n1n
2
3 − n2n3)π(3)e2β
3
2π(1)(3) = p2e
2β1 − n1p3e2β2 + (n2 − n1n3)π(3)e2β3
2π(2)(2) = −(π(2) + 2n3p3)e2β2 − n23π(3)e2β
3
2π(2)(3) = p3e
2β2 + n3π(3)e
2β3
2π(3)(3) = −π(3)e2β3 .
In order to easily translate the constraints in terms of the Iwasawa variables, we also mention
the following usefull formulae
2π(2)(1) = p1
2π(3)(1) = p2
2π(3)(2) = n1p2 + p3
2π(1)(2) = n1(π(2) − π(1)) + (e−2(β2−β1) − n21)p1 + (n3e−2(β
2−β1) − n1n2)p2
+ (n1n3 − n2)p3
2π(1)(3) = n2(π(3) − π(1)) + n1n3(π(2) − π(3)) + [n3e−2(β2−β1) − n1n2]p1
+ [e−2(β
3−β1) + n23e
−2(β2−β1) − n22]p2
+ [n1n
2
3 − n2n3 − n1e−2(β
3−β2)]p3
2π(2)(3) = −n3(π(2) − π(3)) + n2p1 + (e−2(β3−β2) − n23)p3 .
3.2.2 d = 3 Pure Gravity Billiards
These spatially homogeneous models are known in the literature as the class-A Bianchi mod-
els; they are classified according to their real, unimodular, isometry Lie algebra [127, 154].
1. Bianchi–type I: C˜kij = 0,∀i, j, k.
This is the abelian algebra. There is no spatial curvature and the constraints are identically
verified. Accordingly, the billiard walls are only made of symmetry walls βi−βj, i > j, among
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which the two dominant ones are w32 = β
3−β2 and w21 = β2−β1. This is the infinite volume
non-diagonal Kasner billiard. Its projection on the Poincare´ disc is represented by the shaded
area in Figure 3.1.
2. Bianchi–type II: C˜123 = 1.
This case is particularly simple because the constraints are easy to analyse. Indeed, the
momentum constraints read
π(2)(1) = 0 and π
(3)
(1) = 0 ⇐⇒ p1 = 0 and p2 = 0 .
That means, referring to (3.14), (3.15) and (3.16), that c12 = 0 and c13 = 0 and that they
clearly eliminate the symmetry walls w21 = β
2 − β1 and w31 = β3 − β1; the last p3 remains
free so the symmetry wall w32 = β
3 − β2 is present. Moreover, the only non zero structure
constants being C ′123 = 1, one single curvature wall survives which is 2β1. Since two walls
can never close the billiard, its volume is also infinite. Its projection on the Poincare´ disc is
given by the shaded area in Figure 3.1.
Bianchi I			 Bianchi II
Figure 3.1: Bianchi I and II billiards are the shaded areas limited by curved lines or curvature walls
and right lines or symmetry walls.
3. Bianchi–type VI0: C˜
1
23 = 1 = C˜
2
13.
The momentum constraints read
π(3)(2) = 0 , π
(3)
(1) = 0 and π
(2)
(1) + π
(1)
(2) = 0. (3.20)
They are equivalent to
0 = p2 (3.21)
0 = p3 (3.22)
0 = n1(π(2) − π(1)) + (e−2(β2−β1) − n21 + 2)p1. (3.23)
The first two, according to (3.15) and (3.16), clearly tell that the symmetry walls w32 = β
3−β2
and w31 = β
3 − β1 are absent from the potential. The billiard volume is therefore infinite
(whether or not the last symmetry wall is present) and the asymptotic dynamics is described
by a monotonic Kasner–like regime. With (3.22) put in (3.14), one sees that the coefficient
of the third symmetry wall w21 becomes c12 = (p1)
2. Since the constraint (3.23) does not
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imply that this coefficient vanishes, the corresponding wall will be generically present, i.e.
for generic initial conditions.
Summarising, the symmetry wall w21 = β
2−β1 is present, beside the two curvature walls
2β1 and 2β2; the dominant walls being w21 = β
2−β1 and 2β1, they do not close the billiard,
see Figure 3.2.
Bianchi VI (generic)		     Bianchi VI (part.)
Figure 3.2: Bianchi VI Billiards
One can take advantage of the gauge freedom [25] to assign the initial value of n01 to be zero,
the constraint then implies that p01 = 0. According to the equations of motion, n1 and p1
remain null. In particular, the last symmetry wall is absent and the billiard is delimited
by two curvature walls depicted in Figure 3.2. The billiard shape will not depend on gauge
choices for d > 3.4
These examples show that the presence/absence of symmetry walls may depend on initial
conditions or on gauge conditions. This is not very satisfactory and suggest to analyse deeply
the spatial diffeomorphisms in the generic case, i.e. non homogeneous. Nevertheless, in the
cases mentionned hereabove, the finite/infinite nature of the billiard volume is not modified
by a gauge choice.
4. Bianchi–type VII: C˜123 = 1, C˜
2
13 = −1.
This case is very similar to the preceding one. The only changes are i) that the third constraint
in (3.20) has to be replaced by (π(2)(1)−π(1)(2) = 0) and ii) that its translation into the Iwasawa
variables in (3.21) now reads
0 = n1(π(2) − π1) + (e−2(β2−β1) − n21 − 2)p1 .
Accordingly, we can apply the same reasoning as before.
5. Bianchi-type IX: C˜123 = 1, C˜
2
31 = 1, C˜
3
12 = 1.
4The number of off–diagonal components of a d–dimensional spatial metric is given by d(d−1)/2 while the
number of momentum constraints is d. For d > 3, a gauge transformation cannot diagonalise this metric.
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This case and the next one deserve a particular treatment because the structure constants
are such that all curvature walls, namely 2β1, 2β2, 2β3, appear and these three gravitational
walls already form a finite5 volume billiard.
Let us first discuss the generic case. The momentum constraints take the form
π(3)(2) − π(2)(3) = 0, π(3)(1) − π1(3) = 0, π(2)(1) − π(1)(2) = 0 ;
and in terms of the Iwasawa variables, they become
n3(π2 − π(3))− n2p1 + n1p2
+ [−e−2(β3−β2) + n23 + 1]p3 = 0 (3.24)
n2(π(3) − π(1)) + n1n3(π(2) − π(3)) + [n3e−2(β2−β1) − n1n2]p1
+ [e−2(β
3−β1) + n23e
−2(β2−β1) − n22 − 1]p2
+ [n1n
2
3 − n2n3 − n1e−2(β
3−β2)]p3 = 0 (3.25)
n1(π(2) − π(1)) + [e−2(β2−β1) − n21 − 2]p1
+ [n3e
−2(β2−β1) − n1n2]p2
+ [n1n3 − n2]p3 = 0. (3.26)
Remember that we already know that the billiard has a finite volume, hence the question is
no longer to state between chaos or non chaos but rather to define more precisely the shape
of the billiard.
In order to study the implications of the constraints (3.24) - (3.26), we shall rely on the
heuristic estimates made in [44], where the asymptotic behaviour of the variables is analysed
in the BKL limit. From that analysis, it follows that, when ρ → ∞: i) the πa’s go to zero
as powers of 1/ρ, ii) the ni’s and the pi’s tend to constants n
∞
i and p
∞
i up to additive terms
which also go to zero as powers of 1/ρ and iii) that the exponentials either vanish (if the
walls are present) or oscillate between zero and ∞ (if they are absent).
If the symmetry walls are absent, the constraints cannot be satisfied at any time. These
walls are therefore generically present, i.e. they are present except if the coefficients in front
of the exponential appearing in the constraints (3.24) - (3.26) are identically zero.
Accordingly, the billiard’s edge is formed by the leading symmetry walls w32 and w21 and
by the curvature wall 2β1. On the Poincare´ disc, it is one of the six small triangles included
in the larger one bordered by the curvature walls. Its Cartan matrix is that of the hyperbolic
5This situation is very specific to the homogeneous models in D = 4; in higher spacetime dimensions,
the number of curvature walls allowed by the structure constants is not sufficient to produce a finite volume
billiard.
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Kac–Moody algebra AE3 = A
∧∧
1 
 2 −1 0−1 2 −2
0 −2 2


already relevant in the general inhomogeneous case. Its Dynkin diagram is given in Figure
3.3. Other interesting cases exist with less symmetry walls, which require specific initial
Figure 3.3: Dynkin diagrams of the A∧∧1 Kac–Moody algebra
conditions, see Figure 3.4.
B. IX (generic)	         B. IX diagonal		   B. IX number 2
Figure 3.4: Bianchi IX Billiards
1. No symmetry wall at all. This situation is the one mentionned above; it happens when
the metric is assumed diagonal always, hence for n1 = 0, n2 = 0, n3 = 0; the solution of
the momentum constraints is then p1 = 0, p2 = 0, p3 = 0. This assumption is consistent
with the equations of motion. The Cartan matrix of this billiard is given by
 2 −2 −2−2 2 −2
−2 −2 2


and its corresponding Dynkin diagram is number 1 in Figure 3.5 ; the associated Kac–
Moody algebra is hyperbolic, it has number 7 in the enumeration provided in reference
[155]. The billiard shape is depicted in Figure 3.4 (diagonal case).
2. One symmetry wall. This happens when one chooses the initial data such that n1 =
0, n2 = 0 and p1 = 0, p2 = 0; then, according to the equations of motion, these variables
remains zero all the time. The billiard is closed by two curvature walls 2β1 and 2β2 and
the symmetry wall w32. On the Poincare´ disc, its volume is half of that of the triangle
made of curvature walls. The Cartan matrix is given by
 2 0 −20 2 −2
−2 −2 2


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and its Dynkin diagram is number 2 in Figure 3.5 . It characterises the third rank 3
Lorentzian Kac–Moody algebra in the classification given in [155].
1				    2
Figure 3.5: Dynkin diagrams of special algebras met in Bianchi IX models
These last two Kac–Moody algebras are subalgebras of A∧∧1 [75]. The billiard shape is
depicted in Figure 3.4 (case number 2).
Remark: let us recall that the reflections on the faces of the billiard generate a Coxeter
group which is identified with the Weyl group of the associated Kac–Moody algebra. The
larger the set of walls, the larger the number of generators. Since in the non generic cases
the set of walls is a subset of the one in the generic case, the associate Coxeter group is a
subgroup of the generic one.
6. Bianchi–type VIII: C˜123 = 1, C˜
2
31 = 1, C˜
3
12 = −1.
The analysis of this case follows closely the previous one. The sign change in the structure
constants modifies the constraints as follows
π(3)(2) + π
(2)
(3) = 0, π
(3)
(1) + π
(1)
(3) = 0, π
(2)
(1) − π(1)(2) = 0
and induces some sign changes in their Iwasawa counterparts. The conclusions are those of
the Bianchi IX model: the generic billiard is the one of the algebra A∧∧1 .
3.2.3 d = 3 Einstein–Maxwell Billiards
The momentum constraints (3.6) of the Einstein–Maxwell homogeneous models generally
(except for the abelian Bianchi I) mix gravitational and one–form variables; in comparison
with the pure gravity case, i) no constraint remains which clearly forces the prefactor of
a symmetry wall to be zero and ii) additional terms of the type πF (i)F
(i)(j) enter in the
constraints system.
Accordingly, generically, besides the curvature walls allowed by the structure constants,
one expects all symmetry, electric and magnetic walls to be present. The dominant ones are
the symmetry walls w21 = β
2−β1, w32 = β3−β2 and the electric wall e1 = β1 which replaces
the curvature wall of the pure gravity case. They close the billiard whose Cartan matrix is
 2 −4 0−1 2 −1
0 −1 2

 .
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The Dynkin diagram is dispayed in Figure 3.6; the corresponding Kac–Moody algebra is the
hyperbolic A
(2)∧
2 algebra which is the Lorentzian extension of the twisted affine algebra A
(2)
2
also encountered in [89].
Figure 3.6: Dynkin diagram of the A(2)∧2 algebra
3.3 d = 4 Homogeneous Models
Our billiard analysis of the four dimensional spatially homogeneous cosmological models has
been carried out along the same lines as for d = 3: results relative to pure gravity models
and those relative to the Einstein–Maxwell homogeneous system will be given separately.
3.3.1 Extension of the Notations and Iwasawa Variables
In spatial dimension d = 4, we introduce the matrix variables
N =


1 n12 n13 n14
0 1 n23 n24
0 0 1 n34
0 0 0 1

 .
The Iwasawa decomposition of the metric extends beyond the 3-dimensional formulae listed
in (3.17), (3.18), (3.19), through the additional components
s(1)(4) = n14 e
−2β1
s(2)(4) = n12 n14 e
−2β1 + n24 e−2β
2
s(3)(4) = n13 n14 e
−2β1 + n23 n24 e−2β
2
+ n34 e
−2β3
s(4)(4) = n
2
14 e
−2β1 + n224 e
−2β2 + n234 e
−2β3 + e−2β
4
.
The momentum conjugate to βa is written as π(a), as before; the momentum conjugate to
N˜ (a)(j) = naj is denoted P˜(j)(a) = pja and is only defined for j > a. The prefactors cab =
(P˜(j)(a)N˜ (b)(j))2 of the symmetry walls e−2(βb−βa), b > a, in the Hamiltonian are explicitly
given by
c12 = (p
21 + p31 n23 + p
41 n24)
2
c13 = (p
31 + p41 n34)
2
c14 = (p
41)2
c23 = (p
32 + p42 n34)
2
c24 = (p
42)2
c34 = (p
43)2 .
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Once the change of dynamical variables has been continued in a canonical point transforma-
tion, the momentum contraints still express linear relations among the π(i)(j)’s which translate
into linear relations on the momenta π(a), p
ia; their coefficients are polynomials in the nai’s
times exponentials of the type e−2(βb−βa), with b > a. The explicit form of the constraints
depends on the model considered.
3.3.2 d = 4 Pure Gravity
We label the various 4 dimensional spatially homogeneous models according to the classifi-
cation of the 4 dimensional real unimodular Lie algebras given by M. MacCallum [128, 130]:
they are
1. Class U1[1, 1, 1]: C˜114 = λ, C˜
2
24 = µ, C˜
3
34 = ν,with λ + µ + ν = 0. One can still set
λ = 1 except in the abelian case where λ = µ = ν = 0.
2. Class U1[Z, Z¯, 1]: C˜114 = −µ2 , C˜214 = 1, C˜124 = −1, C˜224 = −µ2 , C˜334 = µ. µ = 0 is a
special case.
3. Class U1[2, 1]: C˜114 = −µ2 , C˜214 = 1, C˜224 = −µ2 , C˜334 = µ and µ is 0 or 1.
4. Class U1[3]: C˜214 = 1, C˜
3
24 = 1.
5. Class U3I0: C˜423 = 1, C˜
2
31 = 1, C˜
3
12 = −1.
6. Class U3I2: C˜423 = −1, C˜231 = 1, C˜312 = 1.
7. Class U3S1 or sl(2) ⊕ u(1): C˜123 = 1, C˜231 = 1, C˜312 = −1.
8. Class U3S3 or su(2)⊕ u(1): C˜123 = 1, C˜231 = 1, C˜312 = 1.
Let us mention that for all of the four dimensional algebras, except of course the abelian one,
the structure constant C ′134 6= 0 and consequently that the curvature wall 2β1+β2 is always
present.
Our analysis leads to the conclusion that, from the billiard point of view, the previous
models can be collected into two sets: the first one has an open billiard, the second one has
a finite volume billiard whose Cartan matrix is that of the hyperbolic Kac–Moody algebra
A∧∧2 exactly as in the general inhomogeneous situation.
The first set contains the abelian algebra and U1[1, 1, 1]µ6=0,−1 , U1[2, 1] and U1[Z, Z¯, 1]µ6=0;
all the others belong to the second set. Because explicit developments soon become lenghty
and since the reasonings always rest on similar arguments, we have chosen not to review
systematically all cases as for d = 3 but rather to illustrate the results on examples taken in
both sets:
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1. As a representative of the first set, we take U1[Z, Z¯, 1]µ6=0.
The momentum constraints read
π(4)(1) = π
(4)
(2) = µπ
(4)
(3) = −µ
2
(π(1)(1) + π
(2)
(2) − 2π(3)(3) ) + π(1)(2) − π(2)(1) = 0 ; (3.27)
in terms of the Iwasawa variables, they become
p41 = p42 = µ p43 = 0 (3.28)
and
− µ
2
(2π(3) − π(1) − π(2)) + n12(π(2) − π(1)) +
+ (e−2(β
2−β1) − n212 − 1) p21 + (n23e−2(β
2−β1) − n12n13 + 3n13µ
2
)p31
+ (n12n23 − n13 + 3n23µ
2
) p32 = 0 . (3.29)
The first three constraints (3.28) clearly indicate that the symmetry walls β4 − β3, β4 − β2,
β4 − β1 are absent from the potential. The fourth constraint (3.29) does not generically
imply that c23 = (p
32)2 vanishes. Consequently, in the generic case, the dominant walls of
the billiard are the symmetry walls w32 = β
3 − β2, w21 = β2 − β1 and the curvature wall
2β1 + β2; it is indeed an open billiard.
Notice that in all cases of the first set, the non vanishing structure constants are all of the
form C ′a4b with a, b = 1, 2, 3. It is easy to check that this forbids all curvature wall containing
β4 and therefore that the remaining curvature walls cannot be expected to close the billiard.
2. As a first representative of the second set, we take U1[Z, Z¯, 1]µ=0
The constraints are given by (3.27), (3.28) and (3.29) for µ = 0 and one immediately
sees that, compared to the preceding case, one constraint drops out leaving the symmetry
wall w43 = β
4 − β3 in place. The last constraint does not generically imply the vanishing
of other prefactors cab. Again, we end up here with the following list of dominant walls:
w43 = β
4 − β3, w32 = β3 − β2, w21 = β2 − β1 and 2β1 + β2. The Cartan matrix is that of
the algebra A∧∧2 as previously announced. Its Dynkin diagram is depicted in Figure 3.7.
Figure 3.7: Dynkin diagram of the A∧∧2 algebra
3. Another interesting example of the second set is provided by U3S3
Its homogeneity group is the direct product SU(2)× U(1) so that this model appears as
the four dimensional trivial extension of the Bianchi IX model: since the structure constants
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are the same as in the 3-dimensional case, the momentum constraints do not change, when
expressed in terms of the metric components and their momenta
π(1)(3) − π(3)(1) = 0, π(1)(2) − π(2)(1) = 0, π(2)(3) − π(3)(1) = 0 ;
their number does not change either but, in terms of Iwasawa variables, they involve much
more terms than their d = 3 counterpart given in (3.24), (3.25) and (3.26)
− n13(π(1) − π(3)) + n12n23(π(2) − π(3))− (n12n13 − n23e−2(β2−β1))p21
− (n213 − n223e−2(β
2−β1) − e−2(β3−β1) − 1)p31
+ (n12n
2
23 − n13n23 − n12e−2(β
3−β2))p32
− (n13n14 − n23e−2(β2−β1)n24 − n34e−2(β3−β1))p41
+ (n12n23n24 − n14n23 − n12n34e−2(β3−β2))p42
− (n12n23n34 − n12n24 − n13n34 + n14)p43 = 0
− n12(π(1) − π(2))− (n212 − e−2(β
2−β1) − 1)p21
− (n12n13 − n23e−2(β2−β1))p31 + (n12n23 − n13)p32
− (n12n14 − n24e−2(β2−β1))p41 + (n12n24 − n14)p42 = 0
− n23(π(2) − π(3)) + n13p21 − n12p31 − (n223 − e−2(β
3−β2) + 1)p32
− (n23n24 − n34e−2(β3−β2))p42 + (n23n34 − n24)p43 = 0 .
These constraints are of course i) linear in the momenta, ii) the only exponentials which
enter these expressions are build of w32 = β
3 − β2, w31 = β3 − β1 and w21 = β2 − β1 and
iii) as before, their coefficients are exactly given by the square root of the corresponding
cA’s in the potential, namely
√
c12,
√
c13 and
√
c23. Accordingly, the question arises whether
these equations are equivalent to c12 = 0, c23 = 0 and c13 = 0. If, asymptotically, the
exponentials go to zero and can be dropped out of the constraints, the remaining equations
can be solved for p21, p31, p32 in terms of the other variables among which figure now, not
only the π(i)−π(j) already present in the 3-dimensional case which asymptotically go to zero,
but also the asymptotic values of the p4i’s which remain unconstrained. It follows that none
of the solutions of the above system is generically forced to vanish so that all the symmetry
walls are expected to be present. The absence of a wall can only happen in non generic
situations with very peculiar initial conditions.
We expect this result to become the rule in higher dimensions for trivial extensions like
SU(2)×SU(2)× ...×U(1)× ...×U(1); the billiard will then become that of the Kac–Moody
algebra A∧∧n relevant in the general Einstein theory.
We can nevertheless provide a particular solution with initial data obeying n12 = n13 =
n14 = 0 and p
21 = p31 = p41 = 0. These values are conserved in the time evolution. In
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this case, the leading walls are the symmetry walls w43, w32 and the curvature ones 2β
2 +
β3, 2β1 + β2. The Cartan matrix is

2 −1 −1 0
−1 2 −1 −1
−1 −1 2 −1
0 −1 −1 2

 .
The billiard is characterised by the rank 4 Lorentzian Kac–Moody algebra which bears num-
ber 2 in the classification given in [155] and which is a subalgebra of A++2 ; its Dynkin diagram
is drawn in Figure 3.8. The D = 5 results are summarized in the following table:
Figure 3.8: Dynkin diagram of algebra number 2 in the subset of rank 4
U1[1, 1, 1]µ=ν=λ=0
U1[1, 1, 1]µ6=0,−1
U1[Z, Z¯, 1]µ6=0
non chaotic
U1[1, 1, 1]µ=−1
U1[Z, Z¯, 1]µ=0
U1[2, 1]
U1[3]
U3I0
U3I2
U3S3
U3S1
chaotic
Chaos or non chaos for D = 5 models
3.3.3 d = 4 Einstein–Maxwell Models
As in the three dimensional case, because of the presence of the electromagnetic field in the
expression of the momentum constraint (3.6), no symmetry wall can be eliminated. Moreover,
the electric walls always prevail over the curvature ones if any. The billiard is in all cases
characterised by the following set of dominant walls w43 = β
4 − β3, w32 = β3 − β2, w21 =
β2 − β1 and e1 = β1. Its Cartan matrix is that of the hyperbolic Kac–Moody algebra G∧∧2
with Dynkin diagram depicted in Figure 3.9. In the general analysis of the billiards attached
to coupled gravity + p–forms systems, one could assume 2p < d without loss of generality,
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Figure 3.9: Dynkin diagram of the G∧∧2 algebra
because the complete set of walls is invariant under electric–magnetic duality. This invariance
may however not remain in some spatially homogeneous cases due to the vanishing of some
structure constants which lead to incomplete sets of walls so that other, a priori unexpected
Kac–Moody algebras, might appear. An illustrative and interesting example is given inD = 5
by the Einstein + 2–form system governed by the abelian algebra. Here, the dominant walls
are i) the symmetry walls β4 − β3, β3 − β2 and β2 − β1 and ii) the magnetic wall β1 + β2.
This billiard brings in the new hyperbolic Kac–Moody algebra carrying number 20 in [155],
whose Dynkin diagram is given in Figure 3.10 hereafter.
Figure 3.10: Dynkin diagram of the algebra relevant for the Einstein + 2–form system
3.4 Conclusions
In this chapter, we have analysed the Einstein and Einstein–Maxwell billiards for all the
spatially homogeneous cosmological models in 3 and 4 dimensions. In the billiard picture, we
confirm that in spacetime dimensions 5 ≤ D ≤ 10, diagonal models are not rich enough to
produce the never ending oscillatory behaviour of the generic solution of Einstein’s equations
and that chaos is restored when off-diagonal metric elements are kept. Chaotic models are
characterised by a finite volume billiard which can be identified with the fundamental Weyl
chamber of an hyperbolic Kac–Moody algebra: in the most generic chaotic situation, the
algebra coincides with the one already relevant in the inhomogeneous case; this remains true
after the addition of an generic homogeneous electromagnetic field. Other algebras can also
appear for special initial data or gauge choices: in fact, these are all the simply-laced known
hyperbolic Kac–Moody algebras of ranks 3 and 4, except the one which has number 3 among
those of rank 4 listed in [155]. This analysis furnishes a nice way to tackle infinite–dimensional
hyperbolic subalgebras of those appearing in the non–homogeneous context.
Chapter 4
Oxidation
An interesting feature of the billiard region is that it is invariant under toroidal dimensional
reduction to any dimensionD ≥ 3 [37]. The knowledge the billiard region inD = 3 dimensions
can then be used as a tool to determine the possible higher dimensional parents of the theory.
This problem of going up in dimension is known as the oxidation or disintegration problem and
goes back to the early days of supergravity and has been studied repeatedly [107, 103, 108]. It
has been thoroughly investigated recently by means of group theory techniques [110, 111, 112].
We show here that the billiard approach gives direct information on possible obstructions to
oxidation and, when oxidation is possible, restricts efficiently the maximal dimension(s) of
oxidation as well as determines the full p–form spectrum of the maximally oxidised theory.
We consider both split and non–split U3–groups. For non maximally non–compact groups
(i.e. non–split groups), this approach is complementary to the general method of general
linear subgroups of [108] known as the “A–chain” method. The same information can be
extracted from the superalgebra approach to the problem [50, 93, 92, 91].
4.1 Walls associated with simple roots and oxidation
The walls bounding the billiards have different origins: they can be symmetry (2.17) or
curvature walls (2.18 & 2.19), related to the Einstein–Hilbert action; or they can be p–form
walls (electric (2.20) or magnetic (2.21)), related to the p–form part of the action. The key
to the derivation of the oxidation constraints is to investigate how the billiard walls behave
upon dimensional reduction. Although the billiard region is invariant, the formal origin of
the walls may change. E.g., a symmetry wall in D dimensions may appear as a 1–form wall
associated with the Kaluza–Klein graviphoton(s) in lower dimensions [41].
The translation rules relating walls in higher dimensions to walls in lower dimensions have
been worked out in [37, 89]. To recall them, we denote by B¯ the restricted root system of
the real form U3. This restricted root system may be reduced or non reduced, in the latter
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case it is of BCr–type [85]. The billiard region is the fundamental Weyl chamber of the
overextension B¯∧∧ [89] obtained by adding to the simple roots of the finite root system B¯,
the affine root α0 and the “overextended root” α−1, which is attached to the affine root with
a single link. There are at most two different root lengths, except when the underlying finite
root system is non reduced, in which case one has three different root lengths. The highest
root is always a long root (“very long” root in the BCr–case) [89].
From the point of view of the three–dimensional action (Einstein–Hilbert action + U3–non
linear σ-model action), these roots have the following interpretation: (i) the overextended
root is the symmetry wall β2 − β1 and involves only gravitational variables; (ii) the affine
root corresponds to the dominant magnetic wall β1 − θ(φ) where θ(φ) is the highest root of
B¯; it involves both the dilatons and the gravitational variable β1; and (iii) the simple roots
of B¯ correspond to the dominant electric walls defined by the 0–forms (axions) and involve
the dilatons only.
In D = d + 1 > 3 dimensions, these walls appear as follows. (i) The overextended root
remains a symmetry wall1, namely βd−βd−1; (ii) The affine root becomes the symmetry wall
βd−1−βd−2. (iii) The (long) roots of B¯ connected to the affine root by a chain of single links
form a chain of symmetry walls βd−2 − βd−3, · · · , β2 − β1. The other roots correspond to
p–form walls of the form β1 + · · ·+ βp + 12
∑
α λ
(p)
α φα (electric walls) or β1 + · · · + βd−p−1 −
1
2
∑
α λ
(p)
α φα (magnetic walls)2. In these equations, the λ
(p)
α are the couplings to the dilatons
φα present in D dimensions (if any).
4.2 Obstructions to oxidation
A crucial feature of the gravitational walls (symmetry and curvature walls) is that they are
non degenerate. By contrast, the p–form walls may come with a non trivial multiplicity since
one can include many p–forms with the same degree and same dilaton couplings.
It follows from this observation that a “necessary condition” for oxidability of a 3–
dimensional theory to D > 3 dimensions is that the (very) long roots of B¯ must be non
degenerate, since the affine root, which is the magnetic wall β1 − θ(φ∆) in three dimensions,
becomes a symmetry wall in D > 3 dimensions (and the degeneracy of β1 − θ(φ∆) is the
degeneracy of the (very) long highest root θ(φ∆)). This necessary condition on the highest
root was spelled out in [89]. It provides an obstruction to oxidation to D > 3 dimensions for
the following cases (see [85]) for conventions):
1Scale factors get redefined as one changes the spacetime dimension but we shall keep the same notation
since the context is in each case clear.
2For pure gravity, one curvature wall, namely 2β1 + β2 + · · ·+ βd−2 defines also a simple root. This case
is covered in [42].
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A II (SU∗(2n)/Sp(n)) for which mθ = 4; B II and D II (SO(p, 1)) for which mθ = p − 1;
C II (Sp(p, q)/Sp(p) × Sp(q)) for which mθ = 3; E IV (E6(−28)/F4) for which mθ = 8; and
F II (F4(−20)/SO(9)) for which mθ = 7. Here, mθ is the multiplicity of the highest root θ.
That these non–split theories cannot be oxidised agrees with the findings of [19, 111].
Note that this list is precisely the list of real forms whose Satake diagrams have a “com-
pact” Cartan generator at the simple root(s) that connects (or connect) to the affinizing root
or equivalently that is not orthogonal to the most negative root of the simple Lie algebra under
consideration. Affinization occurs in 2 dimensions; in the build-up of the SL(Dmax−3, R)×R
chain one would expect the dilation of the fourth coordinate to be a noncompact Cartan gen-
erator at that vertex as soon as Dmax ≥ 4 [108]. Conversely the fact that the root before the
affinizing one is noncompact, to use approximate language, seems to imply that the affine
root is noncompact too and can participate in a GL(Dmax−2, R) group of duality symmetries
[108].
Finally, we note that the C II (with q = 2) and F II cases have a supersymmetric exten-
sion with an odd number of 3–dimensional supersymmetries (N = 5 and N = 9, respectively)
[60]. These supersymmetries cannot come from four dimensions since a four–dimensional the-
ory yields an even number of supersymmetries in D = 3. Our obstruction to oxidation given
above does not rely on supersymmetry, however, and prevents even non-supersymmetric
“parents”.
4.3 Maximal dimensions
When the theory can be oxidised, one can infer the maximal dimension(s) in which it can be
formulated from the rules recalled above: this is Dmax = k + 2 where k is the length of the
symmetry wall chain, i.e. the length of the single-linked chain of nodes in the Dynkin diagram
of the restricted root system B¯∧∧ that can be constructed starting from the overextended
root, without loop (hereafter called “A–chain”). If there is a fork, each branch yields an
independent maximal dimension. By mere inspection of the tables and Satake diagrams in
[85] and of the Dynkin diagrams of the overextensions given e.g. in [37, 89], one easily gets
the results collected in the Table 4.1.
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Table 4.1:
Class Noncompact Symmetric Space D=3 Dmax
A I SL(r + 1)/SO(r + 1) r + 3
A III and A IV SU(p, q)/(S(Up × Uq)) 4
B I and D I SO(p, q)/(SO(p) × SO(q)), p ≥ q > 1 q + 2 and 6 (q ≥ 3)
C I Sp(n,R)/U(n) 4
D III SO∗(2n)/U(n) 4
E I E6(6)/Sp(4) 8
E II E6(2)/(SU(6) × SU(2)) 6
E III E6(−14)/(SO(10) × U(1)) 4
E V E7(7)/SU(8) 8 and 10
E V I E7(−5)/(SO(12) × SU(2)) 6
E V II E7(−25)/(E6(−78) × U(1)) 4
E V III E8(8)/SO(16) 10 and 11
E IX E8(−24)/(E7(−133) × SU(2)) 6
F I F4(4)/(Sp(3) × SU(2)) 6
G G2(2)/SO(4) 5
The “necessary condition” that we used is a` priori not sufficient but it is supported by
the inspection of the literature. Indeed, in all maximal oxidation dimensions, a theory which
correctly reduces to D = 3 actually exists. These theories are listed in [111] in terms of
previously constructed models ([19, 30, 156, 61, 49, 62]).
4.4 p–form spectrum and oxidation
The billiard provides also information on the p–forms that must be present in the maximal
oxidation dimension because one knows how the p–form walls must connect to the A–chain.
A simple electric p–form wall connects to the p–th root in the A–chain (counting now from
the root at the end of the A–chain opposite to the overextended root). A simple magnetic
p–form wall connects to the (d− p− 1)–th root. One also knows the multiplicities. Together
with the Weyl group, this can be used to construct the p–form spectrum and determine the
dilaton couplings.
Rather than deriving explicitly all cases, we shall focus on E IX, i.e., E8(−24)/(E7(−133)×
SU(2)), which has a restricted root system of F4–type
i i i i i i
 
@
α−1 α0 α1 α2 α3 α4
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The other cases are treated similarly and reproduce known results. The root α−1 in the
above Dynkin diagram is the overextended root, the root α0 is the affine root, while α1 and
α2 are the long roots of F4. The roots α−1, α0, α1, α2 have multiplicity 1. The roots α3
and α4 are the short roots and have multiplicity 8 [85]. The A–chain is given by the roots
α−1, α0, α1, α2, which read, in Dmax = 6 dimensions, α2 = β2−β1, α1 = β3−β2, α0 = β4−β3
and α−1 = β5−β4. Since F∧∧4 has rank 6 and since there is only five logarithmic scale factors,
one needs one dilaton.
Because the short root α3 is attached to the first root α2 of the A–chain, it corresponds
to the electric wall of a 1–form. Requiring that the root has length squared equal to one (one
has (α2|α2) = 2 and (α2|α3) = −1) fixes the dilaton coupling of the one–form to λ(1+) = −1,
i.e., α3 = β
1 − (φ/2). The last simple root α4 is not attached to the A–chain: it corresponds
therefore to an axion, with dilaton coupling equal to λ(0) = 2, i.e., electric 0–form wall α4 = φ.
The degeneracy of the short roots is 8; hence, at this stage, we need eight 1–forms and eight
0–forms.
This is not the entire spectrum of p–forms because we have only accounted so far for the
simple roots. There are other positive roots in the theory which correspond also to walls of
the p–form type, as can be seen by acting with the finite Weyl group of F4 (= restricted Weyl
group of U3) on the roots α1, α2, α3 and α4. These roots must be included by incorporating
the corresponding p–forms.
By Weyl–reflecting the short root α3 = β
1− (φ/2) in α4, we get the root β1+(φ/2). This
is also an electric 1–form wall, with degeneracy 8. We thus need eight further 1–forms, with
dilaton couplings λ(1−) = 1. We then observe that the symmetry wall reflection in β2 − β1
replaces β1 − (φ/2) by β2 − (φ/2). Reflecting this root in β1 + (φ/2) yields β1 + β2, which
is the electric (= magnetic) wall of a chiral 2–form with zero dilaton coupling. This root
is short, so again degenerate 8 times: we need eight such chiral 2–forms (or four non–chiral
2–forms with zero dilaton couplings). Finally, by reflecting in α3 the long root β
2 − β1, we
generate the long root β1+β2−φ. This is an electric wall for a 2–form with dilaton coupling
λ(2) = −2, which we must include. A reflection in α4 yields β1 + β2 + φ but this is just a
magnetic root for the same 2–form, so we do not need any further additional field to get these
walls in the Lagrangian. Similarly, the short roots β1+β2+β3± (φ/2) obtained by reflecting
β3± (φ/2) in β1+β2 are the magnetic walls of the 1–forms and do not need new fields either.
[Note in passing the obvious misprints in formulas (6.21) and (6.22) for the magnetic walls
of the 2–forms in [37]. (Also the magnetic walls of G2 are miswritten there).]
To summarise: by acting with the finite Weyl group of F4 on the simple roots α1, α2,
α3 and α4, we get all the roots of F4. The positive roots, which must have a term in the
Lagrangian, are βi − βj (i > j) (long), φ (short), βi ± (φ/2) (short), βi + βj (i < j) (short),
βi + βj ± φ (i < j) (long), βi + βj + βk ± (φ/2) (i < j < k) (short) and 2βi + βj + βk (i 6= j,
i 6= k, j < k) (long). Here, i, j, k ∈ {1, 2, 3}. These are all the 24 positive roots of F4. They
are all accounted for by the p–form walls, except the last ones, which are curvature walls
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following from the Einstein–Hilbert action (and the symmetry walls). By acting with the
F∧∧4 –Weyl reflections associated with the other symmetry walls, one covariantizes the above
expressions (i.e., one generates the same walls but with i, j, k ∈ {1, 2, 3, 4, 5}). Continuing,
i.e. acting with the other elements of the infinite Weyl group of F∧∧4 , one generates new walls
but these are not of the p–form type because they necessarily contain a βi with a coefficient
at least 2 (except the magnetic walls βi + βj + βk + βm − φ (i < j < k < m) of the 0–form
and the null magnetic walls βi+βj+βk+βm of the dilaton, but these are already accounted
for). All the p–form roots have been exhausted.
We mention that the superalgebra approach gives an alternative procedure to generate
the p–spectrum from the Borcherds–Chevalley–Serre relations and also provides detailed in-
formation on the Chern–Simons terms in the Lagrangian (as the group theory approach
[110, 111, 112] and the principles given in [74] do). See [93, 91] for the split case and [92, 91]
for the non split case.
4.5 Results and comments
We have shown in this chapter how the billiard analysis of gravitational theories, related
to Satake diagrams and restricted root systems [89], provides useful information on their
oxidation endpoint both in the split and in the non–split cases.
It is noteworthy that the split real forms allow oxidation by at least one dimension, to
D ≥ 4. One is stuck to D = 3 only for certain non–split real forms, because of the non trivial
multiplicities of the (very) long roots (which are always non-degenerate in the split case).
The constraint on multiplicities provides a rather powerful insight. Finally, we mention the
paper [77] which also deals with U3, billiards and oxidation.
Chapter 5
Hyperbolic Algebras
A criterion for the gravitational dynamics to be chaotic is that the billiard has a finite
volume. This in turn stems from the remarkable property that the billiard can be identified
with the fundamental Weyl chamber of an hyperbolic Kac–Moody algebra. The purpose of
this chapter is twofold: first we determine all hyperbolic Kac–Moody algebras for which a
billiard description exists and then we explicitly construct all Lagrangians describing gravity
coupled to dilatons and p–forms producing these billiards.
We are able to give exhaustive results because (i) the hyperbolic algebras are all known
and classified1 [155], and (ii) only the finite number of algebras with rank r between 3 and 10
are relevant in this context. Note that there are infinitely many hyperbolic algebras of rank
two and that there exists no hyperbolic algebra of rank r > 10. The analysis is considerably
simplified because of the invariance of the billiard under toroidal dimensional reduction to
dimensions D ≥ 3, see [37]. Indeed, the billiard region remains the same, but a symmetry
wall in D dimensions may become an electric or magnetic p–form wall in a lower dimension
(see previous chapter). The invariance under dimensional reduction implies in particular
that the determination of algebras with a billiard description can be performed by analysing
Lagrangians in D = 3 dimensions.
Simplifications in D = 3 occur because only 0–forms are present: indeed, via appropriate
dualisations, all p–forms can be reduced to 0–forms. To be concrete, for the hyperbolic
algebras of real rank r between 3 and 6, we first try to reproduce their Dynkin diagram with
a set of r dominant walls comprising one symmetry wall (2.17) (β2−β1) and (r−1) scalar walls
(Eqs. (2.20) & (2.21) for p = 0). If this can be done, we still have to check that the remaining
walls are subdominant, i.e. that they can be written as linear combinations of the dominant
ones with positive coefficients. In particular, this analysis requires that any dominant set
necessarily involves one magnetic wall and (r − 2) electric walls, as will become clear by
focussing on an example. To deal with the hyperbolic algebras of ranks 7 to 10, it is actually
1Note however six missing cases in [155], two with rank 3, two with rank 4 and two with rank 5; their
Dynkin diagrams are displayed at the end of the chapter.
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not necessary to first reduce to 3 dimensions: the overextensions of finite simple Lie algebras
have already been associated to billiards of some Lagrangians and for the remaining four
algebras, the rules we have found in the previous cases allow to straightforwardly construct
the Lagrangian in the maximal oxidation dimension.
We then analyse which three–dimensional system admits parents in higher dimensions
and construct the Lagrangian in the maximal oxidation dimension. In order to do so, we
take an algebra in the previous list and we determine successively the maximal spacetime
dimension, the dilaton number, the p–form content and the dilaton couplings:
1. One considers the Dynkin diagram of the selected algebra and looks at the length of
its ”A–chain”2, starting with the only symmetry root in D = 3. Our analysis produces
the following oxidation rule: if the A–chain has length k, the theory can be oxidised up
to
(a) Dmax = k + 2, if the root(s) attached to the end of the A–chain have a norm
squared smaller than 2,
(b) Dmax = k + 1, if the root(s) attached to the end of the A–chain have a norm
squared greater than 2.
This generalises the oxidation rule by [50] and [110, 111, 112], obtained by group theo-
retical arguments applied to coset models.
2. For given space dimension d = D− 1 and rank r of the algebra, the number of dilatons
is given by n = r − d because the dominant walls are required to be r independent
linear forms in the d scale factors {β1, ..., βd} and the n dilatons.
3. Because it is known how the p–form walls connect to the A–chain [37], one can read on
the Dynkin diagram which p–forms3 appear in the maximal oxidation dimension.
4. The dilaton couplings of the p–forms are computed from the norms and scalar products
of the walls which have to generate the Cartan matrix of the hyperbolic algebra. This
means in particular that, even if the nature of the walls changes during the oxidation
procedure, their norms and scalar products remain unchanged. Note also that in all
dimensions D > 3 the subdominant conditions are always satisfied.
As a byproduct of our analysis, we note that, for each billiard identifiable as the fun-
damental Weyl chamber of an hyperbolic algebra, the positive linear combinations of the
dominant walls representing the subdominant ones only contain integer coefficients. Hence,
the dominant walls of the Lagrangian correspond to the simple roots of the hyperbolic alge-
bra, while the subdominant ones correspond to non simple positive roots.
2An ”A–chain” of length k is a chain of k vertices with norm squared equal to 2 and simply laced.
3or their dual (d− p− 1)–forms
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Note however that even the 3–dimensional scalar Lagrangians do not describe coset spaces in
general. Nevertheless, the reflections relative to the simple roots generate the Weyl group of
the hyperbolic algebra; this group in turn gives an access to other positive roots and suggests
that a Lagrangian capable to produce these roots via billiard walls needs more exotic fields
than just p–forms.
This chapter is organized as follows. In the four sections, we deal with hyperbolic algebras
of rank 3 to 6. First, in D = 3 spacetime dimensions, we compute the 3–dimensional dilaton
couplings needed to reproduce the Dynkin diagram and check the status of the subdominant
walls. This is how we select the admissible algebras. Next, for each of them, we determine
which Lagrangian can be oxidised and we produce it in the maximal oxidation dimension.
The 18 hyperbolic algebras of ranks 7 to 10 are reviewed in the last section; as explained
before, they are singled out for special treatment because 14 of them are overextensions of
finite dimensional simple Lie algebras and the remaining 4 are dual to the overtextension B∧∧n
(with n = 5, 6, 7, 8). We explicitly write down the Dmax = 9 Lagrangian system obtained
previously in [88] the billiard of which is the fundamental Weyl chamber of the algebra CE10.
Among the four hyperbolic algebras of rank 10, CE10 is special because, unlike E10, BE10
and DE10, it does not stem from supergravities.
5.1 Rank 3, 4, 5 and 6 Hyperbolic Algebras
Rank 3 Hyperbolic algebras: D = 3
In space dimension d = 2, one has a single symmetry wall (2.17), namely
α1 = β
2 − β1
and n = r − d = 3 − 2 = 1 dilaton denoted as φ. Since we do not consider pure gravity
(as it is already known), the dominant walls are p–form walls, i.e. in the present d = 2 case
0–form walls. It is obvious that only a 0–form magnetic wall (2.21) can be connected to the
symmetry wall (see the form of the metric (2.11) and of the 0–form electric walls (2.20)), say
α2 = β
1 − λ˜φ .
Let us show that the last dominant wall has to be an electric one denoted by
α3 = λ˜
′φ . (5.1)
Indeed, had we taken for dominant the magnetic wall α˜3 = β
1 − λ˜′φ instead of (5.1), then
its corresponding electric wall (which is precisely α3 = λ˜
′φ) would be dominant too because
of the impossibility to write it as a linear combination with positive coefficients of the three
others α1, α2 and α˜3. Since we are interested in r = 3 algebras, we only want three dominant
walls.
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Using the metric (2.11) adapted to d = 2, we build the matrix (2.22)
Aij = 2
(αi|αj)
(αi|αi)
and obtain
A =

 2 −1 0− 2
λ˜2
2 −2 λ˜′
λ˜
0 −2 λ˜
λ˜′
2

 (5.2)
which has to be identified with the generalised Cartan matrix of an hyperbolic Kac–Moody
algebra of rank 3. Because φ can be changed into −φ, λ˜ and λ˜′ can be chosen positive.
Since in such a matrix i) the non zero off-diagonal entries are negative integers and ii)
not any finite or affine Lie algebra of rank 2 has an off-diagonal negative integer < −4, one
immediately infers from the expression of A21 in (5.2) that the allowed values for λ˜ are
λ˜ ∈ {
√
2, 1,
√
2/3, 1/2} .
Being a symmetry wall, α1 has norm squared equal to 2; α2 has norm squared λ˜
2 ≤ 2, so
that, if the Dynkin diagram has an arrow between α1 and α2, this arrow must be directed
towards α2. Once the value of λ˜ has been fixed, one needs to find λ˜
′ such that both 2λ˜′/λ˜ and
2λ˜/λ˜′ are positive integers: this leaves λ˜ = λ˜′/2, λ˜′, 2λ˜′. These values are further constrained
by the condition that the subdominant walls α˜2 = λ˜φ and α˜3 = β
1 − λ˜′φ, stay really behind
the others i.e. , that there exist k > 0 and ℓ ≥ 0 such that
α˜2 = kα3 =⇒ λ˜/λ˜′ = k (5.3)
α˜3 = α2 + ℓα3 =⇒ λ˜/λ˜′ = ℓ+ 1 (5.4)
which implies k = ℓ+ 1 ≥ 1. Hence, the subdominant conditions require
λ˜′ = λ˜ or λ˜′ = λ˜/2 .
Let us summarize the 8 different possibilities for the pairs (λ˜, λ˜′) that lead to Cartan matrices
and draw the corresponding Dynkin diagrams:
(i) for λ˜ =
√
2 and λ˜′ =
√
2, the Dynkin diagram describes the overextension A∧∧1
3-1 i i i
and for λ˜ =
√
2 and λ˜′ = 1/
√
2, the Dynkin diagram corresponds to the twisted overextension
[89] A
(2)∧
2
3-2 i i i
 
@
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(ii) λ˜ = 1; the two possibilities are λ˜′ = 1 and λ˜′ = 1/2. The Dynkin diagrams are
respectively
3-3 i i i
 
@
3-4 i i i
 
@
 
@
(iii) λ˜ =
√
2/3; the two possibilities are λ˜′ =
√
2/3 and λ˜′ = 1/
√
6 with Dynkin diagrams
given by,
3-5 i i i
 
@
3-6 i i i
 
@
 
@
(iv) λ˜ = 1/2; the two possibilities are λ˜′ = 1/2 and λ˜′ = 1/4. The Dynkin diagrams are
respectively,
3-7 i i i
 
@
3-8 i i i
 
@
 
@
Comments
1) When λ˜′ = λ˜, α2 and α3 have to be assigned to a single scalar field; when λ˜′ 6= λ˜, two
scalars are needed in the 3–dimensional Lagrangian.
2) The algebra (3 − 8) is missing in table 2 of reference [155]. The subalgebra obtained
when removing the first or the last root is the affine A
(2)
2 ; the removal of the middle root
gives A1 ×A1 so that this algebra satisfies indeed the criterion of hyperbolicity.
3) Remark that none of the 8 algebras above is strictly hyperbolic 4. The latter are listed
in table 1 of [155].
4A strictly hyperbolic algebra is such that upon removal of a simple root of its Dynkin diagram, only finite
Lie algebras Dynkin diagram remain. A Kac–Moody projected billiard associated with a strictly hyperbolic
aglebra is compact.
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Rank 3 Hyperbolic Algebras: Oxidation
The 4–dimensional Lagrangian will have no dilaton in it since n = r− d = 0; hence, if such a
Lagrangian exists, it cannot stem from an higher dimensional parent and Dmax = 4. When
looking at the algebras of rank 3 selected above, one sees that only (3− 1) and (3− 2) have
an A–chain of length k = 2 and allow, a priori, a second symmetry wall. We start with
α1 = β
3 − β2 and α2 = β2 − β1.
The third root may only contain β1 and can be associated to
1. the curvature wall α3 = 2β
1 in the case of 4–dimensional pure gravity. The Dynkin
diagram bears number (3− 1) above and is the overextension A∧∧1 .
2. the electric/magnetic wall of a 1–form: α3 = β
1. This case leads to diagram (3 − 2)
which belongs to the twisted overextension A
(2)∧
2 .
One sees immediately that the regions of hyperbolic space delimited by both sets of walls
coincide; the difference is entirely due to the normalization of the third wall which is thus
responsible for the emergence of two distinct Cartan matrices.
Rank 4 Hyperbolic Algebras: D = 3
In order to reproduce through walls the four roots of such an algebra, besides the scale factors
β1 and β2, one needs n = 2 dilatons; they will be denoted as φ1 = φ, φ2 = ϕ. There is one
symmetry wall, i.e. α1 = β
2 − β1 and, a priori, two choices can be made for the next three
dominant walls: either (i) one takes one magnetic wall and two electric ones or (ii) one takes
one electric wall and two magnetic ones. We will start with case (i) and show later how case
(ii) is eliminated on account of the subdominant conditions.
One magnetic wall and two electric ones
The dominant walls are thus the symmetry wall
α1 = β
2 − β1,
the magnetic wall, written as5
α2 = β
1 − λ˜φ
5This ansatz represents no loss of generality because starting from the more general expression α2 =
β1− λ˜φ+µϕ, one can redefine the dilatons via an orthogonal transformation - leaving the dilaton Lagrangian
invariant - to get the simpler expression used above.
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and the two electric ones
α3 = λ˜
′φ− µ˜′ϕ
respectively
α4 = λ˜
′′φ+ µ˜′′ϕ .
As before, the signs have already been distributed to account for the negative signs of the
off-diagonal Cartan matrix elements when allowing the parameters to be either all ≥ 0 or all
≤ 0; that they can further be chosen positive is due the possibility to change φα into −φα.
The general structure of the Dynkin diagram is therefore the following
i i
i
i


HHHH
q r
m
p
α1 α2
α4
α3
where we have not drawn the arrows and m, q, p, s are integers which count the number of
lines joining two vertices.
What are the possible values that can be assigned to q,m, s and p? Since this diagram has
to become the Dynkin diagram of an hyperbolic algebra, the maximal value of each of these
integers is 3, because there is no finite or affine algebra of rank 3 with off-diagonal Cartan
matrix elements smaller than −3. Another point is that if there were an arrow between α1
and α2 it necessarily points towards α2: one has indeed (α1, α2) = −1, (α1, α1) = 2 (it is a
symmetry wall), (α2, α2) = λ˜
2 and A21 = −2/λ˜2 can only be −1,−2 or −3. We may also
state that if Aij is neither 0 nor −1 then Aji = −1, because this is a common property of
all finite or affine algebras of rank 3. Taking all these restrictions into account, one has to
consider three different situations characterized respectively by (i) m, s, p are all different
from zero, (ii) s = 0 and m, p are not zero (iii) p = 0 and s, m are not zero.
(i) Ifm, s and p are all non zero, then they must all be equal to 1 because, upon removal of
the root α1, one obtains a triangular diagram; now, in the set of the finite or affine algebras,
there is only one such triangular Dynkin diagram and it is simply laced. That leaves, a priori,
three cases labelled by the values q = 1, 2, 3. The corresponding dilaton couplings are
λ˜ =
√
2
q
; λ˜′ =
1√
2q
; µ˜′ =
√
3
2q
; λ˜′′ =
1√
2q
; µ˜′′ =
√
3
2q
. (5.5)
The Dynkin diagrams corresponding to q = 1, 2 and 3 are respectively,
4-1 i i i
i
@
@
@@
which is the overextension A∧∧2 and
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4-2 i i i
 
@
i
@
@
@@
4-3 i i i
 
@
i
@
@
@@
The subdominant conditions are satisfied in all cases; let us show this explicitly. With the
couplings in (5.5), the dominant walls other than the symmetry wall read
α2 = β
1 − 2 φ√
2q
, α3 =
φ√
2q
− ϕ
√
3
2q
, α4 =
φ√
2q
+ ϕ
√
3
2q
.
The corresponding subdominant ones are
α˜2 = 2
φ√
2q
, α˜3 = β
1 − φ√
2q
+ ϕ
√
3
2q
, α˜4 = β
1 − φ√
2q
− ϕ
√
3
2q
and they obey
α˜2 = α3 + α4 , α˜3 = α2 + α4 , α˜4 = α2 + α3 .
(ii) if s = 0 and m, p are not zero, the structure of the Dynkin diagram is the following
i i i
i
α1 α2
α4
α3
Comparison with the similar graphs of [155] impose (i) m = p = 2, (ii) q = 1 or q = 2 and
(iii) an arrow pointing from α2 to α3 and another arrow from α2 to α4. Accordingly, the
dilaton couplings producing them are given by
λ˜ =
√
2
q
; λ˜′ =
1√
2q
; µ˜′ =
1√
2q
; λ˜′′ =
1√
2q
; µ˜′′ =
1√
2q
. (5.6)
The Dynkin diagrams corresponding to q = 1 and 2 are respectively,
4-4 i i i
i
 
@
 @
4-5 i i i
 
@
i
 
@
 @
Again, the subdominant conditions are fulfilled: indeed, one gets α˜2 = α3+α4, α˜3 = α2+α4,
α˜4 = α2+α3. (iii) if p = 0 and s, m are not zero, the structure of the Dynkin diagram is the
following
i i i i
α1 α2 α4α3
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The dominant walls now simplify as
α1 = β
2 − β1 , α2 = β1 − λ˜φ , α3 = λ˜′φ− µ˜′ϕ , α4 = µ˜′′ϕ .
We want the corresponding magnetic and electric walls to be effectively subdominant: this
is indeed satisfied when 1) λ˜ and therefore λ˜′ are positive; 2) λ˜′/λ˜ ≤ 1 (that is λ˜′/λ˜ = 1 or
λ˜′/λ˜ = 1/2) and 3) µ˜′/µ˜′′ ≥ λ˜′/λ˜. Accordingly, the remaining possibilities for λ˜, λ˜′ and µ˜′
are, a priori, those given in the following table:
λ˜ λ˜′ µ˜′
1
√
2
√
2
√
2
2.a
√
2 1/
√
2
√
3/2
2.b
√
2 1/
√
2 1/
√
2
2.c
√
2 1/
√
2 1/
√
6
3 1 1 1
4.a 1 1/2
√
3/2
4.b 1 1/2 1/2
4.c 1 1/2 1/
√
12
5
√
2/3
√
2/3
√
2/3
6.a
√
2/3 1/
√
6 1/
√
2
6.b
√
2/3 1/
√
6 1/
√
6
6.c
√
2/3 1/
√
6 1/
√
18
The different values for µ˜′ correspond to distinct admissible values for A32. Finally, for the
values of µ˜′′, we again meet two cases depending on which of A34 or A43 is equal to −1. In
each case, one has still to check the subdominant conditions.
1. The two possibilities lead to a Cartan matrix: either µ˜′′ = 2
√
2 or µ˜′′ =
√
2. The
former case is ruled out because the subdominant conditions cannot be satisfied. The Dynkin
diagram of the remaining case describes the twisted overextension D
(2)∧
3
4-6 i i i i 
@  
@
2. a. Either µ˜′′ =
√
2/3 or µ˜′′ =
√
6; both lead to hyperbolic algebras which correspond
respectively to the overextension G∧∧2
4-7 i i i i
 
@
and to the twisted overextension D
(3)∧
4
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4-8 i i i i 
@
2. b. Either µ˜′′ =
√
1/2 or µ˜′′ =
√
2; the Dynkin diagrams correspond respectively to the
twisted overextension A
(2)∧
4
4-9 i i i i
 
@
 
@
and to the overextension C∧∧2
4-10 i i i i
 
@  
@
2. c. Only the value µ˜′′ = 2/
√
6 is compatible with the subdominant conditions. The
corresponding algebra is given by
4-11 i i i i
 
@
3. Here again, only the value µ˜′′ = 1 can be retained on account of the subdominant
conditions. This leads to
4-12 i i i i
 
@  
@  
@
4. a. Either µ˜′′ =
√
3 or µ˜′′ = 1/
√
3; both values are admissible. They lead to
4-13 i i i i
 
@  
@
4-14 i i i i
 
@
 
@
4. b. Either µ˜′′ = 1/2 or µ˜′′ = 1; both values are allowed and they give respectively
4-15 i i i i
 
@
 
@
 
@
4-16 i i i i
 
@
 
@  
@
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4. c. Does not correspond to any hyperbolic algebra.
5. Only the value µ˜′′ =
√
2/3 is compatible with the subdominant conditions but again
there is no corresponding hyperbolic algebra.
6. a. Only the first of the 2 values µ˜′′ =
√
2 and µ˜′′ =
√
2/3 leads to an hyperbolic
algebra, which is
4-17 i i i i
 
@  
@
6. b. and 6. c. do not give an hyperbolic algebra.
One electric wall and two magnetic ones
This case can be eliminated on account of the subdominant conditions. Indeed, without loss
of generality, one may choose the parametrization of the dominant walls such that the electric
wall takes a simple form, i.e. , such that
α1 = β
2 − β1
α2 = β
1 − λ˜ φ− µ˜ ϕ
α3 = β
1 − λ˜′ φ+ µ˜′ ϕ
α4 = λ˜
′′ φ. (5.7)
Being assumed subdominant, the electric walls associated to α2 and α3, namely α˜2 = λ˜ φ+µ˜ ϕ
and α˜3 = λ˜
′ φ − µ˜′ ϕ need be proportional to α4; this happens only when µ˜ = µ˜′ = 0, but
then (5.7) does no longer define a rank four root system.
Rank 4 Hyperbolic algebras: Oxidation
Our aim is now to determine which of the 17 algebras selected in the previous section admit
Lagrangians in higher spacetime dimensions and to provide the maximal oxidation dimension
and the p–forms content with its characteristic features. By considering each Dynkin diagram
and looking at the length of the A–chain starting from the symmetry root α1, we establish the
following ”empirical” oxidation rule: if the A–chain has length k one can oxidise the spatial
dimension up to (i) d = k+1 if the norm squared of the next connected root is smaller than
2 and up (ii) to d = k if the norm squared of the next connected root is greater than 2. In
particular, the subdominant conditions are always satisfied. Explicitly,
1. Diagram (4 − 1) is the overextension A∧∧2 . We know from [37] that it corresponds to
pure gravity in Dmax = 5
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2. Diagrams (4 − 2) and (4 − 3) have an A–chain of length 1; the 3–dimensional theory
cannot be oxidised.
3. Diagram (4− 4) : Dmax = 4. The walls are given by
α1 = β
3 − β2, α2 = β2 − β1, (5.8)
α3 = β
1 − φ/
√
2, α4 = β
1 + φ/
√
2. (5.9)
The last two are the electric and magnetic dominant walls of a one–form coupled to the
dilaton. One sees immediately that α˜3 = α4 and α˜4 = α3.
4. Diagram (4− 5) : the 3–dimensional Lagrangian has no parent in D > 3.
5. Diagram (4 − 6) is the twisted overextension D(2)∧3 . The 3-D Lagrangian cannot be
oxidised the reason being that ‖α3‖2 > 2.
6. Diagram (4 − 7) is the overextension G∧∧2 . We know from [37] that the theory can be
oxidised up to Dmax = 5 where the Lagrangian is that of the Einstein-Maxwell system.
7. Diagram (4 − 8) describes D(3)∧4 . The A–chain has length k = 3 and the next con-
nected root is longer than
√
2. The maximal oxidation dimension is Dmax = 4 and the
dominant walls are given by
α1 = β
3 − β2, α2 = β2 − β1, (5.10)
α3 = β
1 −
√
3/2φ, α4 =
√
6φ (5.11)
The root α3 is the electric wall of a 1–form, α4 is the electric wall of a 0–form. One
easily checks that the subdominant magnetic walls satisfy
α˜3 = β
1 +
√
3/2φ = α3 + α4 (5.12)
α˜4 = β
1 + β2 −
√
6φ = 2α3 + α2. (5.13)
8. Diagram (4− 9) represents A(2)∧4 . Dmax = 4. Its billiard realisation requires
α1 = β
3 − β2, α2 = β2 − β1, (5.14)
α3 = β
1 −
√
1/2φ, α4 =
√
1/2φ. (5.15)
The last two are again the electric walls of a 1–form and a zero–form; only the dila-
ton couplings differ from the previous ones. The subdominant conditions are fulfilled:
indeed, one obtains α˜3 = α3 + 2α4 and α˜4 = 2α3 + α4 + α2.
9. Diagram (4− 10) is the overextension C∧∧2 . We know from [37] that the theory can be
oxidised up to Dmax = 4.
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10. Diagram (4− 11) has Dmax = 4 and
α1 = β
3 − β2, α2 = β2 − β1, (5.16)
α3 = β
1 −
√
1/6φ, α4 =
√
2/3φ. (5.17)
It has the same form content as (4 − 8) and (4 − 9) but the dilaton couplings are
still different. Again, the subdominant conditions are fulfilled: α˜3 = α3 + α4 and
α˜4 = 2α3 + α2.
11. Diagrams (4− 12) to (4− 17) : their 3-D Lagrangians cannot be oxidised because there
is a unique root of norm squared equal to 2.
Comments
a) The subdominant conditions are indeed always fulfilled in D > 3 and only positive
integer coefficients enter the linear combinations.
b) In case (4−4), α3 and α4 are the electric and magnetic walls of the same one–form. In
the other cases, they are respectively assigned to a single one–form and a single zero–form.
The root multiplicity being one, there is no room for various p–forms with identical couplings.
Rank 5 Hyperbolic Algebras: D = 3
The 3–dimensional Lagrangians need N = r − d = 3 dilatons (φ1 = φ, φ2 = ϕ, φ3 = ψ);
there are two scale factors and one symmetry wall α1 = β
2 − β1. In order to reproduce
the other four simple roots of the algebra in terms of dominant walls, one has a priori three
different cases to consider: indeed, the set of dominant walls can comprise (i) one magnetic
wall and three electric ones, (ii) two electric walls and two magnetic ones and (iii) one
electric wall and three magnetic ones. Only the first possibility will survive because as soon
as the set of dominant walls contains more than one magnetic wall, one can show that the
corresponding electric walls cannot fulfill the subdominant conditions. Although the proof is
a straightforward generalisation of the one given in subsection (5.1), we will provide it at the
end of this section.
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One magnetic wall and three electric ones
As in the previous sections, we use the freedom to redefine dilatons through an orthogonal
transformation and choose the parametrization of the dominant walls such that
α1 = β
2 − β1 (5.18)
α2 = β
1 − λ˜φ (5.19)
α3 = λ˜
′φ− µ˜′ϕ (5.20)
α4 = λ˜
′′φ+ µ˜′′ϕ− ν˜ ′′ψ (5.21)
α5 = λ˜
′′′φ+ µ˜′′′ϕ+ ν˜ ′′′ψ. (5.22)
One sees immediately that the symmetry root α1 is only linked to the magnetic root α2
while α2 can further be connected to one, two or three roots. According to [155], five different
structures for the Dynkin diagrams can be encountered; we classify them below according to
the total number of roots connected to α2; this number is 4 in case A, 3 in cases B and C, 2
in cases D and E.
A i i i
i
i
α1 α2
α4
α5
α3
B i i
i
 
i@
i@
 α1 α2
α4
α5
α3
C i i i i
i
α1 α2 α5
α3
α4
D i i i i
i
α4 α3 α1
α5
α2
Note that C and D simply differ by the assignment of the symmetry root.
E i i i i i
α1 α2 α4 α5α3
Case A - This case may be discarded. Indeed, there are in fact two hyperbolic algebras
with a Dynkin diagram of that shape: one of them has a long and four short roots, while the
other one has one short and four long roots. Either one cannot find couplings that reproduce
their Cartan matrix or it is the subdominant condition that is violated. More concretely:
A.1. Consider first the case for which α1, α2, α3, α4 correspond to the short roots and α5
is the long root. Then, according to [155], one needs
‖α1‖2 = ‖α2‖2 = ‖α3‖2 = ‖α4‖2 = 2 and ‖α5‖2 = 4 .
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These conditions are immediately translated into
λ˜2 = 2 , λ˜′2 + µ˜′2 = 2 , λ˜′′2 + µ˜′′2 + ν˜ ′′2 = 2 , λ˜′′′2 + µ˜′′′2 + ν˜ ′′′2 = 4 ;
Hence λ˜ =
√
2. From the shape of the diagram or equivalently from the elements of the
Cartan matrix, one infers successively
1. A23 = −1 = −λ˜λ˜′ which gives λ˜′ = 1/
√
2 and µ˜′ =
√
3/2;
2. A24 = −1 = −λ˜λ˜′′ and A34 = 0 = λ˜′λ˜′′ − µ˜′µ˜′′ which gives λ˜′′ = 1/
√
2, µ˜′′ = 1/
√
6 and
ν˜ ′′ = 2/
√
3
3. A25 = −2 = −λ˜λ˜′′′ which gives λ˜′′′ =
√
2
4. A35 = 0 = λ˜
′λ˜′′′− µ˜′µ˜′′′ which gives µ˜′′′ =√2/3 and, using the norm of α5, ν˜ ′′′ = 2/√3.
Notice that the condition A45 = 0 = λ˜
′′λ˜′′′ + µ˜′′µ˜′′′ − ν˜ ′′ν˜ ′′′ is identically satisfied.
In summary, in order to fit the Dynkin diagram displayed in A (with simple lines between
α2 and α1, α3, α4 and a double line between α2 and α5 oriented towards α2), besides the
symmetry wall, we need the following set of dominant walls
α2 = β
1 −
√
2φ , α4 =
φ√
2
+
ϕ√
6
− 2ψ√
3
(5.23)
α3 =
φ√
2
−
√
3
2
ϕ , α5 =
√
2φ+
√
2
3
ϕ+
2ψ√
3
(5.24)
It is now easy to verify, for instance, that α˜3 = β
1 − φ√
2
+
√
3
2 ϕ cannot be written as a
positive linear combination of the αi, i = 2, ..., 5. Accordingly, on account of the subdominant
conditions, this case has to be rejected.
A.2. There is another possibility producing the same diagram as in A.1. above where the
symmetry wall α1 now plays the roˆle of the long root: their norms are
‖α1‖2 = 2 and ‖α2‖2 = ‖α3‖2 = ‖α4‖2 = ‖α5‖2 = 1
but the equations giving the couplings analogous to eq.1. to eq.4. above have no solution.
A.3. In the third case, there a short and four long roots with norms
‖α1‖2 = ‖α2‖2 = ‖α3‖2 = ‖α4‖2 = 2 and ‖α5‖2 = 1.
One can solve the equations for the couplings and write the following set of billiard walls:
the symmetry wall α1 = β
2 − β1 and
α2 = β
1 −
√
2φ , α4 =
φ√
2
+
ϕ√
6
− 2ψ√
3
(5.25)
α3 =
φ√
2
−
√
3
2
ϕ , α5 =
φ√
2
+
ϕ√
6
+
ψ√
3
.
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However, like in case A.1. above, one sees immediately that α˜3 = β
1− φ√
2
+ 3ϕ√
6
, for instance,
is not subdominant; that is the reason why we discard this possibility.
Cases B - There are three hyperbolic algebras with a Dynkin diagram of this shape.
B.1. The first one admits the following couplings
λ˜ =
√
2 ; λ˜′ =
1√
2
; µ˜′ =
√
3
2
λ˜′′ = 0 ; µ˜′′ =
√
2
3
; ν˜ ′′ =
2√
3
; λ˜′′′ =
1√
2
; µ˜′′′ =
1√
6
; ν˜ ′′′ =
2√
3
(5.26)
and is the overextension A∧∧3
5-1 i i
i
 
i@
i@
 
B.2. The second one has the following Dynkin diagram
5-2 i i
 
@
i
 
i@
i@
 
and the following set of dilaton couplings:
λ˜ = 1 ; λ˜′ =
1
2
; µ˜′ =
√
3
2
λ˜′′ = 0 ; µ˜′′ =
1√
3
; ν˜ ′′ =
√
2√
3
; λ˜′′′ =
1
2
; µ˜′′′ =
1
2
√
3
; ν˜ ′′′ =
√
2√
3
. (5.27)
B.3. The diagram of the third one is the same as (5−2) but with the reversed arrow: this
is impossible since in the present context the norms are required to satisfy ‖α1‖2 ≥ ‖α2‖2.
Case C - In order to generate this kind of structure, one needs λ˜′′′ = µ˜′′′ = 0 and
λ˜′λ˜′′ = µ˜′µ˜′′. Next, from the subdominant condition for α˜3, we deduce that A32 can be
−2 or −3 but since we want hyperbolic algebras, only the value A32 = −2 can be retained.
Therefore A23 = −1 and λ˜ =
√
2, λ˜′ = λ˜′′ = 1/
√
2, µ˜′ = 1/
√
2, µ˜′′ = 1/
√
2 and ν˜ ′′ = 1. A
priori, one might still have ν˜ ′′′ = 2, 1,
√
2 but only one value is compatible with the magnetic
wall α˜5 being subdominant, namely ν˜
′′′ = 1. Accordingly, the couplings need to be defined
as
λ˜ =
√
2 ; λ˜′ =
1√
2
; µ˜′ =
1√
2
λ˜′′ =
1√
2
; µ˜′′ =
1√
2
; ν˜ ′′ = 1 ; λ˜′′′ = 0 ; µ˜′′′ = 0 ; ν˜ ′′′ = 1.
and the Dynkin diagram is the following,
5-3 i i i i
 
@
i
 @
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Cases D - Dynkin diagrams of this shape can only be recovered with
λ˜′′ = λ˜′′′ = 0 and either λ˜ =
√
2 or λ˜ = 1. (5.28)
D.1. λ˜ =
√
2
All hyperbolic diagrams of that type have in their Cartan matrix A34 = A43 = −1 which
means that ‖α3‖2 = ‖α4‖2. Two additional cases must be considered depending on which of
α2 or α5 has a norm equal to the norm of α3:
1. in case D.1.1. we assume that the norms of α3, α4 and α5 are equal
2. in case D.1.2. we assume that the norms of α2, α3 and α4 are equal.
The subdominant conditions here simply reduce to A23 = −1.
D.1.1. Again two hyperbolic algebras correspond to this case. For the first one, the
billiard walls are built out of the following couplings
λ˜ =
√
2 ; λ˜′ =
1√
2
; µ˜′ =
√
3
2
λ˜′′ = 0 ; µ˜′′ =
√
2
3
; ν˜ ′′ =
1√
3
; λ˜′′′ = 0 ; µ˜′′′ =
√
2
3
; ν˜ ′′′ =
2√
3
(5.29)
and the Dynkin diagram is that of the overextension B∧∧3
5-4 i i i i 
@
i
One can produce a billiard for the second one using the same couplings as in (5.29) except
for
λ˜′′ = 0 ; µ˜′′ = 2
√
2
3
; ν˜ ′′ =
2√
3
.
The Dynkin diagram here describes the twisted overextension A
(2)∧
5
5-5 i i i i
 
@
i
D.1.2. Here also, two hyperbolic algebras correspond to this case but one is eliminated
on account of the subdominant conditions. For the remaining one, the couplings are
λ˜ =
√
2 ; λ˜′ =
1√
2
; µ˜′ =
1√
2
λ˜′′ = 0 ; µ˜′′ =
1√
2
; ν˜ ′′ =
1√
2
; λ˜′′′ = 0 ; µ˜′′′ =
1√
2
; ν˜ ′′′ =
1√
2
and the Dynkin diagram is
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5-6 i i i i 
@
i
D.2. λ˜ = 1
In table 2 of reference [155], there are two hyperbolic algebras with a Dynkin diagram of this
shape. Both are admissible for our present purpose:
D.2.1. The first one has couplings given by
λ˜ = 1 ; λ˜′ =
1
2
; µ˜′ =
√
3
2
λ˜′′ = 0 ; µ˜′′ =
2√
3
; ν˜ ′′ =
√
2
3
; λ˜′′′ = 0 ; µ˜′′′ =
1√
3
; ν˜ ′′′ =
√
2
3
and corresponds to
5-7 i i i i
 
@
i
 
@
D.2.2. The second one requires
λ˜ = 1 ; λ˜′ =
1
2
; µ˜′ =
√
3
2
λ˜′′ = 0 ; µ˜′′ =
1√
3
; ν˜ ′′ =
1√
6
; λ˜′′′ = 0 ; µ˜′′′ =
1√
3
; ν˜ ′′′ =
√
2
3
and has the following diagram
5-8 i i i i 
@
i
 
@
Cases E - Table 2 of reference [155] displays two hyperbolic algebras of rank 5 which are
duals of each other and have linear diagrams. Only one of these two can be associated to a
billiard the walls of which correspond to
E.1. λ˜ =
√
2, λ˜′′ = λ˜′′′ = µ˜′′′ = 0 and all other dilaton couplings equal to 1/
√
2.
Its Dynkin diagram is the twisted overextension A
(2)∧
6 and is given by
5-9 i i i i i
 
@
 
@
There are however two more hyperbolic algebras with such linear Dynkin diagrams; they
are missing in [155] but perfectly relevant in the present context:
E.2. the first one is the overextension C∧∧3
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5-10 i i i i i
 
@  
@
whose couplings are equal to the previous ones except ν˜ ′′′ =
√
2.
E.3. The second one is the dual of C∧∧3 known as the twisted overextension D
(2)∧
4 ; its
Dynkin diagram corresponds to the previous one with reversed arrows
5-11 i i i i i 
@  
@
and the dilaton couplings are such that λ˜ = λ˜′ = µ˜′ = µ˜′′ = ν˜ ′′ = ν˜ ′′′ =
√
2 while λ˜′′ = λ˜′′′ =
µ˜′′′ = 0.
Two or more magnetic walls
That these cases may be discarded will be proved on a particular case but the argument
can be easily generalised. Suppose the dominant set comprises two magnetic walls and two
electric ones, we can always choose the parametrization such that
α1 = β
2 − β1
α2 = β
1 − λ˜ φ− µ˜ ϕ− ν˜ ψ
α3 = β
1 − λ˜′ φ− µ˜′ ϕ+ ν˜ ′ ψ (5.30)
α4 = λ˜
′′ φ+ µ˜′′ ϕ
α5 = λ˜
′′′ φ.
Being assumed subdominant, the electric walls α˜2 = λ˜ φ+µ˜ ϕ+ν˜ ψ and α˜3 = λ˜
′ φ+µ˜′ ϕ−ν˜ ′ ψ,
independent of β1, must be written as positive linear combinations of α4 and α5 only; this
requires ν˜ = ν˜ ′ = 0 but then (5.30) can no longer describe a rank five root system.
The same argument remains of course valid for more magnetic walls.
Rank 5 Hyperbolic Algebras: Oxidation
The empirical oxidation rule set up in the previous sections also holds for the rank 5 algebras:
1. Diagram (5 − 1) is the Dynkin diagram of the overextension A∧∧3 . The Lagrangian is
that of pure gravity in Dmax = 6.
2. Diagram (5 − 2) : the 3–dimensional Lagrangian cannot be oxidised because of the
norm of α2.
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3. Diagram (5−3) : The Lagrangian can be oxidised twice, up toDmax = 5. The dominant
walls are the three symmetry walls α1 = β
4 − β3, α2 = β3 − β2, α3 = β2 − β1 and the
electric wall of a 1–form
α4 = β
1 −
√
1/3φ
and its magnetic wall
α5 = β
1 + β2 +
√
1/3φ .
Obviously, α˜4 = α5 and α˜5 = α4.
4. Diagram (5−4) represents B∧∧3 . The maximally oxidised Lagrangian is six–dimensional.
The dominant walls are here the four symmetry walls α1 = β
5 − β4, α2 = β4 − β3,
α3 = β
3 − β2, α4 = β2 − β1 and
α5 = β
1 + β2
which is the electric or magnetic wall of a self-dual 2−form: obviously α˜5 = α5.
5. Diagram (5 − 5) is the twisted overextension A(2)∧5 . Here, Dmax = 4 and besides the
symmetry walls α1 = β
3 − β2 and α2 = β2 − β1, one finds
α3 = β
1 −
√
3/2φ ,
α4 =
√
2/3φ− 2/
√
3ϕ ,
α5 = 2
√
2/3ϕ+ 2/
√
3ψ ,
which are the electric walls respectively of a one–form and two 0–forms. One easily
checks that α˜3 = α3 + α4 + α5, α˜4 = α2 + 2α3 + α5 and α˜5 = α2 + 2α3 + α4.
6. Diagram (5− 6) : Dmax = 4 and one needs α1 = β3 − β2, α2 = β2 − β1 and
α3 = β
1 −
√
1/2φ ,
α4 =
√
1/2φ−
√
1/2ϕ ,
α5 =
√
1/2φ+
√
1/2ϕ .
The form-field content is the same as the previous one but the dilaton couplings are
different. Moreover: α˜3 = α3 + α4 + α5, α˜4 = α2 + 2α3 + α5 and α˜5 = α2 + 2α3 + α4.
7. Diagrams (5−7) and (5−8) : their 3-D Lagrangians cannot be further oxidised because
of the norm of α2.
8. Diagram (5 − 9) describes A(2)∧6 . Here, Dmax = 4. One obtains the billiard with
α1 = β
3 − β2, α2 = β2 − β1 and
α3 = β
1 −
√
1/2φ ,
α4 =
√
1/2φ−
√
1/2ϕ ,
α5 =
√
1/2ϕ .
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One draws the same conclusion as for (5 − 6) and (5 − 9) above. Here again: α˜3 =
α3 + α4 + α5, α˜4 = α2 + 2α3 + α4 + 2α5 and α˜5 = α2 + 2α3 + 2α4 + α5.
9. Diagram (5−10) is the overextension C∧∧3 ; the maximal oxidation dimension is Dmax =
4 and the corresponding Lagrangian can be found in [37].
10. Diagram (5 − 11) is the twisted overextension D(2)∧4 . No Lagrangian exists in higher
dimensions.
Comment
The results of this section show again that the subdominant conditions play an important
roˆle in three dimensions where they effectively contribute to the elimination of several Dynkin
diagrams. However, once they are satisfied in three dimensions, they are always fulfilled in
all dimensions where a Lagrangian exists and only integers enter the linear combinations.
Rank 6 Hyperbolic Algebras: D = 3
The number of dilatons in the 3–dimensional Lagrangian is equal to n = 4: we denote them
by φ1 = φ, φ2 = ϕ, φ3 = ψ, φ4 = χ. A straightforward generalisation of the argument used in
the previous sections implies that a single configuration for the set of dominant walls has to
be considered. It comprises one magnetic wall and four electric ones.
After allowed simplifications, the dominant walls are parametrized according to:
α1 = β
2 − β1 ,
α2 = β
1 − λ˜φ ,
α3 = λ˜
′φ− µ˜′ϕ ,
α4 = λ˜
′′φ+ µ˜′′ϕ− ν˜ ′′ψ ,
α5 = λ˜
′′′φ+ µ˜′′′ϕ+ ν˜ ′′′ψ − ρ′′′χ ,
α6 = λ˜
′′′′φ+ µ˜′′′′ϕ+ ν˜ ′′′′ψ + ρ′′′′χ .
The structure of the Dynkin diagrams is therefore displayed in one of the cases labelled A
to E below, depending on the number of vertices connected to α2. When necessary, further
subclasses are introduced according to the number of vertices linked to α3,...
Case A - The central vertex is labelled α2 and is connected to the five other vertices:
A i i i
i
α2
i iA
AA


There is a single hyperbolic algebra of this type in [155]; one can solve the equations for the
dilaton couplings, but the subdominant walls are not expressible as positive linear combina-
tions of the dominant ones.
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Case B - The root α2 is connected to four vertices:
B i i i i
i
i
α1 α2 α6
α3
α5
α4
There are three hyperbolic algebras with that kind of Dynkin diagram but none of them can
be retained: indeed, couplings exist but the subdominant conditions cannot be fulfilled.
Cases C - α2 has three links. One has first the loop diagram
C.1 i i i i
i i
 
 
  
α1 α2 α4
α6
α3
α5
One hyperbolic algebra has such a Dynkin diagram, namely, the overextension A∧∧4 . As
we already know from [44], the searched for 3–dimensional Lagrangian coincides with the
toroidal dimensional reduction of the seven–dimensional Einstein-Hilbert Lagrangian. The
dilaton couplings are given by
λ˜ =
√
2 ; λ˜′ =
1√
2
; µ˜′ =
√
3
2
; λ˜′′ = 0 ; µ˜′′ =
√
2
3
; ν˜ ′′ =
2√
3
; λ˜′′′ = 0 ; µ˜′′′ = 0;
ν˜ ′′′ =
√
3
2
; ρ′′′ =
√
5
2
; λ˜′′′′ =
1√
2
; µ˜′′′′ =
1√
6
; ν˜ ′′′′ =
1
2
√
3
; ρ′′′′ =
√
5
2
and its Dynkin diagram is
6-1 i i i i
i i
 
 
  
Next comes the tree diagram
C.2 i i i i i
i
α1 α2 α5
α3
α4 α6
Two hyperbolic algebras have a Dynkin diagram of this shape; but they cannot be associated
to billiards again because of the impossibility to satisfy the subdominant conditions.
One also has to allow a relabelling of the vertices according to
C.3 i i i i i
i
α4 α3 α5
α1
α2 α6
There are five hyperbolic algebras of that type; but for only one of them can one fulfill all
conditions. The dilaton couplings are given by
λ˜ =
√
2 ; λ˜′ =
1√
2
; µ˜′ =
√
3
2
; λ˜′′ = 0 ; µ˜′′ =
√
2
3
; ν˜ ′′ =
1√
3
; λ˜′′′ =
1√
2
;
µ˜′′′ =
1√
6
; ν˜ ′′′ =
1√
3
; ρ′′′ = 1 ; λ˜′′′′ = 0 ; α′′′′ = 0 ; β′′′′ = 0 ; ρ′′′′ = 1
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and its Dynkin diagram is the following
6-2 i i i i i
 
@
i
 
@
Cases D - are characterized by the fact that α2 has two links:
D.1. corresponds further to α3 having four links
D.1 i i i i
i
i
α1 α2 α5
α6
α3
α4
Three diagrams of [155] fit in this shape; only two of them are realised through billiards. The
couplings of the first one are given by
λ˜ =
√
2 ; λ˜′ =
1√
2
; µ˜′ =
√
3
2
; λ˜′′ = 0 ; µ˜′′ =
√
2
3
= µ˜′′′ ; ν˜ ′′ =
2√
3
; λ˜′′′ = 0;
ν˜ ′′′ =
1√
3
; ρ′′′ = 1; λ˜′′′′ = 0; µ˜′′′′ =
√
2
3
; ν˜ ′′′′ =
1√
3
; ρ′′′′ = 1 (5.31)
they provide the Dynkin diagram which is D∧∧4 :
6-3 i i i i
i
i
For the second one, λ˜ = 1 and all the other couplings are those given in (5.31) divided by√
2. They lead to the following diagram
6-4 i i i i
 
@
i
i
D.2. corresponds to α3 having three connections
D.2 i i i i i
i
α1 α2 α5
α4
α3 α6
and differs from C.3. above by the assignment of the symmetry root. There are 4 Dynkin
diagrams representing hyperbolic algebras of this type and they all admit a billiard.
(D.2.1.) The couplings are
λ˜ = 1 ; λ˜′ =
1
2
; µ˜′ =
√
3
2
; λ˜′′ = 0 ; µ˜′′ =
1√
3
; ν˜ ′′ =
√
2
3
; λ˜′′′ = 0 ; µ˜′′′ =
1√
3
ν˜ ′′′ =
1√
6
; ρ′′′ =
1√
2
; λ˜′′′′ = 0 ; µ˜′′′′ = 0 ; ν˜ ′′′′ = 0 ; ρ′′′′ =
√
2. (5.32)
and the Dynkin diagram corresponds to
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6-5 i i i i i
 
@  
@
i
(D.2.2.) The couplings are the same as in (5.32) above except ρ′′′′ which reads
ρ′′′′ = 1/
√
2 .
The Dynkin diagram is
6-6 i i i i i
 
@
 
@
i
(D.2.3.) The dilaton couplings are given by
λ˜ =
√
2 ; λ˜′ =
1√
2
; µ˜′ =
√
3
2
; λ˜′′ = 0 = ; µ˜′′ =
√
2
3
; ν˜ ′′ =
2√
3
; λ˜′′′ = 0;
µ˜′′′ =
√
2
3
; ν˜ ′′′ =
1√
3
; ρ′′′ = 1 ; λ˜′′′′ = 0 ; µ˜′′′′ = 0 ; ν˜ ′′′′ = 0 ; ρ′′′′ = 1 (5.33)
they provide the Dynkin diagram of B∧∧4
6-7 i i i i i
 
@
i
(D.2.4.) The couplings are the same as in (5.33) except
ρ′′′′ = 2 (5.34)
and the algebra is A
(2)∧
7
6-8 i i i i i 
@
i
D.3. describes the general structure below in which α2 and α3 have two links while α4 is
connected three times
D.3 i i i i i
α1 α2 α4
α5
α3 α6
i
There are two hyperbolic algebras of that type but only one satisfies all billiard conditions.
Its non zero couplings are
λ˜ =
√
2 and λ˜′ = µ˜′ = µ˜′′ = ν˜ ′′ = ν˜ ′′′ = ρ′′′ = ρ′′′′ = 1/
√
2 .
The Dynkin diagram is
95
6-9 i i i i i
 
@
i
Cases E. - This set provides all linear diagrams. There are seven hyperbolic algebras of
this kind and all of them are admissible
E i i i i i i
α1 α2 α4 α6α3 α5
E.1. has the following couplings
λ˜ =
√
2 ; λ˜′ =
1√
2
; µ˜′ =
√
3
2
; λ˜′′ = 0 ; µ˜′′ =
√
2
3
; ν˜ ′′ =
2√
3
; λ˜′′′ = 0;
µ˜′′′ = 0 ; ν˜ ′′′ =
√
3 ; ρ′′′ = 1 ; λ˜′′′′ = 0 ; µ˜′′′′ = 0 ; ν˜ ′′′′ = 0 ; ρ′′′′ = 2
and its Dynkin diagram belongs to E
(2)∧
6
6-10 i i i i i i 
@
E.2. corresponds to
λ˜ =
√
2 ; λ˜′ =
1√
2
; µ˜′ =
√
3
2
; λ˜′′ = 0 = ; µ˜′′ =
√
2
3
; ν˜ ′′ =
1√
3
; λ˜′′′ = 0
µ˜′′′ = 0 ; ν˜ ′′′ =
√
3
2
; ρ′′′ =
1
2
; λ˜′′′′ = 0 ; µ˜′′′′ = 0 ; ν˜ ′′′′ = 0 ; ρ′′′′ = 1
and its algebra is associated to
6-11 i i i i i i
 
@
E.3. The walls are defined through the following set of parameters
λ˜ =
√
2 ; λ˜′ =
1√
2
; µ˜′ =
√
3
2
; λ˜′′ = 0 ; µ˜′′ =
√
2
3
; ν˜ ′′ =
2√
3
; λ˜′′′ = 0
µ˜′′′ = 0 ; ν˜ ′′′ =
√
3
2
; ρ′′′ =
1
2
; λ˜′′′′ = 0 ; µ˜′′′′ = 0 ; ν˜ ′′′′ = 0 ; ρ′′′′ = 1
the algebra is F∧∧4
6-12 i i i i i i
 
@
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E.4. has the following couplings
λ˜ =
√
2 ; λ˜′ =
1√
2
; µ˜′ =
1√
2
; λ˜′′ = 0 = ; µ˜′′ =
1√
2
; ν˜ ′′ =
1√
2
; λ˜′′′ = 0
µ˜′′′ = 0 ; ν˜ ′′′ =
1√
2
; ρ′′′ =
1√
2
; λ˜′′′′ = 0 ; µ˜′′′′ = 0 ; ν˜ ′′′′ = 0 ; ρ′′′′ =
√
2 (5.35)
and its diagram corresponds to C∧∧4
6-13 i i i i i i
 
@  
@
E.5. has the same couplings as those given in (5.35) except
ρ′′′′ =
1√
2
.
Its diagram corresponds to A
(2)∧
8
6-14 i i i i i i
 
@
 
@
E.6. is characterized by
λ˜ =
√
2 ; λ˜′ =
√
2 ; µ˜′ =
√
2 ; λ˜′′ = 0 ; µ˜′′ =
√
2 ; ν˜ ′′ =
√
2 ; λ˜′′′ = 0;
µ˜′′′ = 0 ; ν˜ ′′′ =
√
2 ; ρ′′′ =
√
2 ; λ˜′′′′ = 0 ; µ˜′′′′ = 0 ; ν˜ ′′′′ = 0 ; ρ′′′′ =
√
2
and its diagram describes D
(2)∧
5
6-15 i i i i i i 
@  
@
E.7. is the last one of this rank; its couplings are
λ˜ = 1 ; λ˜′ =
1
2
; µ˜′ =
√
3
2
; λ˜′′ = 0 ; µ˜′′ =
1√
3
; ν˜ ′′ =
√
2
3
; λ˜′′′ = 0;
µ˜′′′ = 0 ; ν˜ ′′′ =
√
3
2
√
2
; ρ′′′ =
1
2
√
2
; λ˜′′′′ = 0 ; µ˜′′′′ = 0 ; ν˜ ′′′′ = 0 ; ρ′′′′ =
1√
2
and its diagram gives A
(2)′∧
8
6-16 i i i i i i
 
@
 
@
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Rank 6 Hyperbolic Algebras: Oxidation
Our next task is again to study which of the 16 algebras admitting a three–dimensional
billiard model allow in addition a higher dimensional Lagrangian description.
1. Diagram (6−1) is the overextension A∧∧4 . The maximal oxidation dimension is Dmax =
7 where the Lagrangian describes pure gravity [42].
2. Diagram (6 − 2) : Here, Dmax = 5. The dominant walls are the symmetry walls
α1 = β
4 − β3, α2 = β3 − β2, α3 = β2 − β1 and
α4 = β
1 − 1/
√
3φ ,
α5 = β
1 + β2 + 1/
√
3φ− ψ ,
α6 = ψ .
These are respectively the electric walls of a one–form, a two–form and a zero–form.
One easily checks that α˜4 = α5 + α6, α˜5 = α4 + α6 and α˜6 = α2 + α3 + α4 + α5.
3. Diagram (6−3) is the overextension D∧∧4 ; its 3-D version can be oxidised up toDmax = 6
and the Lagrangian is written in references [30] and [37].
4. Diagrams (6 − 4), (6 − 5) and (6 − 6) : their Lagrangians have no higher dimensional
parent.
5. Diagram (6 − 7) is the overextension B∧∧4 . Remark that since the diagram has a fork
one can oxidise in two different ways: both lead to Dmax = 6. The Lagrangians can
again be found in references [30] and [37].
6. Diagram (6− 8) is the twisted overextension A(2)∧7 . Dmax = 6. The dominant walls are
the symmetry walls α1 = β
5 − β4, α2 = β4 − β3, α3 = β3 − β2 and α4 = β2 − β1 and
α5 = β
1 + β2 − φ ,
α6 = 2φ
which are the electric walls of a 2–form and a 0–form. Their respective magnetic walls
are subdominant: indeed one finds
α˜5 = β
1 + β2 + φ = α5 + α6 ,
α˜6 = β
1 + β2 + β3 + β4 − 2φ = 2α5 + α4 + 2α3 + α2 .
7. Diagram (6− 9) : Dmax = 4. The wall system reads α1 = β3 − β2, α2 = β2 − β1 and
α3 = β
1 − 1/
√
2φ ,
α4 = 1/
√
2(φ− ψ) ,
α5 = 1/
√
2(ψ − χ) ,
α6 = 1/
√
2(ψ + χ) ;
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the last four are the electric walls of a 1–form and three 0–forms. The subdominant
condition is fulfilled: indeed, one finds α˜3 = α3 +2α4 + α5 + α6, α˜4 = α2 + 2α3 + α4 +
α5 + α6, α˜5 = α2 + 2α3 + 2α4 + α6, α˜6 = α2 + 2α3 + 2α4 + α5.
8. Diagram (6 − 10) is the twisted overextension E(2)∧6 . The oxidation rule gives the
maximal dimension Dmax = 5. The walls other than the symmetry ones are
α4 = β
1 − 2/
√
3φ ,
α5 =
√
3φ− ϕ ,
α6 = 2ϕ .
One checks that α˜4 = α3 + 2α4 + 2α5 + α6, α˜5 = α2 + 2α3 + 3α4 + α5 + α6, α˜6 =
α2 + 2α3 + 3α4 + 2α5.
9. Diagram (6 − 11) : a Lagrangian exists in Dmax = 5 which produces besides the
symmetry walls
α4 = β
1 − 1/
√
3φ ,
α5 =
√
3/2φ− 1/2ϕ ,
α6 = ϕ .
The subdominant conditions read α˜4 = α3+2α4+2α5+α6, α˜5 = α2+2α3+3α4+α5+α6
and α˜6 = α2 + 2α3 + 3α4 + 2α5.
10. Diagram (6− 12) is the overextension F∧∧4 ; the maximally oxidised theory is 6 dimen-
sional and contains the metric, one dilaton, one zero–form, two one–forms, a two–form
and a self- dual three–form field strength [30, 37].
11. Diagram (6 − 13) is the overextension C∧∧4 [30]. This is the last one of its series:
remember that the C∧∧n algebras are hyperbolic only for n ≤ 4. The maximal oxidation
dimension is Dmax = 4; besides the symmetry walls, the other dominant ones are
α3 = β
1 − 1/
√
2φ ,
α4 = 1/
√
2(φ− ϕ) ,
α5 = 1/
√
2(ϕ− ψ) ,
α6 =
√
2ψ .
The subdominant conditions are satisfied, they read α˜3 = α3 + 2α4 + 2α5 + α6, α˜4 =
α2 + 2α3 + α4 + 2α5 + α6, α˜5 = α2 + 2α3 + 2α4 + α5 + α6, α˜6 = α2 + 2α3 + 2α4 + 2α5.
12. Diagram (6 − 14) is the twisted overextension A(2)∧8 . There is no higher dimensional
theory.
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13. Diagram (6 − 15) represents D(2)∧5 . In Dmax = 4, the dominant walls other than the
symmetry ones are given by
α3 = β
1 − 1/
√
2φ ,
α4 = 1/
√
2(φ− ϕ) ,
α5 = 1/
√
2(ϕ− ψ) ,
α6 = 1/
√
2ψ .
One obtains easily the following expressions α˜3 = α3+2α4+2α5+α6, α˜4 = α2+2α3+
α4 + 2α5 + 2α6, α˜5 = α2 + 2α3 + 2α4 + α5 + 2α6, α˜6 = α2 + 2α3 + 2α4 + 2α5 + α6.
14. Diagram (6− 16) describes A(2)′∧8 ; it cannot be associated to a billiard in D > 3.
Comment
Here again, in D > 3, the subdominant conditions are always satisfied; it is only in D = 3
that their roˆle is crucial in the selection of the admissible algebras. Hence, they do not add
any constraint in the oxidation construction.
5.2 Rank 7, 8, 9 and 10 Hyperbolic algebras
These hyperbolic algebras fall into two classes: the first one comprises all algebras of rank 7 ≤
r ≤ 10 that are overextensions of the following finite simple Lie algebras An, Bn, Dn, E6, E7, E8.
They are
A∧∧n , (n = 5, 6, 7)
α−1 α0 α2
αn
α1
α3
i i i i
i i
 
 
  
B∧∧n , (n = 5, 6, 7, 8)
α−1 α0 αn−1
α2
α1 αn
i i i i i
 
@
i
D∧∧n , (n = 5, 6, 7, 8)
α−1 α0 αn−2
α2
α1 αn
αn−1
i i i i
i i
i
E∧∧6
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α−1 α0 α1 α2 α3 α4
α5
α6
i i i i i i
i
i
E∧∧7
α−1 α0 α1 α2 α3 α4 α5 α6
α7
i i i i i i i i
i
E∧∧8
α−1 α0 α1 α2 α3 α4 α5 α6 α7
α8
i i i i i i i i i
i
In the second class, one finds the four duals of the B∧∧n , (n = 5, 6, 7, 8), i.e. the algebras
known as CEn+2 = A
(2)∧
2n−1
CEn+2 = A
(2)∧
2n−1
α−1 α0 αn−1
α2
α1 αn
i i i i i 
@
i
5.2.1 Overextensions of finite simple Lie algebras
The algebras of the first class have already been encountered as billiards of some three–
dimensional G/K coset theories, see Table 1.1. Those of rank 10, E10, BE10 and DE10 have
been found [41] to describe the billiards of the seven string theories, M, IIA, IIB, I,HO,HE
and the closed bosonic string in 10 dimensions. More precisely, these theories split into three
separate blocks which correspond to three distinct billiards: namely, B2 = {M, IIA, IIB}
leads to E10, B1 = {I,HO,HE} corresponds toBE10 and B0 = {D = 10 closed bosonic string}
gives DE10, see Table 2.7.
For sake of completeness, we here simply recall the maximal spacetime dimensions and the
specific p–forms menus producing the billiards.
1. A∧∧n , (n = 5, 6, 7) : the Lagrangian is that of pure gravity in Dmax = n+ 3.
2. B∧∧n , (n = 5, 6, 7, 8) : the maximally oxidised Lagrangian lives in Dmax = n + 2
where it comprises a dilaton, a 1–form coupled to the dilaton with coupling equal
to λ˜(1)(φ) = φ/
√
d− 1 and a 2–form coupled to the dilaton with coupling equal to
λ˜(2)(φ) = 2φ/
√
d− 1.
3. D∧∧n , (n = 5, 6, 7, 8) : a Lagrangian exists in Dmax = n + 2 and comprises a dilaton
and a 2–form coupled to the dilaton with coupling equal to λ˜(2)(φ) = 2φ/
√
d− 1.
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4. E∧∧6 : the maximal oxidation dimension is Dmax = 8. The Lagrangian has a dilaton, a
0–form with coupling λ˜(0)(φ) = φ
√
2 and a 3–form with coupling λ˜(3)(φ) = −φ/√2.
5. E∧∧7 : the maximal spacetime dimension is Dmax = 10. The Lagrangian describes
gravity and a 4–form: it is a truncation of type IIB supergravity.
6. E∧∧8 : Dmax = 11. The Lagrangian describes gravity coupled to a 3–form; it is the
bosonic sector of eleven dimensional supergravity.
5.2.2 The algebras CEq+2 = A
(2)∧
2q−1
The Weyl chamber of the algebras CEq+2 (q = 5, 6, 7, 8), which are dual to B
∧∧
q , allows a
billiard realisation in maximal dimension Dmax = q + 1 = d + 1. The field content of the
theory is the following: there are two dilatons, φ and ϕ, a 0–form coupled to the dilatons
through
λ˜(0)(φ) = 2
√
(d− 1)
d
φ− 2√
d
ϕ ,
a one form with dilaton couplings
λ˜(1)(φ) = −
√
d
(d− 1) φ ,
and a 2–form with the following couplings
λ˜(2)(φ) = − 2√
d(d− 1) φ−
2√
d
ϕ .
In particular, the Lagrangian in Dmax = 9 producing the billiard identifiable as the funda-
mental Weyl chamber of CE10 corresponds to q = 8 = d and is explicitly given by [88]
L9 = (9)R ⋆ − ⋆dφ ∧ dφ− ⋆dϕ ∧ dϕ− 1
2
e
(2φ
√
7
2
−ϕ√2 )
⋆ F (1) ∧ F (1)
−1
2
e
−4φ
√
2
7 ⋆ F (2) ∧ F (2) − 1
2
e
−(φ
√
2
7
+ϕ
√
2 )
⋆ F (3) ∧ F (3). (5.36)
This Lagrangian is obtained as the minimal one that exhibit the hyperbolic Kac–Moody
algebra CE10 a` la limite BKL. CE10 is the fourth hyperbolic algebra of rank 10; contrary to
the other three cited above, which belong to the class of the overtextensions of finite simple
Lie algebras, its Lagrangian (5.36) does not stem from string theories.
5.3 Conclusions
In this chapter we have presented all Lagrangian systems in which gravity, dilatons and
p–forms combine in such a way as to produce a billiard that can be identified with the
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Weyl chamber of a given hyperbolic Kac–Moody algebra. Exhaustive results have been
systematically obtained by first constructing Lagrangians in three spacetime dimensions, at
least for the algebras of rank r ≤ 6. We insist on the fact that our three–dimensional
Lagrangians are not assumed to realise a coset theory. We also have solved the oxidation
problem and provided the Lagrangians in the maximal spacetime dimension with their p–
forms content and specific dilaton couplings. It turns out that the subdominant conditions
play no roˆle in the oxidation analysis. The positive integer coefficients that appear when
expressing the subdominant walls in terms of the dominant ones in the maximal oxidation
dimension have been systematically worked out. The search for Lagrangians invariant under
these algebras [which are not over–extended algebras] has not been considered. Non–linear
realisations based on these algebras might give a hint on how to handle this problem.
5.4 More hyperbolic algebras
For completeness, we draw hereafter the Dynkin diagrams of 6 hyperbolic algebras missing
in reference [155]. This raises their total number to 142. Reference [169] lists all hyperbolic
algebras.
Rank 3 Rank 4 Rank 5
i i i
 
@
 
@ i i
i i
 
@
 
@
 @  @
i i i i i
 
@  
@
i i i
 
@
 
@ i i i i
 
@
 
@ i i i i i 
@  
@
Part II
Non-linear realisations of
Kac–Moody Algebras
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Chapter 6
General Framework
In the first part of this thesis, we focussed on the study of the asymptotic behaviour of
the gravitational field for theories containing gravity suitably coupled to forms and dilatons,
see Table 1.1. This study revealed some Kac–Moody algebras through the “Cosmological
Billiards” analysis. The questions addressed in this first part were, directly or indirectly,
related to the more fundamental questions:
Are these Kac-Moody algebra symmetries of these theories?
If yes, how is the symmetry realised?
The point of view is changed in the second part, which is based on the conjecture made in
reference [177], to answer the preceding questions. This conjecture states that
E+++8 is the symmetry of M-theory.
E+++8 (G+++) is the Kac–Moody group having as Lie algebra the very–extended algebra
e+++8 (g
+++) obtained from e++8 (g
++) by adding one node connected to the overextended
node by a single line [80]. This conjecture is motivated in [177] by the reformulation of the
eleven–dimensional supergravity, at the level of the equations of motion, as a simultaneous
non–linear realisation of the group E+++8 and the conformal group. This conjecture has been
generalised to all maximally oxidised theories G in [73]: the assertion is that the maximally
oxidised theories G — or some extensions of them — possess the much larger very-extended
Kac-Moody symmetry G+++. Reference [71] proposed to build actions explicitly invariant
under G+++ as non–linear σ–models based on the coset spaces G+++/K˜+++ where K˜+++
is the subgroup of G+++ invariant under the temporal involution defined later. The hope
is that these actions encode the corresponding maximally oxidised theories G with perhaps
additional degrees of freedom. Some progress has been achieved in this direction but most of
the questions are still open today.
This chapter explains in detail the construction of these actions invariant under very
extended Kac–Moody groups G+++. A level decomposition of the Kac–Moody algebra g+++
(g+++ is the Lie algebra of the group G+++) is introduced in order to handle with the infinite
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number of fields that parametrise the coset space G+++/K˜+++. The level decomposition rests
on the selection of an sl(D) subalgebra of g+++ which brings a handle in order to interpret
the fields of the non–linear σ–model as the fields of the maximally oxidised theories. The
generators of g+++ are organised within finite dimensional irreducible representations of the
sl(D) subalgebra. The subgroup K˜+++ is then specified via the introduction of a temporal
involution Ω1, K˜+++ = Ω1(K˜+++). Once these ingredients have been collected, the searched
for actions can be written in a recursive way. Two non equivalent truncations of these actions
are considered. They are a useful guide to make contact with the maximally oxidised theories
G.
Invariant Actions: Geodesic Motion
A natural way of writing down a theory explicitly invariant under a Lie Group G is to consider
a geodesic motion on the group manifold G/H, where H is a subgroup of G. The coordinates
of the group manifold are promoted to be fields depending on an evolution parameter and
the action SG is taken to be the length of the world line spanned by the parameter. For an
illustration see Figure 6.1.
(θ(ξ), φ(ξ))
Figure 6.1: Geodesic motion on a sphere SO(3)/SO(2): the coordinates {θ, φ} of the sphere are
promoted to be fields depending on an evolution parameter ξ, the motion is determined by the
minimisation of the length of the world line (θ(ξ), φ(ξ)).
This simple construction is applied here to the poorly known Kac–Moody groups. Before
going into details, let us sketch the general structure of the actions. An action SG+++ invariant
under the very extended Kac–Moody group G+++ is defined on a world-line in terms of fields
φ(ξ) parametrising the coset space G+++/K˜+++, where ξ spans the world-line. The coset
space G+++/K˜+++ is the space of elements x of G+++ endowed with the equivalence relation
x ∼ xk where k belongs to K˜+++. Here K˜+++ is the subgroup of G+++ chosen such that
its Lie algebra k˜+++ is the subalgebra of g+++ invariant under the temporal involution Ω1
(defined later). This action is formulated in terms of a one-parameter dependent group
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element
V = V(ξ) ∈ G+++/K˜+++ (6.1)
and its Lie algebra valued derivative
v(ξ) :=
dV
dξ
V−1(ξ) ∈ g+++ . (6.2)
The action is
SG+++ =
∫
dξ
n(ξ)
〈vsym(ξ)|vsym(ξ)〉, (6.3)
where
• The symmetric projection
vsym :=
1
2
(v + vT ) (6.4)
is introduced in order to define an evolution on the coset space. vT is the “transposed”
of v defined with respect to the temporal involution Ω1 as v
T = −Ω1(v).
• 〈.|.〉 is the standard invariant bilinear form on G+++.
• The lapse function n(ξ) ensures that the trajectory is a null geodesic though its equa-
tions of motion, which imply 〈v|v〉 = 0.
• ξ is a priori not related to spacetime.
The main point of this construction is that this action is invariant under global transforma-
tions of G+++ and local transformations of K˜+++:
V(ξ)→ k(ξ)V(ξ)g where k(ξ) ∈ K˜+++ and g ∈ G+++ .
The role of k(ξ) is to restore the transformed V(ξ) to the chosen gauge.
Level Decomposition
The number of fields φ(ξ) is infinite since such is the dimension of the coset space G+++/K˜+++.
An organisation of these fields seems useful. The method here chosen is to select a finite di-
mensional subalgebra1 sl(D) of g+++. This is achieved by selecting successive nodes (i.e.
simple roots) which form an sl(D) sub–diagram of the Dynkin diagram of g+++. Let {αi}ri=1
be the simple roots of g+++ and suppose that the roots {αj}sj=1 span an sl(s + 1) subal-
gebra. Each root α =
∑r
i=1 aiαi of g
+++ can be assigned a level ℓk with respect to αk
1Level expansions of very-extended algebras in terms of the subalgebra AD−1 have been considered in
[172, 144, 122].
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(k = s + 1, ..., r) in the following way: the levels ℓk with respect to αk are defined to be
(ℓs, ℓs+1, . . . , ℓr) = (as, as+1, . . . , ar). The sum of the levels
∑r
k=s+1 ℓk is denoted ℓ. Two
cases are possible, either α is a positive root and ℓk ≥ 0 ∀k ∈ {s+ 1, ..., r} or α is a negative
root and ℓk ≤ 0 ∀k ∈ {s + 1, ..., r}. It can be shown that at each level, there is only a finite
number of roots.
Level of a root : Consider the algebra E+++6 , with simple roots αi (i = 1, . . . , 9)
labelled according to the Dynkin diagram:
α1 α2 α3 α4 α5 α6 α7
α8
α9
i i i i i i i
y
y
Figure 6.2: Dynkin diagram of e+++6 . The black nodes are the ones which are not is the Dynkin diagram of
the chosen sl(8) subalgebra.
One defines a level decomposition of e+++6 under its sl(8) = A7 subalgebra admit-
ting the sub-Dynkin diagram with nodes from 1 to 7. This singles out the nodes
8 and 9 which do not belong to the A7 subdiagram. Any positive root α of E
+++
6
can be written as α =
∑9
i=1miαi =
∑7
s=1msαs +
∑
g=8,9 ℓgαg with ms and ℓg
non-negative integers. Here, ℓ8 and ℓ9 are called respectively the α8 level and the
α9 level of α.
One can also organise the g+++ algebra generators2 according to the level decomposition.
Remember that the g+++ generators can be chosen to be the Chevalley–Serre generators
hi, ei, fi (i = 1, ..., r) — obeying the commutation relations given by Eqs (C.1) — and
their multicommutators subject to the Serre relations (C.2). According to the triangular
decomposition, any of these multicommutators can be written either as [ei, [ej , ...., [ek , em]...]]
or [fi, [fj , ...., [fk, fm]...]]. The hi’s generate the Cartan subalgebra, they are also called Cartan
generators. The sl(D) subalgebra generators and the Cartan generators of g+++ are of level
ℓ = 0. The ladder generators, i.e. the [ei, [ej , ...., [ek , em]...]]’s and [fi, [fj , ...., [fk, fm]...]]’s,
inherit their level from their corresponding root. There are only finitely many generators of
a given level.
Level of a generator: The algebra e+++6 decomposes according to the triangu-
lar decomposition (C.3), e+++6 = n− ⊕ g0 ⊕ n+. The generators of level 0 are
2The generators of an algebra are understood, depending on the context, as the generators of the algebra
or generators of the underlying vector space.
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hi, [ei, [ej , ...., [ek , em]...]], [fi, [fj , ..., [fk, fm]...]] with i = 1...7, i.e. the sl(8) gen-
erators that also fit the triangular decomposition, together with h8, h9. The
generators of a given level (ℓ8, ℓ9) are in n+ and can be written as a multicom-
mutator [ei, ...[e8, ...[e9, ...[ej , ek]...]]] with e8 appearing ℓ8 times and e9 appearing
ℓ9 times.
Generators of g+++ and Representations of sl(D)
The set of g+++ generators splits into
ℓ = 0 generators: The choice of a sl(D) subalgebra (rather than other subalgebra) is made
to provide an interpretation of the fields φ(ξ) as spacetime fields, though their sl(D) covari-
ance properties. The ℓ = 0 generators are the sl(D) generators and the Cartan generators
not belonging to the sl(D) subalgebra. The sl(D) generators plus one of the remaining Car-
tan generators form a gl(D) algebra. Even if there is more than one generator out of the
sl(D) subalgebra, only one contributes to the enhancement of sl(D) to gl(D) (the others
are later associated with dilatons). The involution Ω1 defining the subalgebra k˜
+++ though
Ω1(˜k
+++) = k˜+++ is chosen such that the restriction of k+++ to the level ℓ = 0 is so(D−1, 1).
Therefore, at level ℓ = 0, the coset reduces to GL(D)/SO(D − 1, 1) and its coordinates are
interpreted as the gravitational vielbein matrix, D becoming the spacetime dimension. In-
deed, the gravitational vielbein can be seen as an element of GL(D) (invertible matrices),
and two gravitational vielbeins differing by a Lorentz group rotation are equivalent since
they reproduce the same metric. The sl(D) sub–Dynkin diagram is called the gravity line.
To summarise: the ℓ = 0 generators are either (i) gl(D) generators or (ii) the ”remaining”
Cartan generators.
(i) The definition representation Kab (a, b = 1, 2, . . . ,D) of the gl(D) subalgebra is,
[Kab,K
c
d] = δ
c
bK
a
d − δadKcb . (6.5)
(ii) The ”remaining” Cartan generators are denoted Ru (u = 1 . . . q), where q = r−D+ 1 (r
is the rank of g+++). These Cartan generators commute with the Kab’s for all g
+++ . From
the point of view of the corresponding maximally oxidised action SG , these generators are
associated with the q dilatons3.
ℓ > 0 generators: The generators of level ℓ > 0 are the ladder generators of level ℓ > 0.
The sl(D) generators act on the generators of g+++ through the adjoint action,
Γ(x) · g = [x, g] ∈ g+++ , g ∈ g+++, x ∈ sl(D) .
It is clear from the structure of Kac–Moody algebras and from the definition of the level that
the set of generators of a given level is invariant under the action of sl(D). Therefore genera-
tors of a given level ℓ form a finite dimensional representation of sl(D). These representation
3All the maximally oxidised theories have at most one dilaton except the Cq+1-series characterised by q
dilatons.
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spaces are tensors of the sl(D) subalgebra Rd1...ds , the symmetry of which is encoded in a
Young tableau or equivalently in its Dynkin labels (see appendix A). In principle it is possible
to determine all the irreducible representations present at a given level [144, 122]. These
representations have a natural interpretation in terms of spacetime fields as sl(D) represen-
tations. For instance, the lowest levels generally contain completely antisymmetric tensors
Ra1...ar that have a natural interpretation as spacetime fields electric and magnetic potentials
of the maximally oxidised action SG . These completely antisymmetric Ra1...ar , which appear
at the lowest levels, satisfy the tensor relations
[Kab, R
a1...ar ] = δa1b R
aa2...ar + · · ·+ δarb Ra1...ar−1a , (6.6)
and the Ru satisfy the scaling relations,
[Ru, R
a1...ar ] = −εpλ
u
p
2
Ra1...ar , (6.7)
where λup is the coupling constant of the dilaton φ
u to the field strength form (2.1) and εp is
+1 (−1) for an electric (magnetic) root.
Decomposition of g+++ into sl(D) representations: Consider the level (1, 0) gen-
erators of e+++6 , they belong to a representation Γ of sl(8). Each representation
is completely characterised by its lowest (or equivalently highest) weight (see ap-
pendix A). The generator e8 is of level (1, 0) and
Γ(fi) · e8 = [fi, e8] = 0 i = 1, ..., 7 .
Therefore, e8 is a lowest weight of the representation. The Dynkin labels of this
representation are defined through
Γ(hi) · e8 = [hi, e8] = 0 i = 1, 2, 3, 4, 6, 7
Γ(h5) · e8 = [h5, e8] = −e8 .
The Dynkin labels are therefore [0, 0, 0, 0, 1, 0, 0] and the corresponding Young
tableau is
which is associated with a completely antisymmetric tensor with three indices (one
per box). One interprets this tensor as a 3-form potential Aa1a2a3 (ai ∈ {1, ..., 8 =
D}). The representations appearing at the lowest levels are given in Table 6 [122],
they can be interpreted as the field content of the maximally oxidised theory E6.
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(ℓ8, ℓ9) Dynkin Labels Interpretation
(0,0) [1, 0, 0, 0, 0, 0, 1] h ba (vielbeins)
(0,0) [0, 0, 0, 0, 0, 0, 0] φ (dilaton)
(0,1) [0, 0, 0, 0, 0, 0, 0] χ (scalar field)
(1,0) [0, 0, 0, 0, 1, 0, 0] Aa1a2a3 (3-form potential)
(1,1) [0, 0, 0, 0, 1, 0, 0] A˜a1a2a3 (3-form potential)
(2,1) [0, 0, 0, 1, 0, 0, 1] Ab|a1...a5 (”dual of the graviton”)
(2,0) [0, 1, 0, 0, 0, 0, 0] A˜χa1...a6 (6-form potential)
(2,1) [0, 1, 0, 0, 0, 0, 0] A˜φa1...a6 (6-form potential)
...
Table 6.1: First level representations appearing in the decomposition of e+++6 as representations of the
sl(8) subalgebra depicted in Figure 6. Their interpretation in terms of spacetime fields correspond to the
field content of the maximally oxidised theory E6. One should note that the fields and their dual appear
independently (a field with tilde is the dual of another one).
ℓ < 0 generators: if at a given level ℓ > 0 the representation R d1...dr appears then at level
−ℓ one finds its dual representation R¯d1...dr . They satisfy the tensor and scaling relations
[Kab, R¯a1...ar ] = −δa1b R¯aa2...ar − · · · − δarb R¯a1...ar−1a , (6.8)
[Ru, R¯a1...ar ] = −
εpλ
u
p
2
R¯a1...ar . (6.9)
k˜+++ Subalgebra
The temporal involution Ω1 generalises the Chevalley involution. It is defined by
Ω1(K
a
b) = −ǫaǫbKba ,
Ω1(Ru) = −Ru ,
Ω1(Rd1...ds
c1...cr) = −ǫc1 . . . ǫcrǫd1 . . . ǫdsR¯ d1...dsc1...cr , (6.10)
with ǫa = −1 if a = 1 and ǫa = +1 otherwise. Remember that for the Chevalley involution
ǫa = 1 for all a. The subalgebra k˜
+++ is defined to be the subalgebra of g+++ invariant under
Ω1. The restriction of k˜
+++ to the level ℓ = 0 is sl(D − 1, 1).
Coset Representative
The fields φ(ξ), which are the coordinates on the coset space G+++/K˜+++, are denoted
Ac1...cr
d1...ds if they are associated with the ℓ > 0 ladder generators Rd1...ds
c1...cr ; hba if they
are associated with the Cartan generators or with the positive4 ladder generators Kab (b ≥ a)
of the gl(D) subalgebra; φu if associated with Ru; in short
φ(ξ) = {hba(ξ) ( b ≥ a), Ac1...crd1...ds(ξ), φu(ξ)} .
4A generator is said to be positive if the corresponding root is a positive root.
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The coset representative V(ξ) of (6.1) is taken to be
V(ξ) = V◦(ξ)V+(ξ) , (6.11)
V◦(ξ) = exp(
∑
a≥b
h ab (ξ)K
b
a −
q∑
u=1
φu(ξ)Ru) ,
V+(ξ) = exp(
∑ 1
r!s!
Ab1...bs
a1...ar (ξ)Ra1...ar
b1...bs + · · · ) ,
where the exponential defining V◦ and V+ contain respectively only the level 0 operators and
only the positive operators. Although this parametrisation of the coset space G+++/K+++
provides a very useful local parametrisation, it does not cover the coset globally (since K+++
is not the maximal compact subgroup of G+++) [117].
Lie Algebra Valued Derivative
To get the action (6.3), one needs first to compute v (6.2). Inserting (6.11) into (6.2), one
obtains
v(ξ) = v◦(ξ) + v+(ξ) ,
v◦(ξ) =
dV◦(ξ)
dξ
V◦(ξ)−1 ,
v+(ξ) = V◦(ξ)dV+(ξ)
dξ
V+(ξ)−1V◦(ξ)−1 .
Using the commutation relations (6.5) and the Campbell-Hausdorff formulas,
deXe−X = dX +
1
2
[X, dX] +
1
3!
[X, [X, dX]] + . . . ,
eXY e−X = Y + [X,Y ] +
1
2
[X, [X,Y ]] + . . . ,
twice the first formula to obtain v◦ and once the second to obtain v+, one gets
v◦ = −
∑
a≥b
[eh(
de−h
dξ
)]b
aKba −
q∑
u=1
dφu
dξ
Ru ,
v+ =
1
r!s!
dAm1...mr
n1...ns
dξ
e−
∑q
u=1 λuφ
u
ea1
m1 . . . ear
mren1
b1 . . . ens
bsRb1...bs
a1...ar + . . . ,
where
e(µ)
ν = (eh)(µ)
ν θν
(µ) = (e−h)ν (µ) . (6.12)
The two types of indices have been introduced to indicate their GL(D) or SO(D − 1, 1)
nature. V◦ belongs to the left coset space GL(D)/SO(D − 1, 1), therefore the line index
of V◦ is an SO(D − 1, 1) index while the column index is a GL(D) index. The fields h
inherit this index structure. The choice of Greek indices with and without brackets refers to
the interpretation of e(µ)
ν as spacetime vielbeins and Aµ1...µr
ν1...νs as spacetime fields. The
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particular index 1 is interpreted as a temporal index and the others as space–like indices.
One should emphasise that the expression of v+ written above is obtained by assuming that
the Rb1...bs
a1...ar ’s commute; the . . . stand for the commutators we should have computed.
These commutators are formally taken into account via the replacement of the derivatives
dAµ1...µr
ν1...νs by covariant derivatives DAµ1...µr
ν1...νs (see [71] for an explicit example). In
principle, the covariant derivatives can be computed recursively when the algebra G is given
[122].
Finally vsym is obtained using the temporal involution Ω1,
vsym = v◦ sym + v+ sym ,
v◦ sym = −1
2
∑
a≥b
[eh(
de−h
dξ
)](ν)
(µ)(K(ν)(µ) + ǫ(µ)ǫ(ν)K
(µ)
(ν))−
q∑
u=1
dφu
dξ
Ru ,
v+ sym =
1
2r!s!
dAµ1...µr
ν1...νs
dξ
e−
∑q
u=1 λuφ
u
e(µ1)
µ1 . . . e(µr)
µreν1
(ν1) . . . eνs
(νs)
(R(ν1)...(νs)
(µ1)...(µr) + ǫ(µ1) . . . ǫ(µr)ǫ(ν1) . . . ǫ(νs)R¯(µ1)...(µr)
(ν1)...(νs)) + . . . ,
Invariant Action
The invariant scalar product relations are
〈Kaa,Kbb〉 = Gab , 〈Kba,Kdc〉 = δbcδda a 6= b , 〈R,R〉 =
1
2
, (6.13)
〈R a1...arb1...bs , R¯
c1...cs
d1...dr
〉 = δc1b1 . . . δcsbsδ
a1
d1
. . . δardr .
Here G = ID− 12ΞD where ΞD is theD×D matrix with all entries equal to unity. Decomposing
SG+++ as
SG+++ = S
(0)
G+++ +
∑
A
S
(A)
G+++ , (6.14)
where S
(0)
G+++ contains all level zero contributions, one obtains
S
(0)
G+++ =
1
2
∫
dξ
1
n(ξ)
[
1
2
(gµνgστ − 1
2
gµσgντ )
dgµσ
dξ
dgντ
dξ
+
q∑
u=1
dφu
dξ
dφu
dξ
]
, (6.15)
S
(A)
G+++ =
1
2r!s!
∫
dξ
e−2λφ
n(ξ)
[
DA ν1...νsµ1...µr
dξ
gµ1σ1 ... gµrσrgν1ρ1 ... gνsρs
DA ρ1...ρsσ1...σr
dξ
]
. (6.16)
The ξ-dependent fields gµν are defined as gµν = eµ
(ρ)eν
(σ)η(ρ)(σ), where eµ
(ρ) = (e−h(ξ))µ(ρ).
The appearance of the Lorentz metric η(µ)(ν) with η11 = −1 is a consequence of the temporal
involution Ω1. λ is the generalisation of the scale parameter −εAλup/2 to all roots.
How to Make Contact with the Original Theories?
The field content of the original maximally oxidised theories can be identified in the way
sketched above, but there are infinitely many more fields in the sigma model. Some of these
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fields may be auxiliary fields. Others might be related to new degrees of freedom, such as
those describing the perturbative string spectrum. Moreover, the fields of the sigma model
depend on ξ and they are not spacetime fields. In [43] it was conjectured that the derivatives
at all orders of the fields (identified as those) of the maximally oxidised theories are present
among the infinite number of fields of the coset model. It was shown that the tensors, with
the symmetry appropriate to encode these derivatives, were present in the coset model.
To make contact with maximally oxidised theories, a truncation of the coset model is
very instructive [69]. Two different truncations and their physical relevance are presented in
the next sections. The first consists in putting to zero all the fields φ(ξ) associated with the
very extended node and the second follows the same procedure but after a Weyl reflection.
These procedures provide actions invariant under G++. The first one is called G++B and the
second one G++C , where the subscript C stands for Cosmological. Such truncations of the
G+++ theory are consistent in the sense that all the solutions of the equations of motion of
SG++
C/B
are also solutions of the equations of motion of SG+++. Note that the G++C/B action was
already written in [43], before the G+++ invariant actions.
6.1 The G++C -theory
Consider the overextended algebra G++C obtained from the very-extended algebra G+++ by
deleting the node labelled 1 from the Dynkin diagrams of G+++ depicted in Fig.1. The
action SG++C describing the G
++
C –theory is obtained from G+++ by performing the following
consistent truncation. One sets to zero in the coset representative (6.11) the field multiplying
the Chevalley generator h1 = K
1
1 − K22 and all the fields multiplying the positive ladder
operators associated with a root α such that its decomposition in terms of simple roots
contains α1. As shown in reference [69], this is equivalent
· to put to zero all the fields Aµ1...µr ν1...νs with a least one index equal to 1. To avoid
confusion, the remaining fields will be denoted by Bm1...mr
n1...ns where the indices
are now latin indices a = (2, ...,D) and these fields are interpreted as the space–like
components of spacetime fields;
· to put to zero the g1a fields;
· to replace g11 by g where g =det(gab): this condition amounts to cancel the field in
front of the Cartan generator h1.
Performing this truncation one obtains the following action
SG++C = S
(0)
G++C
+
∑
B
S
(B)
G++C
, (6.17)
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where
S
(0)
G++C
=
1
2
∫
dt
1
n(t)
(
1
2
(gabgcd − gacgbd)dgac
dt
dgbd
dt
+
dφ
dt
dφ
dt
) ,
S
(B)
G++C
=
1
2r!s!
∫
dt
e−2λφ
n(t)
[
DBm1...mr
n1...ns
dt
gm1p1... gmrprgn1q1... gnsqs
DBp1...pr
q1...qs
dt
]
.
The latin indices a, b, ... run over (2, . . . D); ξ has been renamed t and δg = −g−1gabδgab
has been used. This theory describes a motion on the coset G++C /K++ where K++ is the
subalgebra of G++ invariant under the Chevalley involution. The restriction to the level ℓ = 0
of K++ is SO(D). This fact and the interpretation of gµν as the spacetime metric lead to
the interpretation of the indices a = (2, ...,D) as space–like indices, gab as the spatial metric
and the evolution parameter ξ = t as the remaining time coordinate. These cosmological
actions SG++C generalise to all G
++ the E10 (≡ E++8 ) action of reference [43, 47] proposed in
the context of M–theory and cosmological billiards. The rest of this section summarises the
results of reference [43], which will be generalised in chapter 8 by including the fermionic
sector.
”Small Tension Expansion” of D = 11 Supergravity
The billiard shape is only governed by the simple roots, i.e. height one roots, of g++, the
dominant walls being in one-to-one correspondence with them. Some of the subdominant
walls also have an algebraic interpretation in terms of higher-height positive roots. This
enables one to go beyond the billiard picture. The idea developed in [43] is to reformulate
the eleven dimensional supergravity action as the non–linear σ–model SE++8
5. The relevance
of this σ–model stems from the fact that there exists a group theoretical interpretation of the
billiard motion, namely: the asymptotic BKL dynamics is equivalent, at each spatial point,
to the asymptotic dynamics of the one–dimensional nonlinear σ-model based on the infinite–
dimensional coset space G++C /K++. More precisely, a ”gradient expansion” of the equations
of motion of the eleven–dimensional supergravity perfectly matches a level expansion of the
equations of motion of the σ–model. The matching is established up to height 30 [43] (and
[47] for more details). Reference [43] conjectures that the spatial derivatives of the fields can
be identified with coset elements. This conjecture is based on the fact that there is “enough
room” in e++8 for all the spatial gradients: the three infinite sets of admissible sl(10) Dynkin
labels (00100000k), (00000100k) and (10000001k) with highest weights obeying Λ2 = 2, at
levels ℓ = 3k+1, 3k+2 and 3k+3, respectively appear in the decomposition of e++8 as sl(10)
representations. These correspond to three infinite towers of e++8 elements
Ra1...an
b1b2b3 , Ra1...an
b1...b6, Ra1...an
b0|b1...b8 ,
5This σ-model is constructed along the same lines shown above for very extended groups (6.14) SG+++
except that the evolution parameter is taken to be the time and the chosen subgroup K++ is the maximally
compact one: accordingly, the Iwasawa decomposition can be fully used.
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which possess the right symmetry to be interpreted as the gradients of Ab1b2b3 , Ab1...b6 and
Ab0|b1...b8.
6.2 The G++B -theory
The action SG+++ is invariant under the Weyl reflections of G+++ by construction. The
truncated action SG++C is no longer invariant under the Weyl reflections Wα1 with respect to
the deleted root α1. This fact and the non commutativity of the temporal involution with
Wα1 implies the existence of an action SG++B that is not equivalent to SG++C . The G
++
B -theory
is obtained by performing the same truncation as the one presented above (namely all the
fields in the G+++–invariant action (6.14) that multiply the generators involving the root α1
are equated to zero) but this truncation is performed after the G+++ Weyl transformation
Eq.(6.19) which transmutes the time index 1 to a space index. This yields an action SG++B
which is formally identical to the one given by Eq. (6.18), but with a Lorentz signature for
the metric, which in the flat coordinates amounts to a negative sign for the Lorentz metric
component η22, and with ξ identified with the missing space coordinate (instead of t). The
action SG++B , and hence SG+++, contains exact intersecting extremal brane solutions of space-
time covariant theories reduced on all dimensions but one [71, 72, 69]. These solutions are
important because they provide a laboratory for analysing the significance of at least some
subset of the infinitely many fields describing the Kac–Moody invariant theories. Extremal
branes in more non–compact dimensions differ from the one dimensional ones only by the
dependence of a harmonic function on the number of non–compact dimensions. For such
decompactified solutions to exist in the Kac–Moody theory, higher level fields must provide
the derivatives necessary to obtain higher dimensional harmonic functions [71]. This test is
crucial to settle the issue of whether or not the Kac–Moody theories discussed here can really
describe uncompactified space-time covariant theories. In the rest of this section, we review
in detail the effects of Weyl reflections with respect to a root, belonging to the gravity line
or not, on the signature of the theory. The last reflections may affect the signs of the p–form
kinetic terms. Finally exotic signatures are discussed.
Weyl Reflections w.r.t. roots belonging to the gravity line
A Weyl transformation W can be expressed as a conjugation by a group element UW of
G+++. The involution Ω′ operating on the conjugate elements is defined by
UW ΩT U
−1
W = Ω
′ UWTU−1W , (6.18)
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where T is any generator of G+++. The effect of the Weyl reflection Wα1 generated by the
simple root α1 (the very extended root) is,
U1 ΩK
2
1 U
−1
1 = ρK
2
1 = ρΩ
′K12 ,
U1 ΩK
1
3 U
−1
1 = σK
3
2 = σΩ
′K23 , (6.19)
U1 ΩK
i
i+1 U
−1
1 = −τKi+1i = τΩ′Kii+1 i > 2 .
Here ρ, σ, τ are plus or minus signs which may arise since ladder operators are representations
of the Weyl group up to signs. Eqs.(6.19) illustrate the general result that such signs always
cancel in the determination of Ω′. The content of Eqs.(6.19) is represented in Table 6.2. The
signs below the generators of the gravity line indicate the sign in front of the negative ladder
operator obtained by the involution: a minus sign is in agreement with the conventional
Chevalley involution and indicates that the indices in Kaa+1 are either both space–like or
time–like indices, while a plus sign indicates that one index must be time–like and the other
space–like.
Table 6.2: Involution switch from Ω to Ω′ due to the Weyl reflection Wα1
gravity line K12 K
2
3 K
3
4 · · · KD−1D time coordinate
Ω + − − − − 1
Ω′ + + − − − 2
If we choose the description that leaves unaffected coordinates attached to planes invariant
under the Weyl transformation, Table 6.2 shows that the time coordinate must be identified
with 2. The generic Weyl reflection Wαa generated by the simple root αa of the gravity line
exchanges the indices a and a + 1 together with the spacetime nature of the corresponding
coordinates.
Weyl Reflections w.r.t. roots not belonging to the gravity line
Weyl reflections generated by simple roots not belonging to the gravity line relate ladder
operators of different levels. As a consequence [113, 114], these may potentially induce
changes of signature far less trivial than the simple change of the index identifying the time
coordinate. These changes have been studied from the algebraic point of view in great details
for E11 (and more generally for En) in [113, 114]
6.
In order to tackle the question of how the involution acts on a generic ladder operator
Ra1...ar of level greater than zero in a given irrreducible representation of AD−1, let us in-
troduce some notations. First, given an involution Ω˜, one defines sign(Ω˜X) for any given
6Some algebraic considerations in this context for others groups G are presented in the Appendix of reference
[80].
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positive ladder operator X in the following way
Ω˜X ≡ sign(Ω˜X) X¯, (6.20)
where X¯ denotes the negative ladder operator conjugate to X. Second, we also introduce a
sign associated with a given positive ladder operator of level greater than zero7 Ra1...ar in the
following way
+ : sign(Ω˜Ra1...ar) = −ǫa1 . . . ǫar (6.21)
− : sign(Ω˜Ra1...ar) = +ǫa1 . . . ǫar , (6.22)
where ǫa = −1 if a is a timelike index, and ǫa = +1 if a is a space-like index, the space-time
nature of the coordinate labelled by the index a being defined by the action of Ω˜ on the
generators Kab. The + sign defined in Eq.(6.21) leads to a positive kinetic energy term for
the corresponding field in the action while the − sign defined in Eq.(6.22) leads to a negative
kinetic energy term. Finally, if we perform a Weyl reflection WY generated by a simple root
not belonging to the gravity line and associated with a ladder operator Y , then Eq.(6.18)
gives
sign(ΩY ) = sign(Ω′Y ), (6.23)
because sign(Ω˜Y ) = sign(Ω˜Y¯ ) where Y¯ is the negative ladder operator conjugate to Y .
Exotic Signatures
The SG++B action is characterised by a signature (1,D − 2,+) where the + sign means that
Eq.(6.21) is fulfilled for all the simple positive ladder operators, which implies that all the ki-
netic energy terms in the action are positive. As this involution does not generically commute
with Weyl reflections, the same coset can be described by actions S
(T,S,ε)
G++
(i1i2...it)
, where the global
signature is (T, S, ε) with ε denoting a set of signs, one for each simple ladder operator that
does not belong to the gravity line, defined by Eqs.(6.21) and (6.22), and i1i2 . . . it are the
time indices. The equivalence of the different actions has been shown by deriving differential
equations relating the fields parametrising the different coset representatives [69] and in the
special case of G++B = E++8 all the signatures in the orbits of (1,D − 2,+) have been found
to agree with [113, 114] and [96, 97, 95]. In the last chapter we derive all the signatures in
the orbit of (1,D − 2, {ǫ = +}) for all G++B –theories.
7As far as the action of the involution is concerned the symmetry properties of a ladder operator given by
its Dynkin labels do not play any role.
Chapter 7
Dirac Fermions
One intriguing feature of the hidden symmetries is the fact that when the coupled Einstein–
G/K(G) system is the bosonic sector of a supergravity theory, then, important properties of
supergravities which are usually derived on the grounds of supersymmetry may alternatively
be obtained by invoking the hidden symmetries. This is for instance the case of the Chern–
Simons term and of the precise value of its coefficient in eleven dimensional supergravity,
which is required by supersymmetry [31], but which also follows from the E (E8(8) or E
++
8(8))
symmetry of the Lagrangian [26, 27, 43]. Quite generally, the spacetime dimension 11 is quite
special for the Einstein–3–form system, both from the point of view of supersymmetry and
from the existence of hidden symmetries. Another example will be provided below (subsection
7.4.2). One might thus be inclined to think that there is a deep connection between hidden
symmetries and supergravity. However, hidden symmetries exist even for bosonic theories
that are not the bosonic sectors of supersymmetric theories. For this reason, they appear to
have a wider scope.
In order to further elucidate hidden symmetries, we have investigated how fermions enter
the picture. Although the supersymmetric case is most likely ultimately the most interest-
ing, we have initially considered only spin–1/2 fermions, for two reasons. First, this case is
technically simpler. Second, in the light of the above comments, we want to deepen the un-
derstanding of the connection — or the absence of connection — between hidden symmetries
and supersymmetry. The spin–3/2 is envisaged in chapter 8.
The Einstein–(p–form)–Dirac system by itself is not supersymmetric and yet we find that
the Dirac fermions are compatible with the G–symmetry, for all (split) real simple Lie groups.
Indeed, one may arrange for the fermions to form representations of the compact subgroup
K(G). This is automatic for the pure Einstein–Dirac system. When p–forms are present,
the hidden symmetry invariance requirement fixes the Pauli couplings of the Dirac fermions
with the p–forms, a feature familiar from supersymmetry. In particular, E8–invariance of the
coupling of a Dirac fermion to the Einstein–3–form system reproduces the supersymmetric
covariant Dirac operator of 11–dimensional supergravity [31, 104]. A similar feature holds
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for N = 1 supergravity in 5 dimensions [21]. Thus, we see again that hidden symmetries of
gravitational theories appear to have a wider scope than supersymmetry but yet, have the
puzzling feature of predicting similar structures when supersymmetry is available.
We formulate the theories both in 3 spacetime dimensions, where the symmetries are
manifest, and in the maximum oxidation dimension, where the Lagrangian is simpler. To
a large extent, one may thus view this work as an extension of the oxidation analysis [103,
105, 108, 30, 37, 89, 91, 92, 110, 111, 50] to include Dirac fermions. Indeed the symmetric
Lagrangian is known in 3 dimensions and one may ask the question of how high it oxidises. It
turns out that in most cases, the Dirac fermions do not bring new obstructions to oxidation
in addition to the ones found in the bosonic sectors. If the bosonic Lagrangian lifts up to n
dimensions, then the coupled bosonic–Dirac Lagrangian (with the Dirac fields transforming
in appropriate representations of the maximal compact subgroup K(G)) also lifts up to n
dimensions. This absence of new obstructions coming from the fermions is in line with the
results of Keurentjes [115], who has shown that the topology of the compact subgroup K(G)
is always appropriate to allow for fermions in higher dimensions when the bosonic sector can
be oxidised.
We then investigate how the fermions fit in the conjectured infinite–dimensional symmetry
G++ and find indications that the fermions form representations of K(G++) up to the level
where the matching works for the bosonic sector. We study next the BKL limit [10, 12, 44] of
the systems with fermions. We extend to all dimensions the results of [9], where it was found
that the inclusion of Dirac spinors (with a non–vanishing expectation value for fermionic
currents) eliminates chaos in four dimensions. Our analysis provides furthermore a group
theoretical interpretation of this result: elimination of chaos follows from the fact that the
geodesic motion on the symmetric space G++/K(G++), which is lightlike in the pure bosonic
case [44], becomes timelike when spin–1/2 fields are included (and their currents acquire
non–vanishing values) — the mass term being given by the Casimir of the maximal compact
subgroup K(G++) in the fermionic representation.
This chapter is organized as follows. In the first section, we recall the construction of
non–linear realisation based on the coset spaces G/K. In the section 7.2, we consider the
dimensional reduction to three dimensions of the pure Einstein–Dirac system in D spacetime
dimensions and show that the fermions transform in the spinorial representation of the max-
imal compact subgroup SO(n + 1) in three dimensions, as they should. The SO(n, n) case
is treated in section 7.3, by relying on the pure gravitational case. The maximal compact
subgroup is now SO(n) × SO(n). We show that one can choose the Pauli couplings so that
the fermions transform in a representation of SO(n) × SO(n) (in fact, one can adjust the
Pauli couplings so that different representations arise). In section 7.4, we turn to the En–
family. We show that again, the Pauli couplings can be adjusted so that the spin–1/2 fields
transform in a representation of SO(16), SU(8) or Sp(4) when one oxidises the theory along
the standard lines. in section 7.6, we show that the G2–case admits also covariant fermions
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in 5 dimensions in section 7.5 and treat next all the other non simply laced groups from their
embeddings in simply laced ones.
In section 7.7, we show that the Dirac fields fit (up to the same level as the bosons) into
the conjectured G++ symmetry, by considering the coupling of Dirac fermions to the (1 + 0)
non linear sigma model of [43]. In section 7.8, we analyse the BKL limit and argue that
chaos is eliminated by the Dirac field because the Casimir of the K(G++) currents in the
fermionic representation provides a mass term for the geodesic motion on the symmetric
space G++/K(G++). Finally, we close this chapter with some conclusions.
In the analysis of the models, we rely very much on the papers [28, 29, 30], where the max-
imally oxidised theories have been worked out in detail and where the patterns of dimensional
reduction that we shall need have been established.
We shall exclusively deal in this chapter with the split real forms of the Lie algebras,
defined as above in terms of the same Chevalley–Serre presentation but with coefficients that
are restricted to be real numbers. Remarks on the non–split case are given in the conclusions.
7.1 Non–linear realisation based on the coset space G/K
The coset space G/K (with the gauge subgroup K acting from the left) is parametrised by
taking the group elements V in the upper–triangular “Borel gauge”. The differential
v = dVV−1 (7.1)
is in the Borel subalgebra of g, i.e. is a linear combination of the hi’s and the eα’s (notations
explained in appendix A). The differential v is invariant under right multiplication. One
defines P as its symmetric part and Q as its antisymmetric part,
P = 1
2
(v + vT ), Q = 1
2
(v − vT ) , (7.2)
where vT = τ(v) and τ is the Cartan involution. Q is in the compact subalgebra. Under a
gauge transformation P is covariant whereas the antisymmetric part Q transforms as a gauge
connection,
V −→ HV , P −→ HPH−1 , Q −→ dHH−1 +HQH−1 (7.3)
(with H ∈ K). One may parametrise V as V = V1 V2 where V1 is in the Cartan torus
V1 = e 12φiHi and V2 is in the nilpotent subgroup generated by the eα’s (the Hi are as in the
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orthonormal basis, see Eq.(A.11) and the eα are as in the Chevalley basis ”up to signs”) [28]
1.
In terms of this parametrisation, one finds
v =
1
2
dφiHi +
∑
α∈∆+
e
1
2
~α.~φFαeα (7.4)
where ∆+ is the set of positive roots. Here, the one-forms Fα are defined through
dV2V−12 =
∑
α∈∆+
Fαeα. (7.5)
In the infinite-dimensional case, there is also a sum over the multiplicity index. Thus we get
P = 1
2
dφiHi +
1
2
∑
α∈∆+
e
1
2
~α.~φFα (eα − fα) (7.6)
and
Q = 1
2
∑
α∈∆+
e
1
2
~α.~φFα kα ≡
∑
α∈∆+
Q(α) kα (7.7)
with
Q(α) =
1
2
e
1
2
~α.~φFα. (7.8)
We see therefore that the one-forms (1/2)e
1
2
~α.~φFα appear as the components of the connection
one-form of the compact subgroup K(G) in the basis of the kα’s.
The Lagrangian for the coset model G/K reads
LG/K = −K (P,∧ ∗ P) (7.9)
If we expand the Lagrangian according to (7.6), we get
LG/K = −
1
2
∗d~φ ∧ d~φ− 1
2
∑
α∈∆+
Nα e
~α.~φ ∗Fα ∧ Fα (7.10)
where the factor Nα is defined in (A.10).
The coupling of a field ψ transforming in a representation J of the “unbroken” subgroup
K is straightforward. One replaces ordinary derivatives ∂µ by covariant derivatives Dµ where
Dµψ = ∂µψ −
∑
α∈∆+
Qµ(α)Jαψ (7.11)
1The explicit choice for V2 for the maximally oxidised theories which comprise at most one p–form F (p) =
dA(p−1) and possibly Chern–Simons terms — i.e. for an, dn, e8 and g2 — is V2 = V3V4V5V6,
V3 = Πi<jUij ,
V4 = e
∑
i1,...,ip
A
(0)
i1...ip−1
E
i1...ip−1
,
V5 = e
∑
ij ψ
i1...ip−2Di1...ip−2 ,
V6 = e
∑
j χ
jDj ,
where Uij = e
Ai(0) jEij (without sum), the Ai(0) j are as in Eqs.(F.3), the A(0)i1...ip are as in Eq.(F.5), the χj and
ψi1...ip−2 as is Eqs.(F.11). The eα’s are {Eij , Ei1...ip−1 , Di1...ip−2 , Dj}
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with Q(α) = Qµ(α)dxµ. In (7.11), Jα are the generators of the representation J of K in which
ψ transforms, Jα = J(kα) (the generators Jα obeys the same commutation relations as kα).
This guarantees K – and hence G – invariance. The three-dimensional Dirac Lagrangian is
thus (in flat space)
ψ¯γµ

∂µ − ∑
α∈∆+
Qµ(α)Jα

ψ (7.12)
7.2 Dimensional reduction of the Einstein–Dirac System
We start with the simplest case, namely, that of the coupled Einstein–Dirac system without
extra fields. To show that the Dirac field is compatible with the hidden symmetry is rather
direct in this case.
7.2.1 Reduction of gravity
Upon dimensional reduction down to d = 3, gravity in D = 3 + n gets a symmetry group
SL(n + 1), beyond the SL(n) symmetry of the reduced dimensions. Moreover, in three
dimensions the scalars describe a SL(n+1)/SO(n+1) σ–model. A pedestrian presentation of
pure gravity dimensional reduction is given in appendix F, here details are skipped. Following
(F.2), we parametrize the D = 3 + n vielbein in a triangular gauge as
eˆ =
(
e
1
2
~s.~φeµ
(ν) e~γi.
~φA(1)µj
0 Mi
j
)
(7.13)
with µ, (ν) = 0,D − 2,D − 1 and i, j = 1, ..., n. We choose the non–compactified dimensions
to be 0, D − 2 and D − 1 so that indices remain simple in formulas. The vielbein in three
spacetime dimensions is eµ
(ν). We denote by M the upper–triangular matrix2
Mi
j = e~γi.
~φ(δji +A(0)ij) = e~γi.
~φγ˜ij
One can check that det(M) = e−
1
2
~s.~φ. After dualising the Kaluza–Klein vectors A(1)i into
scalars χj as
e
~bi.~φ ∗(γ˜ijd(γjmAm(1))) = γji (dχj) (7.14)
one can form the upper–triangular (n+ 1)× (n+ 1) matrix
V−1 =
(
Mi
j χie
1
2
~s.~φ
0 e
1
2
~s.~φ
)
(7.15)
which parametrizes a SL(n+1)/SO(n+1) symmetric space. With this parametrization, the
three–dimensional reduced Lagrangian becomes
L(3)E = R ∗ 1−
1
2
Tr (P ∧ ∗P)
2The indices would have been at the same “floor” if hi = dzi + A(0)ijdzj + A(1)i has been defined by
hi = dzi + dzjA(0)j i +A(1)i.
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where one finds explicitly from (7.15)
G = dVV−1 = −V(dV−1) = −
(
M−1dM M−1dχe
1
2
~s.~φ
0 12~s.d
~φ
)
and
P = −

 12 (M−1dM + (M−1dM)T ) 12M−1dχe 12~s.~φ
1
2
(
M−1dχe
1
2
~s.~φ
)T
1
2~s.d
~φ


Q = −

 12 (M−1dM − (M−1dM)T ) 12M−1dχe 12~s.~φ
−12
(
M−1dχe
1
2
~s.~φ
)T
0

 . (7.16)
7.2.2 Adding spinors
We now couple a Dirac spinor to gravity in D = 3 + n dimensions:
Lˆ = LˆE + LˆD
with LˆE the Einstein Lagrangian and LˆD the Dirac Lagrangian,
LˆD = eˆ ¯ˆψDˆupslopeψˆ = eˆψˆγµˆ
(
∂µˆ − 1
4
ωˆµˆ,(νˆ)(ρˆ)γ
(νˆ)(ρˆ)
)
ψˆ (7.17)
eˆ is the determinant of the vielbein and µˆ, (νˆ) = 0, ...,Dmax − 1. The indices (µˆ), (νˆ), ... are
internal indices and µˆ, νˆ are spacetime indices. The spin connection ωˆ can be computed from
the vielbein,
ωˆµˆ,(νˆ)(ρˆ) =
1
2
e(νˆ)
σˆ(∂σˆeµˆ(ρˆ) − ∂µˆeσˆ(ρˆ))− 1
2
e(ρˆ)
σˆ(∂σˆeµˆ(νˆ) − ∂µˆeσˆ(νˆ))
−1
2
e(νˆ)
λˆe(ρˆ)
σˆ(∂σˆeλˆ(δˆ) − ∂λˆeσˆ (δˆ))eµˆ(δˆ) .
Note that the numerical matrices γ(µˆ) (with (µˆ) an internal index) are left unchanged in the
reduction process, but this is not the case for γµˆ (with µˆ a spacetime index). Indeed, γµˆ has to
be understood as eˆ(νˆ)
µˆγ(νˆ) in D dimensions, and as e(ν)
µγ(ν) in 3 dimensions. Nevertheless, we
do not put hats on three–dimensional γ–matrices with a spatial index as no confusion should
arise. Remember that the Dirac spinor belongs to a representation of Spin(D − 1, 1) which
is the universal covering group of the orthochronous Lorentz group SO(D − 1, 1)↑+. At the
Lie algebra level, the dirac spinor belongs to a representation of the Lie algebra so(D− 1, 1).
The so(D− 1, 1) generators J µˆνˆ are represented by gamma matrices 12γ(µˆ)(νˆ), see Lagrangian
(7.17).
We perform a dimensional reduction, with the vielbein parametrised by (7.13), by imposing
the vanishing of derivatives ∂µˆ for µˆ ≥ 3. We also rescale ψˆ by a power f of the determinant
of the reduced part of the vielbein M :
ψ = e−
1
2
f~s.~φψˆ .
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After reassembling the various terms, we find that the reduced Dirac Lagrangian can be
written as
L(3)D = e(
1
2
+f)~s.~φeψDupslopeψ +
(
1
2
f +
1
4
)
e(
1
2
+f)~s.~φe ∂µ(~s.~φ)ψγ
µψ
+
1
8
e(
1
2
+f)~s.~φe
(
M−1jk∂µMki −M−1ik∂µMkj
)
ψγµγijψ
+
1
8
ef~s.
~φe e(ρ)
µe(σ)
ν
(
∂µ(A(1)νjM−1jk)− ∂ν(A(1)µjM−1jk)
)
Mk
i ψγiγ(ρ)(σ)ψ
where e is the determinant of the dreibein. dualising A(1) according to (7.14), we get
L(3)D = e(
1
2
+f)~s.~φeψDupslopeψ +
(
1
2
f +
1
4
)
e(
1
2
+f)~s.~φe ∂µ(~s.~φ)ψγ
µψ
+
1
8
e(
1
2
+f)~s.~φe
(
M−1jk∂µMki −M−1ik∂µMkj
)
ψγµγijψ
+
1
8
e(1+f)~s.
~φe ǫ(ρ)(σ)(δ)
(δ)eµ(δ)M
−1
i
j∂µχjψγ
iγ(ρ)(σ)ψ .
If we choose the scaling power of the spinor as
f = −1
2
,
the Lagrangian simplifies to
L(3)D = eψDupslopeψ +
1
8
e
(
M−1jk∂µMki −M−1ik∂µMkj
)
ψγµγijψ
+
1
4
e e
1
2
~s.~φM−1ij∂µχjψγµγˆγiψ (7.18)
where we have used the notation γˆ = γ0γD−2γD−1.
In fact, the three–dimensional Lagrangian can be rewritten using a covariant derivative in-
cluding a connection with respect to the gauge group SO(n+ 1):
L(3)D = eψ∇upslopeψ
with
∇µ = ∂µ − 1
4
ωµ,(ρ)(σ)γ
(ρ)(σ) − 1
2
Qµ,ijJ ij (7.19)
where Q is the SO(n+ 1) connection (7.16), acting on Dirac spinors through
Jij =
1
2
γij , Ji(n+1) =
1
2
γˆγi (i, j = 1..n) .
These matrices define a spinorial representation of so(n + 1). The commutations relations
are indeed [
1
2γ
ij , 12γ
kl
]
= 0[
1
2γ
ij , 12γ
ik
]
= −12γjk[
1
2 γˆγ
i, 12γ
jk
]
= 0[
1
2 γˆγ
i, 12γ
ij
]
= 12 γˆγ
j[
1
2 γˆγ
i, 12 γˆγ
j
]
= −12γij
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where different indices are supposed to be distinct. Equivalently, we can remark that γˆ
commutes with γm for m = 0,D − 2,D − 1 and anticommutes with γi for i = 1, ..., n. As
we have also γˆ2 = 1, it follows that γa’s for a = 1, ..., n and γˆ generate an internal n + 1
dimensional Clifford algebra, commuting with the spacetime Clifford algebra generated by
γm,m = 0,D − 2,D − 1.
In other words, the Spin(n+ 2, 1) representation of Dirac fermions in dimension D = 3 + n
is reduced to a Spin(2, 1) × Spin(n + 1) representation in dimension 3, ensuring that the
Dirac fermions are compatible with the hidden symmetry. Note that if D is even, one can
impose chirality conditions on the spin 1/2 field in D dimensions. One gets in this way a
chiral spinor of Spin(n+ 1) after dimensional reduction.
7.2.3 Explicit Borel decomposition
One may write the Lagrangian in the form (7.10) by making a full Borel parametrization of
the matrix M . The algebra element G reads
G = 1
2
d~φ. ~H +
∑
i<j
e
1
2
~bij .~φF(1)ijebij +
∑
i
e−
1
2
~bi.~φG(1)iebi
where the dilaton vectors and the “field strengths” F i
(1)j and G(1)i (which are also the SO(n+1)
connections) are given in the appendix F. The positive roots of sl(n + 1) are (~bij ,−~bi) and
the corresponding root vectors ebij and ebi are the multiple commutators of the generators
ei not involving e1 (for ebij ) or involving e1 (for ebi), i.e., ebii+1 = ei+1 (i = 1, · · · , n − 1),
ebij = [ei, [ei+1, [...[ej−2, ej ] · · · ] (i, j = 2, · · · , n, i + 1 < j), ebi = [e1, eb2i ] (i ≥ 3), ebn = en.
These root vectors are such that the normalization factors Nα are all equal to one. The
Lagrangian L(3) = L(3)E + L(3)D reads
L(3) = R ∗1l− 1
2
∗d~φ ∧ d~φ− 1
2
∑
i
e−~bi·~φ ∗G(1)i ∧ G(1)i − 1
2
∑
i<j
e
~bij ·~φ ∗F i(1)j ∧ F i(1)j
+eˆψˆγµ

∂µ − 1
4
ωˆµ,(ρ)(σ)γ
(ρ)(σ) − 1
4
∑
i<j
e
1
2
~bij ·~φF i(1)jγij −
1
4
∑
i
e−
1
2
~bi·~φ G(1)iγˆγi

ψ .
7.3 Dn case
7.3.1 Bosonic sector
Following [30], we consider the gravitational lagrangian LE with an added three form field
strength F(3) coupled to a dilaton field ϕ,
L = R ∗1l− 1
2
∗dϕ ∧ dϕ− 1
2
eaϕ ∗F(3) ∧ F(3) (7.20)
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in the dimension Dmax = n+2, where the coupling constant a is given by a
2 = 8/(Dmax− 2).
Upon toroidal reduction to D = 3, this yields the Lagrangian
L(3) = R ∗1l− 1
2
∗d~φ ∧ d~φ− 1
2
∑
i
e
~bi·~φ ∗F i(2) ∧ F i(2) −
1
2
∑
i<j
e
~bij ·~φ ∗F i(1)j ∧ F i(1)j
−1
2
∑
i
e~ai·~φ ∗F(2)i ∧ F(2)i − 1
2
∑
i<j
e~aij ·~φ ∗F(1)ij ∧ F(1)ij . (7.21)
Note that here ~φ denotes now the set of dilatons (φ1, φ2, . . . , φDmax−3), augmented by ϕ
(the dilaton in Dmax dimensions) as a zeroth component; ~φ = (ϕ, φ1, φ2, . . . , φDmax−3). The
dilaton vectors entering the exponentials in the Lagrangian are given by ~ai, ~aij, ~bi and ~bij
(see appendix F) augmented by a zeroth component that is equal to the constant a in the
case of ~ai and ~aij, and is equal to zero in the case of ~bi and ~bij. The field strengths are
given in appendix F. After dualising the 1–form potentials Ai(1) and A(1)i to axions χi and
ψi respectively, the three–dimensional Lagrangian (7.21) can written as the purely scalar
Lagrangian
L(3)Dn = R ∗1l−
1
2
∗d~φ ∧ d~φ− 1
2
∑
i
e−~bi·~φ ∗G(1)i ∧ G(1)i − 1
2
∑
i<j
e
~bij ·~φ ∗F i(1)j ∧ F i(1)j
−1
2
∑
i
e−~ai·~φ ∗Gi(1) ∧Gi(1) −
1
2
∑
i<j
e~aij ·~φ ∗F(1)ij ∧ F(1)ij , (7.22)
where the dualised field strengths G(1)i and Gi(1) are given in appendix F. The positive roots
of Dn are given by (~bij ,−~bi,~aij ,−~ai) , the simple roots being ~a12, ~bi,i+1 (i ≤ n − 1) and
−~an [30]. The three–dimensional Lagrangian (7.22) describes a SO(n, n)/(SO(n) × SO(n))
σ–model in the Borel gauge coupled to gravity. The field strength of this σ–model is
G = 1
2
d~φ. ~H +
∑
i<j
e
1
2
~bij .~φF(1)ijebij +
∑
i
e−
1
2
~bi.~φG(1)iebi
+
∑
i<j
e
1
2
~aij .~φF(1)ijeaij +
∑
i
e−
1
2
~ai.~φG(1)
ieai . (7.23)
~H is the vector of Cartan generators. We express the positive generators of Dn as follow,
ebij ≡ [ei, [..., [ej−2, ej−1]...] i < j
ebi ≡ [e˜n−1, eb1i ]
eai ≡ [ebin−1 , en−1] (7.24)
eaij ≡ [[en, eb2j ], eb1i ] i < j (7.25)
where e˜n−1 = [en, [eb2n−1 , en−1]] and where i = 1, ..., n − 1 and ebii must be understood as
being absent. The Chevalley–Serre generators of Dn, namely {em | m = 1, ..., n}, are given
by ei = ebii+1 (i = 1, ..., n − 2), en−1 = ean−1 and en = ea12 . These generators are associated
to the vertices numbered as shown in the following Dynkin diagram,
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n− 1 n− 2 3 2 1
n
i i i i
i
i
Their non vanishing commutation relations are
[ebij , ebmn ] = δjmebin − δinebmj
[ebij , ebm ] = −δimebj
[ebij , eamn ] = −δimeajn − δineamj + δimeanj
[ebij , eam ] = δjmeai
[eaij , eam ] = −δimebj + δjmebi (7.26)
Notations are similar for the negative generators (with f ’s instead of e’s). One easily verifies
that the normalization factors Nα are all equal to one, K(eα, fβ) = −δαβ .
The gravitational subalgebra An−1 is generated by h1, · · · , hn−2, h˜n−1 (Cartan genera-
tors), e1, · · · , en−2, e˜n−1 (raising operators) and f1, · · · , fn−2, f˜n−1 (lowering operators), with
h˜n−1 = −hn − h2 − h3 − · · · − hn−1. The simple root α˜n−1 is connected to α1 only, with a
single link. Note that although it is a simple root for the gravitational subalgebra An−1, it
is in fact the highest root of the An−1 subalgebra associated with the Dynkin subdiagram
n, 2, 3, · · · , n− 1.
7.3.2 Fermions
We want to add Dirac fermion in Dmax, with a coupling which reduces to SO(2, 1)×(SO(n)×
SO(n)), or more precisely Spin(2, 1) × (Spin(n) × Spin(n)). The coupling to gravitational
degrees of freedom is already fixed to the spin connection by invariance under reparametriza-
tion; we know from the first section that it reduces to the Spin(2, 1) × Spin(n) connection
in D = 3. From the structure of the theory, we know that the fermions must have linear
couplings with the 3–form F3. Indeed, the D = 3 couplings must be of the following form
eψγµ
(
∂µ − 1
4
ωˆµ,(µ)(ν)γ
(µ)(ν) −Qµ(α)J (α)
)
ψ
where Q can be read off from (7.23) above and the J (α)’s are a representation of SO(n) ×
SO(n). The possible Lorentz–covariant coupling of this kind are the Pauli coupling and its
dual,
−
√
−gˆe 12aϕ ¯ˆψ 1
3!
(αγ(µˆ)(νˆ)(ρˆ) + βγ(µˆ)(νˆ)(ρˆ)γ)F(3) (µˆ)(νˆ)(ρˆ)ψˆ (7.27)
where α and β are arbitrary constants, which will be determined below. The dilaton de-
pendence is fixed so as to reproduce the roots ~ai and ~aij in the exponentials in front of
the fermions in the expressions below. The matrix γ is the product of all gamma matrices
γ = γ0γ1...γD−1. One has γ2 = −(−1)[D2 ]. Notice that in odd dimensions this matrix is
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proportional to the identity and therefore we can put β = 0 without loss of generality. Thus
we add to the bosonic lagrangian (7.20) the following term,
Lψˆ =
√
−gˆ ¯ˆψ(γµˆ∂µˆ − 1
4
ωˆµˆ,(µˆ)(νˆ)γ
(µˆ)(νˆ) − 1
3!
(αγ(µˆ)(νˆ)(ρˆ) + βγ(µˆ)(νˆ)(ρˆ)γ)e
1
2
aϕF(3)(µˆ)(νˆ)(ρˆ))ψˆ . (7.28)
Upon toroidal reduction to D = 3, the last term of (7.28) becomes,
− 1
3!
√−gψ¯
(
e
1
2
~ai·~φ3(αγ(µ)(ν)γi + βγ(µ)(ν)iγ)F(2)i (µ)(ν)
+ e
1
2
~aij ·~φ3!(αγ(µ)γjγi + βγ(µ)γjγiγ)F(1)ji (µ)
)
ψ .
By using the relation ε(ρ)(µ)(ν)γ
(µ)(ν) = 2γ(ρ)γˆ and dualising the 2 form field strengths, we get
for the dimensional reduction of the Lagrangian (7.28),
L(3)ψ =
√−gψ¯γc(γµ∂µ − 1
4
ωµ,(µ)(ν)γ
(µ)(ν)
− 1
2
e−
1
2
~ai·~φΓ~aiG
c
i −
1
2
e
1
2
~aij ·~φΓ~aijF
c
(1)ij
− 1
2
e−
1
2
~bi.~φΓbiGci −
1
2
e
1
2
~bij .~φΓbijFc(1)ij)ψ (7.29)
where
Γ~ai = 2(αγˆγ
i + βγˆγiγ), Γ~aij = 2(αγ
iγj + βγiγjγ),
Γ~bi =
1
2
γˆγi, Γ~bij =
1
2
γiγj (7.30)
We have to compare this expression with
eψ¯γµ(∂µ − 1
4
ωµ,(ρ)(σ)γ
(ρ)(σ) −Q(α)µ J (α))ψ
where Q(α)µ are the coefficients of the K(SO(n, n)) = SO(n) × SO(n) gauge field. From
(7.23), we find that
Q = 1
2
∑
i<j
e
1
2
~bij .~φF(1)ij(ebij + fbij ) +
1
2
∑
i
e−
1
2
~bi.~φG(1)i(ebi + fbi)
+
1
2
∑
i<j
e
1
2
~aij .~φF(1)ijk(eaij + faij ) +
1
2
∑
i
e−
1
2
~ai.~φG(1)
i(eai + fai) .
To check the correspondence, we need the commutation relations of the maximally compact
subalgebra of Dn. Remember that the Cartan involution τ is such that τ(hi) = −hi, τ(eα) =
fα and τ(fα) = eα so that a basis of the maximally compact subalgebra of Dn reads kα =
eα + fα where α = {aij , ai, bij , bi} and i < j = 1, ..., n − 1. The commutation relations of the
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kα’s are
[kbij , kbmn ] = δjmkbin − δinkbmj + δim(kbnj − kbjn) + δjn(kbmi − kbim)
[kbij , kbm ] = −δimkbj + δjmkbi
[kbij , kamn ] = −δimkajn − δinkamj + δimkanj + δjmkbin + δjn(kbmi − kbim)
[kbij , kam ] = δjmkai − δimkaj
[kbij , kam ] = −δimkaj + δjmkai
[kbi , kbj ] = −kbij + kbji
[kbi , kamn ] = −δinkam + δimkan
[kbi , kaj ] = −kaij + kaji
[kaij , kamn ] = δjmkbin − δinkbmj + δim(kbnj − kbjn) + δjn(kbmi − kbim)
[kaij , kam ] = −δimkbj + δjmkbi (7.31)
Notice that by going to the new basis {kb + ka, kb − ka}, one easily recognizes the algebra
so(n)⊕ so(n).
One has to fix the values of α and β in Eq. (7.27) such that the generators Γ~ai , Γ~bi , Γ~aij
and Γ~bij obey the commutation relations (7.31). The conditions we found are
α2 + β2γ2 =
1
16
, αβ = 0 . (7.32)
In odd dimension, we have set β = 0. This implies α = ±14 . We get for each choice of α
a representation which is trivial for either the left or the right so(n) factor of the compact
gauge group. With β = 0, (7.30) generates indeed so(n), as our analysis of the gravitational
sector has already indicated.
In even dimension, the choices β = 0, α = ±14 are still solutions to (7.32), but in addition
one can have α = 0, β = ± ι4 , where the constant ι is 1 or i such that (ιγ)2 = 1. In this case,
(7.30) combines with the gravitational so(n) to give a so(n)× so(n) representation which is
nontrivial on both factors. The two factors so(n)± are generated in the spinorial space by
the matrices
1
4(1± ιγ)γij
1
4(1± ιγ)γˆγi
The (reduced) gravitational sector is given by the diagonal so(n). If one imposes a chirality
condition in Dmax dimensions, the solution with β = 0 and the solution with α = 0 are of
course equivalent and the representation is trivial on one of the so(n).
This completes the proof that the Dirac spinors are compatible with the Dn hidden
symmetry.
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7.4 En sequence
7.4.1 E8 – bosonic
We consider now the bosonic part of 11—dimensional supergravity, i.e. gravity coupled
to a 3-form in 11 dimensions with the specific value of the Chern–Simons term dictated
by supersymmetry. We denote the 3–form A(3) and its field strength F(4) = dA(3). The
Lagrangian is [31]
L = R ∗1l− 1
2
∗F(4) ∧ F(4) − 1
3!
F(4) ∧ F(4) ∧A(3) . (7.33)
Prior to dualisation, the 3–form term of the Lagrangian reduces in three dimensions to
L(3) = −1
2
∑
i<j<k
e~aijk .
~φ ∗ F(1)ijk ∧ F(1)ijk − 1
2
∑
i<j
e~aij .
~φ ∗ F(2)ij ∧ F(2)ij
− 1
144
dA(0)ijk ∧ dA(0)lmn ∧A(1)pqǫijklmnpq (7.34)
In addition to the gravitational degrees of freedom described in section 7.2, we have 56 scalars
A(0)ijk and 28 1–forms A(1)ij = Aµ(i+2)(j+2)dx
µ, with i, j, k = 1..8. The reduced field strength
are defined as
F(1)ijk = γ
l
iγ
m
jγ
n
k dA(0)lmn (7.35)
F(2)ij = γ
k
iγ
l
j(dA(1)kl − γmn dA(0)klm ∧A(1)n) . (7.36)
The 1–forms A(1)ij are then dualised into scalars λ
kl:
e ~aij .
~φ ∗F(2)ij = G(1)ij = (γ−1)ik(γ−1)j l(dλkl + 1
72
dA(0)mnpA(0)qrsǫ
klmnpqrs) . (7.37)
Moreover, the gravitational duality relation (7.14) has to be modified to take into account
the 3–form degrees of freedom
e
~bi.~φ ∗F(2)i = G(1)i = γj i
(
dχj − 1
2
A(0)jkldλ
kl − 1
432
dA(0)klmA(0)npqA(0)rsjǫ
klmnpqrs
)
.
Taking all this into account, the full 3–dimensional Lagrangian can be written as
L = R ∗1l− 1
2
∗d~φ ∧ d~φ− 1
2
∑
i<j
e
~bij .~φ∗F(1)ij ∧ F(1)ij − 1
2
∑
i
e−~bi.~φ∗G(1)i ∧ G(1)i
−1
2
∑
i<j<k
e~aijk .
~φ∗F(1)ijk ∧ F(1)ijk − 1
2
∑
i<j
e−~aij .~φ∗G(1)ij ∧G(1)ij
which describes a E8/SO(16) σ–model coupled to gravity [26, 27, 132, 28], in the Borel gauge,
with field strength
G = 1
2
d~φ. ~H +
∑
i<j
e
1
2
~bij .~φF(1)ijeij +
∑
i
e−
1
2
~bi.~φG(1)iei
+
∑
i<j<k
e
1
2
~aijk .~φF(1)ijke˜ijk +
∑
i<j
e−
1
2
~aij .~φG(1)
ij e˜ij . (7.38)
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The explicit expressions for the couplings ~aijk and ~aij are (see [28])
~aijk = −2(~γi + ~γj + ~γk), ~aij = −2(~γi + ~γj)− ~s.
The positive roots are ~bij , −~bi, ~aijk and −~aij . The elements eij (i < j), ei, e˜ijk and e˜ij (with
antisymmetry over the indices for the two last cases) are the raising operators. Note that
eij and ei generate the sl(9,R) subalgebra coming from the gravitational sector. In addition,
there are lowering operators fij, fi, f˜ijk and f˜ij. We give all the commutation relations in
that basis of E8 here under. We take a basis of the Cartan subalgebra (hi), such that
[fij, eij ] = hi − hj
[fi, ei] = −hi[
f˜ijk, e˜ijk
]
= 13 (h1 + h2 + . . .+ h8)− hi − hj − hk[
f˜ij, e˜ij
]
= −13(h1 + h2 + . . .+ h8) + hi + hj
(7.39)
[hi, eij ] = eij [hi, fij ] = −fij
[hj , eij ] = −eij [hj , fij ] = fij
[hi, ei] = −ei [hi, fi] = fi
[hi, e˜ijk] = −e˜ijk
[
hi, f˜ijk
]
= f˜ijk
[hi, e˜jk] = −e˜jk
[
hi, f˜jk
]
= f˜jk
(7.40)
where distinct indices are supposed to have different values. The vectors associated with the
simple roots are ei i+1, e˜123. Other non vanishing commutations relations are the following,
with the same convention on indices.
[eij , ejk] = eik [fij, fjk] = fik
[e˜ijk, ekl] = eijl
[
f˜ijk, fkl
]
= fijl
[e˜ijk, e˜lmn] =
1
2ǫ
ijklmnpqe˜pq
[
f˜ijk, f˜lmn
]
= 12ǫ
ijklmnpqf˜pq
[eij , e˜jk] = e˜ik
[
fij, f˜jk
]
= f˜ik
[e˜ijk, e˜jk] = ei
[
f˜ijk, f˜jk
]
= fi
[ei, eij ] = ej [fi, fij ] = fj
(7.41)
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[fij, ekj ] = eki if i > k [fij, ekj ] = −fik if i < k
[fji, ejk] = −eik if i < k [fji, ejk] = fki if i > k
[fij, e˜klj ] = ekli
[
eij , f˜klj
]
= fkli[
f˜ijk, e˜ijl
]
= −ekl if k < l
[
f˜ijk, e˜ijl
]
= flk if k > l
[fji, e˜jk] = −e˜ik
[
eji, f˜jk
]
= −f˜ik[
f˜ijk, e˜lm
]
= − 13!ǫijklmnpqe˜npq
[
e˜ijk, f˜lm
]
= − 13!ǫijklmnpqf˜npq
[fij, ej ] = ei [eij , fj ] = fi[
f˜ij, e˜ik
]
= ekj if j > k
[
f˜ij, e˜ik
]
= −fjk if j < k[
f˜ijk, ek
]
= −e˜ij [e˜ijk, fk] = −f˜ij[
f˜ij, ek
]
= e˜ijk [e˜ij , fk] = f˜ijk
[fi, ej ] = −eij if i < j [fi, ej ] = fji if i > j
(7.42)
The Chevalley–Serre generators are hi − hi+1, h123 ≡ 13 (h1 + · · · + η8)− h1 − h2 − h3, eii+1,
e˜123, fii+1 and f˜123. The scalar products of the hi’s are K(hi, hj) = δij + 1 and the factors
Nα are equal to unity.
7.4.2 E8 – fermions
The maximal compact subgroup of E8 is Spin(16)/Z2. We want to add Dirac fermions in
D = 11, with a coupling which reduces to a Spin(2, 1) × Spin(16)–covariant derivative in
three dimensions. The coupling to gravitational degrees of freedom is already fixed to the
spin connection by invariance under reparametrisations; we know from the first section that
it reduces to the relevant Spin(2, 1) × Spin(9) connection in D = 3.
From the structure of the reduced theory, we know that the fermion must have a linear
coupling to the 4–form F(4). The only Lorentz–covariant coupling of this kind for a single
Dirac fermion in D = 11 is a Pauli coupling
eˆa
1
4!
ψˆFµˆνˆρˆσˆγ
µˆνˆρˆσˆψˆ (7.43)
where a is a constant. Indeed in odd dimensions, the product of all γ matrices is proportional
to the identity, so the dual coupling is not different:
1
7!
(∗F )µˆ1...µˆ7γµˆ1...µˆ7 =
1
4!
Fµˆ1...µˆ4γ
µˆ1...µˆ4 .
Thus we add to the bosonic Lagrangian (7.33) the fermionic term
Lˆψˆ = eˆψˆ(γµˆ∂µˆ −
1
4
ωˆµˆ
(ρˆ)(σˆ)γµˆγ(ρˆ)(σˆ) − 1
4!
aFµˆνˆρˆσˆγ
µˆνˆρˆσˆ)ψˆ
where γ matrices with indices µˆ must be understood as γµˆ = eˆ(νˆ)
µˆγ(νˆ).
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Dimensional reduction to D = 3 leads to
L(3)ψ = L(3)D − ea
1
3!
e
1
2
~aijk .~φF(1)µijkψγ
µγijkψ − ea 1
2.2
e
1
2
~aij .~φF(2)µνijψγ
µνγijψ
where L(3)D is part not containing the 3–form computed previously in (7.18), and with the
same rescaling of ψˆ into ψ. Dualisation (7.37) of F(2)ij can be written as
1
2
e
1
2
~aij .~φF(2)µνijγ
µν = e−
1
2
~aij .~φG(1)µijγ
µγˆ .
It gives the fully dualised fermionic term
L(3)ψ = L(3)D − ea
1
3!
e
1
2
~aijk .~φF(1)µijkψγ
µγijkψ − ea1
2
e−
1
2
~aij .~φG(1)µijψγ
µγˆγijψ . (7.44)
We have to compare this expression to
eψγµ
(
∂µ − 1
4
ωµ,(µ)(ν)γ
(µ)(ν) −Q(α)µ J (α)
)
ψ.
From (7.38), we have
Q = 1
2
∑
i<j
e
1
2
~bij .~φF(1)ij(eij + fij) + 1
2
∑
i
e−
1
2
~bi.~φG(1)i(ei + fi)
+
1
2
∑
i<j<k
e
1
2
~aijk .~φF(1)ijk(e˜ijk + f˜ijk) +
1
2
∑
i<j
e−
1
2
~aij .~φG(1)
ij(e˜ij + f˜ij) .
In fact, we have precisely the correct gauge connection that appears in (7.44). We have only
to check that the products of gamma matrices that multiply the connection in (7.44) satisfy
the correct commutation relations. The generators of the compact subalgebra so(16) are
kij = eij + fij for i < j
ki = ei + fi
k˜ijk = e˜ijk + f˜ijk
k˜ij = e˜ij + f˜ij .
It is convenient to define kij = −kji = −eji− fji for i > j. Their non vanishing commutators
are
[kij , kjk] = kik
[
k˜ijk, kkl
]
= k˜ijl[
k˜ijk, k˜lmn
]
= 12ǫ
ijklmnpqk˜pq
[
k˜ijk, k˜ijl
]
= −kkl[
kij , k˜jk
]
= k˜ik
[
k˜ijk, k˜jk
]
= kl[
k˜ijk, k˜lm
]
= − 13!ǫijklmnpqk˜npq
[
k˜ij , k˜ik
]
= −kjk
[kij , kj ] = ki
[
k˜ijk, kk
]
= −k˜ij[
k˜ij , kk
]
= k˜ijk [ki, kj ] = −kij
(7.45)
where it is assumed that distinct indices have different values.
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We find that the coupling constant must be a = −12 . The spinorial generators are then
given by
kij :
1
2γ
ij
ki :
1
2 γˆγ
i
k˜ijk : −12γijk
k˜ij : −12 γˆγij
(we define kij = −kji = −eji− fji for i > j). We have recovered the well known feature that
the spinorial representation of so(9) is the vector representation of so(16) (see [115] for more
on this).
We see also that E8–invariance forces one to introduce the covariant Dirac operator
γµˆDˆµˆψˆ = γ
µˆ(∂µˆ − 1
4
ωµˆ
(ν)(ρ)γ(ν)(ρ))ψˆ +
1
2.4!
Fµˆνˆρˆσˆγ
µˆνˆρˆσˆψˆ
for the Dirac field. This is exactly the same which appears in D = 11 supergravity for the
supersymmetry transformation parameter ǫ of reference [31] but it is obtained in that context
from supersymmetry.
7.4.3 IIB
The oxidation of the E8/SO(16) coset theory has another endpoint, in D = 10: the bosonic
sector of type IIB supergravity. There is no manifestly covariant Lagrangian attached to
this theory. Indeed, the theory contains a selfdual 4–form, which has no simple (quadratic)
manifestly covariant Lagrangian (although it does admit a quadratic non manifestly covariant
Lagrangian [90], or a non polynomial manifestly covariant Lagrangian [147]). In spite of the
absence of a covariant Lagrangian, the equations of motion are covariant and one may address
the following question: is there a “covariant Dirac operator” for fermions in D = 10 which
reduces to the same SO(16) covariant derivative in D = 3?
Following the notations of [29], we have for this theory, in addition to the metric, a dilaton
φ, an other scalar χ, two 2–forms A1(2) and A
2
(2) with field strength F
1
(3) and F
2
(3), and a 4–form
B(4) with selfdual field strength H(5). If it exists, the D = 10 “covariant Dirac operator”
would have the form
γµˆ∇µˆ = γµˆ∂µˆ − 1
4
ωµˆ
(δˆ)(λˆ)γµˆγ(δˆ)(λˆ) − eφ∂µˆχ(a+ a˜γ)γµˆ − 1
3!
e
1
2
φF 1µˆνˆρˆ(b+ b˜γ)γ
µˆνˆρˆ
− 1
3!
e−
1
2
φF 2µˆνˆρˆ(c+ c˜γ)γ
µˆνˆρˆ − 1
5!
Hµˆνˆρˆσˆτˆfγ
µˆνˆρˆσˆτˆ . (7.46)
γ = γ11 is the product of the ten γi matrices. As H(5) is selfdual, the dual term
Hµˆνˆρˆσˆτˆγγ
µˆνˆρˆσˆτˆ = (∗H)µˆνˆρˆσˆτˆγµˆνˆρˆσˆτˆ
is already taken into account. The powers of the dilaton are fixed so that the field strength
give the expected fields in D = 3.
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Now, the axion term eφ∂µˆχ is the connection for the SO(2)–subgroup of the SL(2) sym-
metry present in 10 dimensions. Under SO(2)–duality, the two two–forms rotate into each
other. So, the commutator of the generator (a+ a˜γ) multiplying the connection eφ∂µˆχ with
the generators (b+ b˜γ)γνˆ ρˆ multiplying the connection e
1
2
φF 1µˆνˆρˆ should reproduce the genera-
tor (c+ c˜γ)γνˆρˆ multiplying the connection e
1
2
φF 2µˆνˆρˆ. But one has [(a+ a˜γ), (b+ b˜γ)γ
νˆ ρˆ] = 0,
leading to a contradiction.
The problem just described comes from the fact that we have taken a single Dirac fermion.
Had we taken instead two Weyl fermions, as it is actually the case for type IIB supergravity,
and assumed that they transformed appropriately into each other under the SO(2)–subgroup
of the SL(2) symmetry, we could have constructed an appropriate covariant derivative. This
covariant derivative is in fact given in [160, 94, 137, 138], to which we refer the reader.
The SO(2) transformations rules of the spinors — as well as the fact that they must have
same chirality in order to transform indeed non trivially into each other — follow from E8–
covariance in 3 dimensions.
7.4.4 E7 case
The E7 exceptional group is a subgroup of E8. As a consequence, the D = 3 coset E7/SU(8)
can be seen as a truncation of the E8/SO(16) coset theory. In fact, this truncation can be
made in higher dimension [30]. One can truncate the D = 9 reduction of the gravity +
3–form theory considered in the last section. If one does not worry about Lagrangian, one
can go one dimension higher and view the theory as the truncation of the bosonic sector of
type IIB supergravity in which one keeps only the vielbein and the chiral 4–form.
In D = 9, the coupling to fermions obtained in section 7.4.2 is truncated in a natural way:
the components of the covariant Dirac operator acting on fermions are the various fields of the
theory, so some of them just disappear with the truncation. The symmetry of the reduced
D = 3 theory is thus preserved: the fermions are coupled to the bosonic fields through a
SU(8) covariant derivative, the truncation of the SO(16) covariant derivative of the E8 case.
The question is about oxidation to D = 10. Can we obtain this truncated covariant Dirac
operator from a covariant Dirac operator of the D = 10 theory? For the reasons already
exposed, if it exists, this operator would act on Dirac fermions as
γµˆ∇µˆ = γµˆ∂µˆ − 1
4
ωˆµˆ
(δˆ)(λˆ)γµˆγ(δˆ)(λˆ) − a 1
5!
Hµˆνˆρˆσˆτˆγ
µˆνˆρˆσˆτˆ
where we have denoted by H the selfdual field strength. With notations analogous to the E8
case, we can write the D = 3 reduction of the covariant Dirac operator as
γµ∇µ = γµ∂µ − 1
4
ωµ
(δ)(λ)γµγ(δ)(λ)
−1
4
e
1
2
~bi.~φF(2)µνiγµνγi − 1
4
e
1
2
~bij .~φF(1)µijγµγij
−a 1
2.3!
e
1
2
~aijk .~φH(2)µνijkγ
µνγijk − a 1
4!
e
1
2
~aijkl.~φH(1)µijklγ
µγijkl .
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Because of the selfduality of H, the 2-forms H(2) and the 1-forms H(1) are in fact dual. Using
γ = γ0γ1 . . . γ9, the covariant Dirac operator turns into
γµ∇µ = γµ∂µ + 1
4
ωµ
abγµγab
+
1
2
e−
1
2
~bi.~φG(1)µiγµγˆγi + 1
2.2
e
1
2
~bij .~φF(1)µijγµγij
+a
1
4!
e
1
2
~aijkl .~φH(1)µijklγ
µ(1 + γ)γijkl . (7.47)
The embedding of E7/SU(8) in E8/SO(16) gives the following identifications:
H(1)1ijk = F(1)(i+1)(j+1)(k+1)
H(1)ijkl = −1
2
ǫ12(i+1)(j+1)(k+1)(l+1)mnG(1)mn
F(1)1i = F(1)12(i+1)
G(1)1 = −G(2)12
F(1)ij = F(1)(i+1)(j+1)
G(1)i = G(1)(i+1)
with 2 ≤ i, j, k, l ≤ 7. We thus have to check that the matrices in (7.47) form the following
representation:
a(1 + γ)γ1ijk ∼ k˜(i+1)(j+1)(k+1)
a(1 + γ)γijkl ∼ 12ǫ12(i+1)(j+1)(k+1)(l+1)mn k˜mn
1
2γ
1i ∼ k˜12(i+1)
1
2 γˆγ
1 ∼ −k˜12
1
2γ
ij ∼ k(i+1)(j+1)
1
2 γˆγ
i ∼ k(i+1) .
(7.48)
This is true if and only if
−4a2(1 + γ) = 1
2
.
This has to be understood as an identity between operators acting on fermions. In fact, this
means that we must restrict to Weyl spinors, with γ = +1 when acting on them. Due to the
even number of γ matrices involved in all generators in (7.48), the su(8) algebra preserves
the chirality of spinors. We get in addition the value of the coupling constant:
a = ± i
4
. (7.49)
7.4.5 E6 case
The E6 case is more simple. One has a Lagrangian in all dimensions. In dimension 3, the
scalar coset is E6/Sp(4). Maximal oxidation is a D = 8 theory with a 3–form, a dilaton and
an axion (scalar) [30]. It can be seen as a truncation of the E8 case in all dimensions. In the
compact subalgebra of so(16) given in (7.45), one should remove generators with one or two
indices in {1, 2, 3} while keeping k˜123.
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In fact, all the matrices involved in the Dirac representation can be expressed in terms of
a D = 8 Clifford algebra. For most generators, it is trivial to check that they involve only γi
matrices with i 6= 1, 2, 3. The single nontrivial case is k˜123 which is represented by −12γ123 in
the eleven–dimensional Clifford algebra. But from the fact that γ(10) = γ0γ1 . . . γ9, we can
write γ123 as the product of all other γ matrices: γ123 = γ0456789(10) . As a consequence, the
D = 8 Clifford algebra is sufficient to couple a Dirac fermion to this model: we can couple a
single D = 8 Dirac fermion.
7.5 G2 case
7.5.1 Bosonic sector
Let us consider the Einstein–Maxwell system in D = 5, with the FFA Chern–Simons term
prescribed by supersymmetry [21],
L5 = R ∗1l− 1
2
∗F(2) ∧ F(2) + 1
3
√
3
F(2) ∧ F(2) ∧A(1) . (7.50)
This action is known to be relevant to G2 [137, 138, 30]. Upon reduction to D = 3, the
Lagrangian is [30]
L = R ∗1l− 1
2
∗d~φ ∧ d~φ− 1
2
eφ2−
√
3φ1 ∗F1(1)2 ∧ F1(1)2 −
1
2
e
2√
3
φ1 ∗F(1)1 ∧ F(1)1
−1
2
e
φ2− 1√
3
φ1 ∗F(1)2 ∧ F(1)2 − 1
2
e−φ2−
√
3φ1 ∗F1(2) ∧ F1(2) (7.51)
−1
2
e−2φ2 ∗F2(2) ∧ F2(2) −
1
2
e
−φ2− 1√
3
φ1 ∗F(2) ∧ F(2) + 2
√
3dA(0)1 ∧ dA(0)2 ∧A(1) .
After dualising the vector potentials to give axions, there will be six axions, together with
the two dilatons. The dilaton vectors ~α1 = (−
√
3, 1) and ~α2 = (2
√
3, 0), corresponding to
the axions A1(0)2 and A(0)1, are the simple roots of G2, with the remaining dilaton vectors
expressed in terms of these as
(− 1√
3
, 1) = ~α1 + ~α2 , (
1√
3
, 1) = ~α1 + 2~α2 , (
√
3, 1) = ~α1 + 3~α2 , (0, 2) = 2~α1 + 3~a3 .
(7.52)
The resultingD = 3 lagrangian is a G2/SO(4) σ–model coupled to gravity. The field strength
of this σ–model is
G = 1
2
d~φ. ~H + e
1
2
~α1.~φF(1)12ε1 + e
1
2
(~α1+3~α2).~φG(1)1ε5 + e
1
2
(2~α1+3~α2).~φG(1)2ε6
+e
1
2
~α2.~φF(1)1ε2 + e
1
2
(~α1+~α2).~φF(1)2ε3 + e
− 1
2
(~α1+2~α2).~φG(1)ε4 . (7.53)
where G(1) is the dual of F2. The εi generators are the Chevalley generators of G2 up to
normalisation. Let e1 and e2 be the positive Chevalley generators of G2 corresponding to the
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two simple roots α1 and α2. The other positive generators are
e3 = [e2, e1] e4 = [e2, [e2, e1]]
e5 = [e2, [e2, [e2, e1]]] e6 = [[e2, [e2, [e2, e1]]], e1]. (7.54)
Their non vanishing commutation relations are,
[e1, e2] = −e3 [e1, e5] = −e6
[e2, e3] = e4 [e2, e4] = e5
[e3, e4] = e6 (7.55)
The normalizing factors Nα for the simple roots are given by N1 = 1 and N2 = 3 since
(α1|α1) = 2 and (α2|α2) = 23 . It follows that N3 = 3, N4 = 12, N5 = 36 and N6 = 36. We
define the vectors εi in order to absorb these factors, i.e., ε1 = e1, ε2 =
1√
3
e2, ε3 =
1√
3
e3,
ε4 =
1
2
√
3
e4, ε5 =
1
6e5, ε6 =
1
6e6. This implies K(εi, τ(εi)) = −1.
7.5.2 Fermions
We want to add Dirac fermion in D = 5, with a coupling which in the D = 3 reduction
is covariant with respect to Spin(1, 2) × Spin(4). From what we have already learned, this
should be possible, with a representation which is trivial on one of the two SU(2) factors of
SO(4) ≃ (SU(2)×SU(2))/Z2 , since we have already seen in the analysis of the gravitational
sector that the Clifford algebra contains Spin(1, 2) × Spin(3) representations.
To check if we can indeed derive such a representation from a consistent D = 5 coupling,
we add to the lagrangian (7.50) a Dirac fermion with a Pauli coupling,
Lˆψˆ = eˆψˆ(γµˆ∂µˆ −
1
4
ωˆµˆ,(ρˆ)(σˆ)γ
(ρˆ)(σˆ) − 1
2
αγµˆνˆF(2) µˆνˆ)ψˆ (7.56)
where α is a coupling constant which will be determined below. Upon toroidal reduction to
D = 3, the last term of (7.56) becomes,
α
2
eψ¯(e−
1
2
(~α1+2~α2)·~φγµνF(2) µν + 2e
1
2
~α2·~φγµγ1F(1)1 µ + 2e
1
2
(~α1+~α2)·~φγµγ2F(1)2 µ)ψ (7.57)
Let us dualise the 2 form field strengths. We get for the dimensional reduction of the whole
lagrangian (7.56),
L(3)ψ = eψ¯γµ(∂µ −
1
4
ωµ,(ρ)(σ)γ
(ρ)(σ)
−1
2
e
1
2
(~α1+2~α2)·~φΓ4Gµ − 1
2
e
1
2
~α2·~φΓ2F(1)1µ − 1
2
e
1
2
(~α1+~α2)·~φΓ3F(1)2µ
−1
2
e
1
2
(~α1+3~α2).~φΓ5G1µ − 1
2
e
1
2
(2~α1+3~α2).~φΓ6G2µ − 1
2
e
1
2
~α1.~φΓ1F1(1) 2µ)ψ
where Γ1 =
1
2γ
12, Γ2 = 2αγ
1, Γ3 = 2αγ
2, Γ4 = 2αγˆ, Γ5 =
1
2 γˆγ
1 and Γ6 =
1
2 γˆγ
2. Notice
that γˆ = −iγ12 because the product of all gamma matrices γ0γ1γ2γ3γ4 = γˆγ1γ2 in D = 5
can be equated to i.
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As in the case of the other algebras encountered above, we need to check that the Γi’s
obey the commutation relations of the maximally compact subalgebra of G2, i.e., obey the
same commutation relations as the compact generators ki = εi + τ(εi). The commutators of
the compact subalgebra are
[k1, k2] = −k3, [k1, k3] = k2, [k1, k4] = 0,
[k1, k5] = −k6, [k1, k6] = k5, [k2, k3] = 2√
3
k4 − k1
[k2, k4] = k5 − 2√
3
k3, [k2, k5] = −k4, [k2, k6] = 0,
[k3, k4] = k6 +
2√
3
k2, [k3, k5] = 0, [k3, k6] = −k4,
[k4, k5] = k2, [k4, k6] = k3, [k5, k6] = −k1. (7.58)
In the basis
ξ1 =
1
4
(3k1 +
√
3k4), ξ2 =
1
4
(
√
3k2 − 3k6), ξ3 = −1
4
(
√
3k3 + 3k5)
X1 =
1
4
(k1 −
√
3k4), X2 =
1
4
(
√
3k2 + k6), X3 = −1
4
(
√
3k3 − k5), (7.59)
the commutation relations read
[ξi, ξj] = εijkξk, [ξi,Xj ] = 0, [Xi,Xj ] = εijkXk (7.60)
and reveal the su(2)⊕ su(2) structure of the algebra.
We find that the commutation relations are indeed fulfilled provided we take α = ia,
with a solution of the quadratic equation 16a2 + 8√
3
a − 1 = 0, which implies α = −i
√
3
4 or
α = i
4
√
3
. The two different solutions correspond to a non trivial representations for either
the left or the right factor su(2). Thus, we see again that the fermions are compatible with
G2–invariance and we are led to introduce the covariant Dirac operator
γµˆDµˆψˆ = γ
µˆ(∂µˆ − 1
4
ωˆµˆ,(ρˆ)(σˆ)γ
(ρˆ)(σˆ))ψˆ − 1
2
αγµˆρˆσˆF(2) ρˆσˆψˆ
(with α equal to one of the above values) for the spin–1/2 field. This is the same expression
as the one that followed from supersymmetry [21].
Another approach of this problem is to remember that G2 can be embedded in D4 =
SO(4, 4) [30]. The maximal oxidation is D = 6 and contains a 2–form in addition to gravity.
After reduction on a circle, we get two dilatons and three 1-forms: the original 2-form and its
Hodge dual both reduce to 1–forms, and we have also the Kaluza–Klein 1–form. The model
we are dealing with is obtained by equating these three 1–forms, and setting the dilatons to
zero [30]. It is clear that this projection do respect the covariance of the fermionic coupling
obtained by reduction of (7.27). In D = 3, the compact gauge group is projected from
SO(4) × SO(4) onto SO(4), in addition to the unbroken SO(1, 2). All other terms in the
connection are indeed set to zero by the embedding. The D = 6 spinor can be chosen to have
a definite chirality. Each chirality corresponds to a different choice of α after dimensional
reduction.
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7.6 Non–simply laced algebras Bn, Cn, F4
All the non-simply laced algebras can be embedded in simply laced algebras [30]. Therefore,
we can find the appropriate coupling by taking the one obtained for the simply laced algebras
and by performing the same identifications as for the bosonic sector.
Bn = SO(n, n+1) (with maximal compact subgroup SO(n)×SO(n+1)) can be obtained
from Dn+1 by modding out the Z2 symmetry of the diagram. As the Dn+1 coset can be
oxidised up to D = n+ 3, we must consider a D = n+ 3 Clifford algebra. The Bn coset has
its maximal oxidation in one dimension lower.
If n is even, D = n + 3 and D = n + 2 Dirac spinors are the same: the embedding gives a
coupling to a single D = n+ 2 Dirac spinor.
If n is odd, this argument is no longer sufficient. However, due to the fact that all elements of
the compact subalgebra of SO(n+1, n+1) are represented by a product of an even number
of gamma matrices, we can take a Weyl spinor in D = n + 3: it gives a single Dirac spinor
in D = n + 2. It is thus possible couple the maximal oxidation of the Bn coset to a single
Dirac spinor, such that it reduces to a Dirac coupling in D = 3, covariant with respect to
SO(1, 2) × SO(n)× SO(n+ 1). We leave the details to the reader.
For Cn = Sp(n) (with maximal compact subgroup U(n)), the maximal oxidation lives in
D = 4. The embedding in A2n−1 couples the bosonic degrees of freedom to a D = 2n + 2
spinor. As it is an even dimension, the Weyl condition can be again imposed, so that we get
a D = 2n Dirac spinor. It is not possible to reduce further the number of components: the
representation involves product of odd numbers of gamma matrices. In D = 4, this gives a
coupling to 2n−2 Dirac spinors.
The situation for F4 is similar, when considering the embedding in E6. The E6 coset can
be oxidised up to D = 8, with a consistent fermionic coupling to a Dirac spinor. As the
coupling to the 3–form involves the product of 3 gamma matrices, it is not possible to impose
the Weyl condition. The maximal oxidation of the F4/(SU(2) × Sp(3)) coset, which lives in
dimension 6, is thus coupled to a pair of Dirac spinors.
For Cn and F4, the embeddings just described give a coupling to respectively 2
n−2 and 2
Dirac spinors in the maximally oxidised theory. We have not investigated in detail whether
one could construct invariant theories with a smaller number of spinors.
7.7 G++ Symmetry
The somewhat magic emergence of unexpected symmetries in the dimensional reduction of
gravitational theories has raised the question of whether these symmetries, described by
the algebra G in three dimensions, are present prior to reduction or are instead related to
toroidal compactification. It has been argued recently that the symmetries are, in fact,
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already present in the maximally oxidised version of the theory (see [57, 58, 140, 59] for early
work on the E8–case) and are part of a much bigger, infinite–dimensional symmetry, which
could be the overextended algebra G++ [103, 105, 142, 41], the very extended algebra G+++
[177, 80, 73, 74, 134, 123, 174, 175, 158, 173, 71, 72, 70, 69, 53], or a Borcherds superalgebra
related to it [92, 91]. There are different indications that this should be the case, including a
study of the BKL limit of the dynamics [10, 12], which leads to “cosmological billiards” [44].
In [43], an attempt was made to make the symmetry manifest in the maximal oxidation
dimension by reformulating the system as a (1 + 0)–non linear sigma model G++/K(G++).
The explicit case of E10 was considered. It was shown that at low levels, the equations of
motion of the bosonic sector of 11–dimensional supergravity can be mapped on the equations
of motion of the non linear sigma model E10/K(E10). The matching works for fields associated
with roots of E10 whose height does not exceed 30 (see also [47]).
We now show that this matching works also for Dirac spinors. We consider again the
explicit case of E10 = E
++
8 for definiteness. We show that the Dirac Lagrangian for a Dirac
spinor in eleven dimensions, coupled to the supergravity three–form as in section 7.4.2, is
covariant under K(E10), at least up to the level where the bosonic matching is successful.
[For related work on including fermions in these infinite–dimensional algebras, see [145, 121].]
Our starting point is the action for the non linear sigma model E10/K(E10) in 1 + 0
dimension coupled to Dirac fermions transforming in a representation of K(E10). We follow
the notations of [44]. The Lagrangian reads
L = 1
2
n−1 < P|P > +iΨ†DtΨ (7.61)
where we have introduced a lapse function n to take into account reparametrisation invariance
in time. The K(E10) connection is
Q =
∑
α∈δ+
mult(α)∑
s=1
Qα,sKα,s
while the covariant derivative is
DtΨ = Ψ˙−
∑
α,s
Qα,sTα,sΨ
where the Tα,s are the generators of the representation in which Ψ transforms (there is an
infinity of components for Ψ).
In the Borel gauge, the fermionic part of the Lagrangian becomes
iΨ†Ψ˙− i
2
∑
α,s
eα(β)jα,sΨ
†Tα,sΨ (7.62)
where βµ are now the Cartan subalgebra variables (i.e., we parametrize the elements of the
Cartan subgoup as exp(βµhµ)) and α(β) the positives roots. The “currents” jα,s (denoted
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by Fα in (7.10) in finite–dimensional case, the addition of the index s is introduce to take
into account the multiplicity of α) are, as before, the coefficients of the positive generators
in the expansion of the algebra element V˙V−1,
V˙V−1 = β˙µhµ +
∑
α∈∆+
mult(α)∑
s=1
exp (α(β))jα,sEα,s
We must compare (7.62) with the Dirac Lagrangian in 11 dimensions with coupling to the
3–form requested by E8 invariance,
eψ
(
γµ∂µ − 1
4
ωµ (ρ)(σ)γ
µγ(ρ)(σ) − 1
2.4!
Fµνρσγ
µνρσ
)
ψ (7.63)
where e is the determinant of the space-time vielbein; we are no more dealing with dimensional
reduction therefore the hats are suppressed; ψ = iψ†γ(0) and we denote ∂ψ/∂x0 by ψ˙. To
make the comparison easier, we first take the lapse n equal to one standard lapse N equal
to e) since both (7.62) and (7.63) are reparametrization invariant in time. We further split
the Dirac Lagrangian (7.63) into space and time using a zero shift (Nk = 0) and taking the
so–called time gauge for the vielbeins eµ
(ν), namely no mixed space–time component. This
yields
iχ†(χ˙ − 1
4
ωR(a)(b)γ
(a)(b)χ− 1
2.3!
F0(a)(b)(c)γ
(a)(b)(c)χ
− e
2.4! 6!
ε(a)(b)(c)(δ)(p1)(p2)···(p6)F
(a)(b)(c)(δ)γ(p1)···(p6)χ)
+ iχ†( − e
4.8!
ω (a)(b)k ε(a)(b)(p1)···(p8)γ
kγ(p1)···(p8)χ+
e
10!
ε(p1)···(p10)γ
kγ(p1)···(p10)∂kχ) (7.64)
where e is now the determinant of the spatial vielbein and where the Dirac field is taken to
be Majorana (although this is not crucial) and has been rescaled as χ = e1/2ψ. In (7.64), the
term ωRab stands for
ωR(a)(b) = −
1
2
(e(a)
ke˙k(b) − e(b)ke˙k(a))
A major difference between (7.62) and (7.64) is that Ψ has an infinite number of compo-
nents while χ has only 32 components. But Ψ depends only on t, while χ is a spacetime field.
We shall thus assume, in the spirit of [43], that Ψ collects the values of χ and its successive
spatial derivatives at a given spatial point,
Ψ† = (χ†, ∂kχ†, · · · )
[The dictionary between Ψ on the one hand and χ and its successive derivatives on the
other hand might be more involved (the derivatives might have to be taken in privileged
frames and augmented by appropriate corrections) but this will not be of direct concern for
us here. We shall loosely refer hereafter to the “spatial derivatives of χ” for the appropriate
required modifications.] We are thus making the strong assumption that by collecting χ and
its derivatives in a single infinite dimensional object, one gets a representation of K(E10).
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It is of course intricate to check this assertion, partly because K(E10) is poorly understood
[145]. Our only justification is that it makes sense at low levels.
Indeed, by using the bosonic, low level, dictionary of [43], we do see the correct connection
terms appearing in (7.64) at levels 0 (ωR(a)(b) term), 1 (electric field term) and 2 (magnetic
field term). The corresponding generators γ(a1)(a2), γ(a1)(a2)(a3) and γ(a1)···(a6) do reproduce the
low level commutation relations of K(E10).
The matching between the supergravity bosonic equations of motion and the nonlinear
sigma model equations of motion described in [43] goes slightly beyond level 2 and works
also for some roots at level 3. We shall refer to this as “level 3−”. To gain insight into the
matching at level 3− for the fermions, we proceed as in [43] and consider the equations in the
homogeneous context of Bianchi cosmologies [64, 86, 87] (see also [157]). The derivative term
∂kχ then drops out — we shall have anyway nothing to say about it here, where we want to
focus on the spin connection term ω (a)(b)k . In the homogeneous context, the spin connection
term becomes
ω(a)(b)(c) = e(a)
kωk(b)(c) =
1
2
(C(c)(a)(b) + C(b)(c)(a) − C(a)(b)(c))
in terms of the structure constants C(a)(b)(c) = −C(a)(c)(b) of the homogeneity group expressed
in homogeneous orthonormal frames (the C(a)(b)(c) may depend on time). We assume that the
traces C(a)(a)(c) vanish since these correspond to higher height and go beyond the matching of
[43], i.e., beyond level 3−. In that case, one may replace ω(a)(b)(c) by (1/2)C(a)(b)(c) in (7.64) as
can be seen by using the relation
ε(a)(b)(p1)···(p8)γ
kγ(p1)···(p8) = ε(a)(b)(p1)···(p8)γ
k(p1)···(p8) + ε(a)(b)k(p2)···(p8)γ
(p2)···(p8).
The first term drops from (7.64) because ω(a)(b)(a) = 0, while the second term is completely an-
tisymmetric in a, b, k. Once ω(a)(b)(c) is replaced by (1/2)C(a)(b)(c), one sees that the remaining
connection terms in (7.64), i.e., the one involving a product of nine γ–matrices, agree with
the dictionary of [43]. Furthermore, the corresponding level three generators γ(c)γ(p1)···(p8)
also fulfill the correct commutation relations of K(E10) up to the requested order.
To a large extent, the E10 compatibility of the Dirac fermions up to level 3
− exhibited
here is not too surprising, since it can be viewed as a consequence of SL10 covariance (which
is manifest) and the hidden E8 symmetry, which has been exhibited in previous sections.
The real challenge is to go beyond level 3− and see the higher positive roots emerge on the
supergravity side. These higher roots might be connected, in fact, to quantum corrections
[48] or higher spin degrees of freedom.
7.8 BKL limit
We investigate in this final section how the Dirac field modifies the BKL behaviour. To that
end, we first rewrite the Lagrangian (7.61) in Hamiltonian form. The fermionic part of the
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Lagrangian is already in first order form (with iΨ† conjugate to Ψ), so we only need to focus
on the bosonic part. The conjugate momenta to the Cartan fields βµ are unchanged in the
presence of the fermions since the time derivatives β˙µ do not appear in the connection Qα,s.
However, the conjugate momenta to the off–diagonal variables parameterizing the coset do get
modified. How this affects the Hamiltonian is easy to work out because the time derivatives of
these off-diagonal group variables occur linearly in the Dirac Lagrangian, so the mere effect of
the Dirac term is to shift their original momenta. Explicitly, in terms of the (non–canonical)
momentum–like variables
Πα,s =
δL
δjα,s
introduced in [133, 44], one finds
Πα,s = Π
old
α,s −
1
2
exp (α(β)) JFα,s
where Πoldα,s is the bosonic contribution (in the absence of fermions) and where J
F
α,s are the
components of the fermionic K(G++)–current, defined by
JFα,s = iΨ
†Tα,sΨν.
The currents JFα,s are real.
It follows that the Hamiltonian associated with (7.61) takes the form
H = n

1
2
Gµνπµπν +
∑
α∈δ+
mult(α)∑
s=1
exp (−2α(β))
(
Πα,s +
1
2
exp (α(β)) JFα,s
)2 (7.65)
If one expands the Hamiltonian, one gets
H = n
(
1
2
Gµνπµπν +
∑
α,s
exp (−2α(β))Π2α,s +
∑
α,s
exp (−α(β)) Πα,sJFα,s +
1
4
C
)
where C is (up to a numerical factor) the quadratic Casimir of the fermionic representation,
C =
∑
α,s
(JFα,s)
2 .
We see that, just as in the pure bosonic case, the exponentials involve only the positive roots
with negative coefficients. However, we obtain, in addition to the bosonic walls, also their
square roots. All the exponentials in the Hamiltonian are of the form exp(−2ρ(β)), where
ρ(β) are the positive roots or half the positive roots.
In order to investigate the asymptotic BKL limit βµ → ∞, we shall treat the K(G++)–
currents as classical real numbers and consider their equations of motion that follow from the
above Hamiltonian, noting that their Poisson brackets [JFα,s, J
F
α′,s′ ] reproduce the K(G++)–
algebra. This is possible because the Hamiltonian in the Borel gauge involves only the Ψ–
field through the currents. This is a rather remarkable property. [A “classical” treatment of
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fermions is well known to be rather delicate. One can regard the dynamical variables, bosonic
and fermionic, as living in a Grassmann algebra. In that case, bilinear in fermions are “pure
souls” and do not influence the behaviour of the “body” parts of the group elements, which
are thus trivially governed by the same equations of motion as in the absence of fermions.
However, it is reasonable to expect that the currents JFα,s have a non trivial classical limit
(they may develop non–vanishing expectation values) and one might treat them therefore as
non–vanishing real numbers. This is technically simple here because the currents obey closed
equations of motion. It leads to interesting consequences.]
Next we observe that [JFα,s, C] = 0. It follows that the quadratic Casimir C of the fermionic
representation is conserved. Furthermore, it does not contribute to the dynamical Hamilto-
nian equations of motion for the group variables or the currents. By the same reasoning as in
[44], one can then argue that the exponentials tend to infinite step theta functions and that
all variables except the Cartan ones, i.e. the off–diagonal group variables and the fermionic
currents, asymptotically freeze in the BKL limit.
Thus, we get the same billiard picture as in the bosonic case, with same linear forms
characterizing the walls (some of the exponential walls are the square roots of the bosonic
walls). But the free motion is governed now by the Hamiltonian constraint
Gµνπµπν +M
2 ≈ 0
with M2 = C/2 > 0. This implies that the motion of the billiard ball is timelike instead of
being lightlike as in the pure bosonic case. This leads to a non–chaotic behaviour, even in
those cases where the bosonic theory is chaotic. Indeed, a timelike motion can miss the walls,
even in the hyperbolic case. This is in perfect agreement with the results found in [8] for the
four–dimensional theory.
Our analysis has been carried out in the context of the sigma model formulation, which
is equivalent to the Einstein–Dirac–p–form system only for low Kac–Moody levels. However,
the low levels roots are precisely the only relevant ones in the BKL limit (“dominant walls”).
Thus, the analysis applies also in that case. Note that the spin 1/2 field itself does not freeze
in the BKL limit, even after rescaling by the quartic root of the determinant of the spatial
metric, but asymptotically undergoes instead a constant rotation in the compact subgroup,
in the gauge n = 1 (together with the Borel gauge). Note also that the same behaviour holds
if one adds a mass term to the Dirac Lagrangian, since this term is negligible in the BKL
limit, being multiplied by e, which goes to zero.
One might worry that the coefficients Πα,sJ
F
α,s of the square roots of the bosonic walls
have no definite sign. This is indeed true but generically of no concern for the following
reason: in the region α(β) < 0 outside the billiard table where the exponential terms are
felt and in fact blow up with time at a given configuration point (α(β) → −∞) [44], the
wall exp(−2α(β)) dominates the wall exp(−α(β)) coming from the fermion and the total
contribution is thus positive. The ball is repelled towards the billiard table.
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7.9 Conclusions
In this chapter, we have shown that the Dirac field is compatible with the hidden symme-
tries that emerge upon toroidal dimensional reduction to three dimensions, provided one
appropriately fix its Pauli couplings to the p–forms. We have considered only the split real
form for the symmetry (duality) group in three dimensions, but similar conclusions appear to
apply to the non–split forms (we have verified it for the four–dimensional Einstein–Maxwell–
Dirac system, which leads to the SU(2, 1)/S(U(2) × U(1)) coset in three dimensions). We
have also indicated that the symmetry considerations reproduce some well known features of
supersymmetry when supersymmetry is available.
We have also investigated the compatibility of the Dirac field with the conjectured infinite–
dimensional symmetry G++ and found perfect matching with the non–linear sigma model
equations minimally coupled to a (1 + 0) Dirac field, up to the levels where the bosonic
matching works.
Finally, we have argued that the Dirac fermions destroy chaos (when it is present in
the bosonic theory), in agreement with the findings of [8]. This has a rather direct group
theoretical interpretation (motion in Cartan subalgebra becomes timelike) and might have
important implications for the pre–big–bang cosmological scenario and the dynamical crossing
of a cosmological singularity [81, 166, 164, 170].
It would be of interest to extend these results to include the spin 3/2 fields, in the
supersymmetric context. In particular, 11–dimensional supergravity should be treated. To
the extent that E10 invariance up to the level 3
− is a mere consequence of E8 invariance
in three dimensions and SL10 convariance, one expects no new feature in that respect since
the reduction to three dimensions of full supergravity is indeed known to be E8 invariant
[132]. But perhaps additional structure would emerge. Understanding the BKL limit might
be more challenging since the spin 3/2 fields might not freeze, even after rescaling.
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Chapter 8
Eleven Dimensional Supergravity
8.1 Introduction
The hyperbolic Kac–Moody algebra e10(10), whose Dynkin diagram is given in Fig.1, has re-
peatedly been argued to play a crucial role in the symmetry structure of M–theory [103, 105,
142, 136].
α9 α8 α7 α6 α5 α4 α3 α2 α1
α0
i i i i i i i i i
i
FIG. 1. The Dynkin diagram of E10
This infinite–dimensional algebra has a complicated structure that has not been deci-
phered yet. In order to analyse further its root pattern, it was found convenient in [43] to
introduce a “level” for any root α, defined as the number of times the simple root α0 occurs
in the decomposition of α.
The roots α1 through α9 define a subalgebra sl(10,R). Reflections in these roots define
the finite Weyl group WA9 (≃ S10) of A9, which acts naturally on the roots of e10(10). If
we express the roots of e10(10) in terms of the spatial scale factors β
i appearing naturally in
cosmology [39, 41], the action of WA9 is simply to permute the β’s. The level is invariant
under WA9. Consider the set RE8 of roots of the E8(8) subalgebra associated with the simple
roots α0 through α7. By acting with WA9 on RE8 , one generates a larger set R˜E8 of roots.
This set will be called the extended set of roots of E8(8). By construction, the roots in R˜E8
are all real and have length squared equal to 2. There is an interesting description of the
roots in R˜E8 in terms of the level. One can easily verify that all the roots at level 0, ±1 and
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±2, as well as all the real roots at level ±3 exhaust R˜E8 . This includes, in particular, all the
roots with |height| < 30.
Recently, following the analysis a` la BKL [10, 12, 44] of the asymptotic behaviour of the
supergravity fields near a cosmological singularity, the question of the hidden symmetries of
eleven–dimensional supergravity has received a new impulse [39, 41]. It has been argued that
one way to exhibit the symmetry was to rewrite the supergravity equations as the equations
of motion of the non–linear sigma model E10(10)/K(E10(10)) [43].
The first attempt for rewriting the equations of motion of eleven–dimensional supergravity
as non–linear sigma model equations of motion — in line with the established result that the
scalar fields which appear in the toroidal compactification down to three spacetime dimensions
form the coset E8(8)/(Spin(16)/Z2) [26, 27] — is due to [177]. In that approach, it is the
larger infinite–dimensional algebra e11(11) which is priviledged. Various evidence supporting
e11(11) was provided in [177, 73, 71]. Here, we shall stick to (the subalgebra) e10(10), for which
the dynamical formulation is clearer, although similar construction can be done for e11(11).
The idea of rewriting the equations of motion of eleven–dimensional supergravity as
equations of motion of E10(10)/K(E10(10)) was verified in [43] for the first bosonic levels
in a level expansion of the theory. More precisely, it was verified that in the coset model
E10(10)/K(E10(10)), the fields corresponding to the Cartan subalgebra and to the positive
roots ∈ R˜E8 have an interpretation in terms of the (bosonic) supergravity fields (“dictio-
nary” of [43]). Furthermore, there is a perfect match of the supergravity equations of motion
and the coset model equations of motion for the fields corresponding to these real roots.
This extended E8(8)–invariance, which combines the known E8(8)–invariance and the man-
ifest SL(10,R)–invariance, is a first necessary step in exhibiting the full E10(10) symmetry.
Further indication on the meaning of the fields associated with the higher roots in terms of
gradient expansions, using partly information from E9(9), was also given in [43].
The purpose of this chapter is to explicitly verify the extended E8(8)–invariance of the
fermionic sector of 11–dimensional supergravity. This amounts to showing that up to the
requested level, the fermionic part of the supergravity Lagrangian, which is first order in the
derivatives, can be written as
iΨTMDtΨ (8.1)
where (i) Ψ is an infinite object that combines the spatial components of the gravitino field
ψa and its successive gradients
Ψ = (ψa, · · · ) (8.2)
in such a way that Ψ transforms in the spinorial representation of K(E10(10)) that reduces to
the spin 3/2 representation of SO(10); (ii) M is a K(E10(10))–invariant (infinite) matrix; and
(iii) Dt is the K(E10(10)) covariant derivative. [We work in the gauge ψ
′
0 = 0, where ψ
′
0 is
the redefined temporal component of the gravitino field familiar from dimensional reduction
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[26, 27],
ψ′0 = ψ0 − γ0γaψa, (8.3)
so that the temporal component of ψµ no longer appears.]
In fact, for the roots considered here, one can truncate Ψ to the undifferentiated compo-
nents ψa. The next components — and the precise dictionary yielding their relationship with
the gravitino field gradients — are not needed. In view of the fact that the undifferentiated
components of the gravitino field form a spinorial representation of the maximal compact
subgroup Spin(16)/Z2 of E8(8) in the reduction to three dimensions, without the need to
introduce gradients or duals, this result is not unexpected.
The crux of the computation consists in constructing the spinorial representation of
K(E10(10)) up to the required level. This is done in the next section, where we compare
and contrast the spin 1/2 and spin 3/2 representations of K(E10(10)). The technically sim-
pler case of the spin 1/2 representation was investigated in the previous chapter, where it was
shown that the Dirac Lagrangian was compatible with extended E8(8) invariance provided
one introduces an appropriate Pauli coupling with the 3–form. Our work overlaps the work
[171] on the fermionic representations of K(E11) as well as the analyses of [115, 116] on the
maximal compact subgroups of En(n) and of [145] on K(E9).
We then investigate the conjectured infinite–dimensional symmetry E10(10) of the La-
grangian of [31]. We find that the fermionic part also takes the form dictated by extended
E8(8)–invariance, with the correct covariant derivatives appearing up to the appropriate level.
As observed by previous authors and in particular in [51], there is an interesting interplay
between supersymmetry and the hidden symmetries.
8.2 ‘Spin 3/2’ Representation of K(E10(10))
8.2.1 Level 0
To construct the ‘spin 3/2’ representation of K(E10(10)), we have to extend the level 0 part
which is the usual SO(10) ‘spin 3/2’ parametrised by a set of 10 spinors χm, wherem = 1 . . . 10
is a space index.1 [The level is not a grading for K(E10(10)) but a filtration, defined modulo
lower order terms.] The so(10) generators kij act on χm as
kij .χm =
1
2
γijχm + δ
i
mχ
j − δ jm χi . (8.4)
The aim is to rewrite the Rarita–Schwinger term with all couplings of the fermionic field, up
to higher order fermionic terms, into the form (8.1).
1We work at the level of the algebra that we denote here by K(E10(10)) instead of our usual notation
k(e10(10)).
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8.2.2 Level 1
Beyond SO(10), the first level couples to F0abc. To reproduce the supergravity Lagrangian,
the level 1 generators must contain products of γ matrices where the number of matrices is
odd and at most five. Indeed, the matrix M in (8.1) is proportional to the antisymmetric
product γab (as one sees by expanding the supergravity Lagrangian L ∼ iψTa γabψ˙b+· · · ), while
F0abc is coupled to fermions, in the supergravity Lagrangian, through terms ψ
T
mγ
mabcnψn and
ψTa γ
bcγnψn. In addition, the generators must be covariant with respect to SO(10). This gives
the general form
kabc.χm = Aγ
nabc
m χn + 3Bδ
[a
mγ
bc]nχn + 3Cγ
[ab
m χ
c] + 6Dδ[amγ
bχc] + Eγabcχm (8.5)
where A,B,C,D,E are constants to be fixed. In fact, it is well known that such generators
do appear in the dimensional reduction of supergravity. If d dimensions are reduced, the
generators mix only χm with 1 ≤ m ≤ d. Therefore we set the terms involving summation
on n on the right hand side of (8.5) equal to zero: A = B = 0.
To fix the coefficients C, D and E, we must check the commutations relations. Commuta-
tion with level 0 generators is automatic, as (8.5) is covariant with respect to SO(10). What
is non–trivial is commutation of the generators at level 1 with themselves. The generators
Kabc of K(E10(10)) at level 1 fulfill
[Kabc,Kdef ] = Kabcdef − 18δadδbeKcf (8.6)
(with antisymmetrisation in (a, b, c) and (b, c, d) in δadδbeKcf ) as it follows from the E10(10)
commutation relations. In order to have a representation of K(E10(10)), the k
abc must obey
the same algebra,
[kabc, kdef ] = kabcdef − δadδbekcf . (8.7)
When all the indices are distinct, (8.7) defines the generators at level 2. One gets non trivial
constraints when two or more indices are equal. Namely, there are two relations which must
be imposed: [
kabc, kabd
]
= −kcd (8.8)[
kabc, kade
]
= 0 (8.9)
where different indices are supposed to be distinct. In fact, as we shall discuss in the sequel,
all other commutation relations which have to be checked for higher levels can be derived
from this ones using the Jacobi identity. One can verify (8.8) and (8.9) directly or using
FORM [167]. One finds that these two relations are satisfied if and only if
C = −1
3
ǫ, D =
2
3
ǫ, E =
1
2
ǫ (8.10)
with ǫ = ±1. In fact one can change the sign of ǫ by reversing the signs of all the generators
at the odd levels. This does not change the algebra. We shall use this freedom to set ǫ = 1 in
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order to match the conventions for the supergravity Lagrangian. Putting everything together,
the level 1 generator is
kabc.χm =
1
2
γabcχm − γm[abχc] + 4δ[amγbχc] . (8.11)
8.2.3 Level 2
The expression just obtained for the level 1 generators can be used to compute the level 2
generator
kabcdef =
[
kabc, kdef
]
(8.12)
which is totally antisymmetric in its indices, as it can be shown using the Jacobi identity.
Explicitly, Eq.(8.11) gives
kabcdef .χm =
1
2
γabcdefχm + 4γ
[abcde
m χ
f ] − 10δ[amγbcdeχf ] . (8.13)
8.2.4 Level 3
We now turn to level 3. There are two types of roots. Real roots have generators
ka;abcdefgh = [kabc, kadefgh] (8.14)
(without summation on a and all other indices distinct). They are easily computed to act as
ka;abcdefgh.χm =
1
2
γbcdefghχm + 2γ
abcdefgh
m χ
a + 16δamγ
[abcdefgχh] − 7γ [bcdefgm χh] . (8.15)
In addition, there are generators ka;bcdefghi with all indices distinct, corresponding to null
roots. From
[kabc, kdefghi] = 3k[a;bc]defghi (8.16)
(with all indices distinct) one finds
ka;bcdefghi.χm = −2
(
γ [abcdefghm χ
i] − γ bcdefghim χa
)
− 16
(
δ[amγ
bcdefghχi] − δamγ[bcdefghχi]
)
.
(8.17)
Combining these results, one finds that the level 3 generators can be written as
ka;bcdefghi.χm = −2
(
γ [abcdefghm χ
i] − γ bcdefghim χa
)
− 16
(
δ[amγ
bcdefghχi] − δamγ[bcdefghχi]
)
+ 4δa[bγcdefghi]χm − 56γm[bcdefgδaˆhχi] .
(8.18)
(where the hat over a means that it is not involved in the antisymmetrization). Note that
if one multiplies the generator (8.18) by a parameter µa;bcdefghi with the symmetries of the
level 3 Young tableau (in particular, µ[a;bcdefghi] = 0), the first terms in the two parentheses
disappear. Furthermore, the totally antisymmetric part of the full level 3 generator vanishes.
The condition µ[a;bcdefghi] = 0 on µa;bcdefghi is equivalent to the tracelessness of its dual.
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8.2.5 Compatibility checks
Having defined the generators of the ‘spin 3/2’ representation up to level 3, we must now
check that they fulfill all the necessary compatibility conditions expressing that they represent
the K(E10(10)) algebra up to that level (encompassing the compatibility conditions (8.8) and
(8.9) found above). This is actually a consequence of the Jacobi identity and of the known
SO(16) invariance in 3 dimensions, as well as of the manifest spatial SL(10,R) covariance
that makes all spatial directions equivalent.
Consider for instance the commutators of level 1 generators with level 2 generators. The
K(E10(10)) algebra is
[Kabc,Kdefghi] = 3K [a;bc]defghi − 5!δadδbeδcfKghi (8.19)
Thus, one must have
[kabc, kdefghi] = 3k[a;bc]defghi − 5!δadδbeδcfkghi (8.20)
These relations are constraints on kabc and kdefghi when the level 3 generators are absent,
which occurs when (at least) two pairs of indices are equal. But in that case, there are only
(at most) 7 distinct values taken by the indices and the relations are then part of the known
SO(16) invariance emerging in 3 dimensions. In fact, the relations (8.20) are known to hold
when the indices take at most 8 distinct values, which allows ka;acdefghi with a pair of repeated
indices. These 8 values can be thought of as parameterizing the 8 transverse dimensions of
the dimensional reduction. Note that since the index m in (8.11) can be distinct from the 8
“transverse” indices, we have both the ‘spin 1/2’ and the ‘spin 3/2’ (i.e. the vector and the
spinor) representations of SO(16), showing the relevance of the analysis of chapter 7 in the
present context.
Similarly, the commutation of two level 2 generators read
[Kabcdef ,Kghijkl] = −6 · 6!δagδbhδciδdjδekKfl + “more” (8.21)
where “more” denotes level 4 generators. Thus, one must have
[kabcdef , kghijkl] = −6 · 6!δagδbhδciδdjδekkfl + “more” (8.22)
These relations are constraints when the level 4 generators are absent2. Now, the level 4
generators are in the representation (001000001) characterised by a Young tableau with one
9–box column and one 3–box column, and in the representation (200000000) characterised
by a Young tableau with one 10–box column and two 1–box columns [144, 76]. To get rid of
these level 4 representations, one must again assume that the indices take at most 8 distinct
values to have sufficiently many repetitions. [If one allows 9 distinct values, one can fill
2When the level 4 generators are present, the relations (8.22) are consequences of the definition of the level
4 generators – usually defined through commutation of level 1 with level 3 –, as a result of the Jacobi identity.
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the tableau (001000001) non trivially.] But then, SO(16) “takes over” and guarantees that
the constraints are fulfilled. The same is true for the commutation relations of the level 1
generators with the level 3 generators, which also involve generically the level 4 generators
unless the indices take only at most 8 distinct values (which forces in particular the level-3
generators to have one repetition, i.e. to correspond to real roots).
Finally, the level 5 generators and the level 6 generators, which occur in the commutation
relations of level 2 with level 3, and level 3 with itself, involve also representations associated
with Young tableaux having a column with 9 or 10 boxes [144, 76]. For these to be absent,
the indices must again take on at most 8 distinct values. The commutation relations reduce
then to those of SO(16), known to be valid.
8.2.6 ‘Spin 1/2’ representation
We note that if one keeps in the above generators (8.4), (8.11), (8.13) and (8.18) only the terms
in which the index m does not transform, one gets the ‘spin 1/2’ representation investigated
in [51]. A notable feature of that representation is that it does not see the level 3 generators
associated with imaginary roots, as one sees from (8.17).
It should be stressed that up to level 3, the commutation relations of the K(En(n)) sub-
groups are all very similar for n ≥ 8 ([171, 115, 116, 145]). A more complete analysis of the
‘spin 3/2’ and ‘spin 1/2’ representations of K(E9(9)) are given in [149].
8.3 Extended E8(8) Invariance of Supergravity Lagrangian
The fermionic part of 11–dimensional supergravity is
e(11)(−1
2
ψµγ
µρνDρψν − 1
96
ψµγ
µναβγδψνFαβγδ − 1
8
ψ
α
γγδψβFαβγδ) , (8.23)
where e(11) is the determinant of the spacetime vielbein and where we have dropped the terms
with four fermions. We want to compare this expression with the Lagrangian (8.1), where
the K(E10(10)) representation is the spin 3/2 one constructed in the previous section. If we
expand the Lagrangian (8.1) keeping only terms up to level 3 and using the dictionary of [43]
for the K(E10(10)) connection, we get (see Eq. (8.7) of [51])
− i
2
ψTmγ
mn(ψ˙n − 1
2
ωRabk
ab.ψn − 1
3!
F0abck
abc.ψn − e
4! 6!
εabcdp1p2···p6F
abcdkp1p2···p6.ψn
− e
2.2! 8!
Carsǫ
rsbcdefghika;bcdefghi.ψn) (8.24)
where M at this level is given by γmn and where ωRab = −12(eaµe˙µb − ebµe˙µa). In (8.24), e is
the determinant of the spatial vielbein, e(11) = N e with N the lapse.
We have explicitly checked the matching between (8.24) and (8.23). In order to make the
comparison, we
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• take the standard lapse N equal to e;
• split the eleven dimensional supergravity Lagrangian (8.23) into space and time using
a zero shift (Nk = 0) and taking the so-called time gauge for the vielbeins eaµ, namely
no mixed space-time component;
• rescale the fermions ψn → e1/2ψn as in the spin 1/2 case, so that ψn in (8.24) is e1/2ψn
in (8.23);
• take the gauge choice ψ′0 = 0 (8.3);
• take the spatial gradient of the fermionic fields equal to zero (these gradients would
appear at higher levels);
• assume that the spatial metric is (at that order) spatially homogeneous (i.e. neglect its
spatial gradients in the adapted frames) and that the structure constants Cabc = −Cacb
of the homogeneity group are traceless (to match the level 3 representation),
Caac = 0.
We have also verified that the matrix M is indeed invariant up to that level.
As for the spin 1/2 case, the matching between (8.24) and (8.23) fully covers level 3 under
the above condition of tracelessness of Cabc, including the imaginary roots. For the spin 1/2
case, this is rather direct since the null root part vanishes, but this part does not vanish for
the spin 3/2. However, the dictionary of [43] is reliable only for extended E8.
Finally, we recall that the covariant derivative of the supersymmetry spin 1/2 param-
eter is also identical with the K(E10(10)) covariant derivative up to level 3 [51], so that
the supersymmetry transformations are K(E10(10)) covariant. The K(E10(10)) covariance of
the supersymmetry transformations might prove important for understanding the K(E10(10))
covariance of the diffeomorphisms, not addressed previously. Information on the diffeomor-
phisms would follow from the fact that the graded commutator of supersymmetries yields
diffeormorphisms (alternatively, the supersymmetry constraints are the square roots of the
diffeomorphisms constraints [165]).
8.4 Conclusions
In this chapter, we have shown that the gravitino field of 11–dimensional supergravity is
compatible with the conjectured hidden E10(10) symmetry up to the same level as in the
bosonic sector. More precisely, we have shown that the fermionic part of the supergravity
Lagrangian take the form (8.1) with the correctK(E10(10)) covariant derivatives as long as one
considers only the connection terms associated with the roots in extended E8, for which the
dictionary relating the bosonic supergravity variables to the sigma–model variables has been
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established. The computations are to some extent simpler than for the bosonic sector because
they involve no dualisation. In sigma–model terms, the supergravity action is given by the
(first terms of the) action for a spinning particle on the symmetric space E10(10)/K(E10(10)),
with the internal degrees of freedom in the ‘spin 3/2’ representation of K(E10(10)) (modulo
the 4–fermion terms).
This action takes the same form as the action for a Dirac spinor with the appropriate
Pauli couplings that make it K(E10(10)) covariant [51], where this time the internal degrees
of freedom are in the ‘spin 1/2’ representation. We can thus analyse its dynamics in terms
of the conserved K(E10(10)) currents along the same lines as in chapter 7 and conclude that
the BKL limit holds.
Although the work in this chapter is a necessary first step for checking the conjectured
E10(10) symmetry, much work remains to be done to fully achieve this goal. To some extent,
the analysis remains a bit frustrating because no really new light is shed on the meaning of the
higher levels. Most of the computations are controlled by E8(8) and manifest sl10 covariance.
In particular, the imaginary roots, which go beyond E8 and height 29, still evade a precise
dictionary. The works in [19] and in [48] are to our knowledge the only ones where imaginary
roots are discussed and are thus particularly precious and important in this perspective.
We have treated explicitly the case of maximal supergravity in this chapter, but a simi-
lar analysis applies to the other supergravities, described also by infinite–dimensional Kac–
Moody algebras (sometimes in non–split forms [89, 78]).
Similar results have been simultaneously derived in reference [46].
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Chapter 9
Dualities and Signatures of G++
Invariant Theories
The action of Weyl reflections generated by simple roots not belonging to the gravity line on
the exact extremal brane solutions has been studied for all G+++ –theory constructed with
the temporal involution selecting the index 1 as a time coordinate [71]. The existence of
Weyl orbits of extremal brane solutions similar to the U–duality orbits existing in M–theory
strongly suggests a general group–theoretical origin of “dualities” for all G+++ –theories
transcending string theories and supersymmetry. The precise analysis of the different possible
signatures has been performed for G++B = E++8(8) = E10(10). In this case the corresponding
maximally oxidised theory is the bosonic sector of the low effective action of M–theory. For
E++8(8) the Weyl reflection Wα11 generated by the simple root α11 (see Figure 9.1) corresponds
to a double T–duality in the directions 9 and 10 followed by an exchange of the two radii
[68, 146, 5, 73]. The signatures found in the analysis of references [113, 114] and in the
context of SG++B in [69] match perfectly with the signature changing dualities and the exotic
phases of M–theories discussed in [96, 97, 95].
In this context it is certainly interesting to extend to all G+++–theories the analysis of
signature changing Weyl reflections. This is the purpose of the present chapter. We find for all
the G++B –theories all the possible signature (T, S), where T (resp. S) is the number of time–
like (resp. space–like) directions, related by Weyl reflections of G++ to the signature (1,D−1)
associated to the theory corresponding to the traditional maximally oxidised theories. Along
with the different signatures the signs of the kinetic terms of the relevant fields are also
discussed. We start the analysis with A++D−3 corresponding to pure gravity in D dimensions
then we extend the analysis to the other G++, first to the simply laced ones and then to
the non-simply laced ones1. Each G++ algebra contains a A++D−3 subalgebra, the signatures of
G++ should thus includes the one of A++D−3. This is indeed the case, but some G++ will contain
additional signatures. If one want to restrict our focus on string theory, the special cases of
1results have been independently obtained in [117].
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Figure 9.1: The nodes labelled 1,2,3 define the Kac–Moody extensions of the Lie algebras. The hor-
izontal line starting at 1 defines the ‘gravity line’, which is the Dynkin diagram of a AD−1 subalgebra.
D++24 and B
++
8 are interesting, the former being related to the low-energy effective action of
the bosonic string (without tachyon) and the latter being related to the low-energy effective
action of the heterotic string (restricted to one gauge field). The existence of signature
changing dualities are related to the magnetic roots and suggests that these transformations
correspond to a generalisation of the S–duality existing in these two theories [106, 161, 162].
9.1 The signatures of G++B –theories
We will characterise the different signatures of G++B in terms of G+++, namely we will deter-
mine all the signatures in the Weyl orbit of (1,D − 1, {ǫ = +}) with the index 1 fixed to be
a space–like coordinate. We first discuss in detail the G++B = A++D−3 ⊂ A+++D−3 case. The other
G+++ contain as a subalgebra A+++D−3 (there is always a graviphoton present at some level)
consequently the signatures of all G++B include at least those of A++D−3.
9.1.1 A+++D−3
D > 5
Our purpose is to determine all S
(T,S,ε)
A++
(i1i2...it)
equivalent to SA++B
, i.e. all Ω′ related to Ω2 via a
Weyl reflection of A++D−3 (see Eq.(6.18)). As explain above, the only Weyl reflections changing
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the signature in a non-trivial way are the ones generated by simple roots not belonging to
the gravity line. Here there is only one such a simple root , namely αD (see Figure 9.1). The
Weyl reflection WαD exchanges the following roots,
αD−1 ↔ αD−1 + αD (9.1)
α3 ↔ α3 + αD. (9.2)
One can express this Weyl reflection as a conjugaison by a group element UWαD of A
+++
D−3 .
The non-trivial action of UWαD , on the step operators is given by,
KD−1D ↔ σR4...D,D−1 (9.3)
K34 ↔ ρR35...D,D, (9.4)
where σ and ρ are +1 or -1 and the tensor Ra4...aD,aD+1 is in the representation2 [1, 0, . . . 1, 0, 0]
of AD−1 that occurs at level one [122]. R4...D,D−1 is the generator of A+++D−3 associated to the
root αD−1 + αD and R35...D,D the one associated to α3 + αD.
In order to obtain a change of signature, we need generically ΩK34 6= Ω′K34 and/or
ΩKD−1D 6= Ω′KD−1D. Using Eqs.(9.3), (9.4) and Eq.(6.20), these conditions are equivalent
to sign(ΩK34) 6= sign(ΩR35...D,D) and/or sign(ΩKD−1D) = sign(ΩR4...D,D−1). The following
equalities,
sign(ΩR4...D,D) = −sign(ΩR35...D,D).sign(ΩK34)
= −sign(ΩR4...D,D−1).sign(ΩKD−1D), (9.5)
imply that we have only ΩK34 6= Ω′K34 and ΩKD−1D 6= Ω′KD−1D. These inequalities lead
to four different possibilities summarised in Table 9.1.
Table 9.1: Conditions on Ω’s leading to non-trivial signature changes under the Weyl reflection WαD
sign(ΩK34) sign(ΩR
35...D,D) sign(ΩKD−1D)
a. + - +
b. + - -
c. - + +
d. - + -
2Here we adopt the following convention : the Dynkin labels of the AD−1 representations are labelled from
right to left when compared with the labelling of the Dynkin diagram of Figure 9.1. For instance the last label
on the right refers to the fundamental weight associated with the root labelled 1 in Figure 9.1. In [122], the
opposite convention is used.
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Note that by Eq. (9.5) the sign of ΩR4...D,D−1 is deduced from the signs of ΩK34,
ΩR35...D,D and ΩKD−1D. All the signatures in the orbit of (1,D− 1,+), where + is the sign
associated to the generator Ra4...aD,aD+1 defined by Eq.(6.21), are now derived.
• Step 1: Let us first consider a Ω characterised by a signature (T, S,+) where T is odd.
We consider this set of signatures because it contains our starting point (1,D − 1,+)
and also because other signatures of this type will be useful for the recurrence, i.e. the
signature obtained from (1,D − 1,+) will lead in some cases to new signatures of the
general type (T, S,+) where T is odd. We analyse the different possibilities of Table
9.1.
– a. The coordinates 3 and 4 are of different nature as well as the coordinates
D − 1 and D. Moreover they are an even number of time coordinates in the set
{3, 5, ...,D − 1} as a direct consequence of the sign − in the second column of
Table 9.1 and the fact that Ra4...aD,aD+1 satisfy Eq.(6.21) . So they are an odd
number of time coordinates in the complementary subset {1, 2, 4,D}, i.e 1 or 3.
These conditions lead to the possibilities given in Table 9.2.
Table 9.2: Ω’s leading to signature changes under the Weyl reflection WαD . Space–like (resp. time–
like) coordinate are denoted by s (resp. t)
1 2 3 4 ... D-1 D
a.1. s t t s ... t s
a.2. s s s t ... t s
a.3. s s t s ... s t
a.4. s t s t ... s t
The nature of the coordinates 1, 2, 3 and D (resp. 4,...,D − 1) does not (resp.
does) change under the action of the Weyl reflection generated by αD on Ω’s sat-
isfying the conditions a given in Table 3. We must also determine which sign
Eq.(6.21) or Eq.(6.22) characterises Ra1...aD−3,aD−2 under the action of the conju-
gated involution Ω′ given by Eq.(6.18). Using Eq.(6.23) one has sign(Ω′R4...D,D) =
sign(ΩR4...D,D) = −1 because there is an odd number of time coordinates in
{4, ...,D − 1} before Weyl reflection. The nature of all these coordinates changes
under the action of WαD . Therefore if D is even, we have an odd number of time
coordinates in this subset and sign(Ω′R4...D,D) satisfies Eq.(6.21). If D is odd
we get an even number of time coordinates yielding to the other sign Eq.(6.22).
Therefore, the action of WαD on the Ω’s characterised by the signatures of Table
9.2 yields Ω′’s characterised by the signatures given in Table 9.3.
– b. We get the same possibilities as those of case a (see Table 9.2) except for the
coordinate D−1 which is different. Therefore the new signatures will be the same.
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Table 9.3: Ω′’s obtained by the Weyl reflection WαD from Ω’s given in Table 9.2
signature Ω′ conditions on Ω
a.1. (S, T, (−)D) T ≥ 3 and S ≥ 3
a.2. (S − 4, T + 4, (−)D) T ≥ 3 and S ≥ 4
a.3. (S, T, (−)D) T ≥ 3 and S ≥ 4
a.4. (S, T, (−)D) T ≥ 3 and S ≥ 3
Only the conditions on S and T can differ. These conditions are given in Table
9.4.
Table 9.4: Ω′’s obtained by the Weyl reflection WαD from Ω’s given in Table 9.2 with the nature of
the coordinate D − 1 changed
signature Ω′ conditions on Ω
b.1. (S, T, (−)D) T ≥ 3 and S ≥ 4
b.2. (S − 4, T + 4, (−)D) T ≥ 1 and S ≥ 5
b.3. (S, T, (−)D) T ≥ 3 and S ≥ 3
b.4. (S, T, (−)D) T ≥ 5 and S ≥ 2
– c. The coordinates 3 and 4 are of the same nature, D − 1 and D are of different
nature. Moreover there are an odd number of time coordinates in {3, 5, ...,D − 1}
and therefore an even number of time coordinates in the complementary subset
{1, 2, 4,D}, i.e 0, 2 (1 being always space–like in G++B ). These conditions lead to
the possibilities given in Table 9.5. The new signatures are given in Table 9.6 (the
sign for Ra1...aD−3,aD−4 is determined by applying a similar reasoning as the one
developed in case a).
Table 9.5: Ω’s leading to signature changes under the Weyl reflection WαD in case c. There is an
odd number of time coordinates in the subset {4, ..., D − 1}
1 2 3 4 ... D-1 D
c.1. s s s s ... t s
c.2. s t t t ... t s
c.3. s t s s ... s t
c.4. s s t t ... s t
– d. We get the same signature as those of case c (see Table 9.5) except for the
nature of the coordinate D− 1. Again, only the conditions on T and S can differ.
The new signatures are given in Table 9.7.
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Table 9.6: Ω′’s obtained by the Weyl reflection WαD from Ω’s given in Table 9.5
signature Ω′ conditions on Ω
c.1. (S − 4, T + 4, (−)D) T ≥ 1 and S ≥ 5
c.2. (S, T, (−)D) T ≥ 5 and S ≥ 2
c.3. (S, T, (−)D) T ≥ 3 and S ≥ 4
c.4. (S, T, (−)D) T ≥ 3 and S ≥ 3
Table 9.7: Ω′’s obtained by the Weyl reflection WαD from Ω’s given in Table 9.5 with the nature of
the coordinate D − 1 changed
signature Ω′ conditions on Ω
d.1. (S − 4, T + 4, (−)D) T ≥ 1 and S ≥ 6
d.2. (S, T, (−)D) T ≥ 3 and S ≥ 3
d.3. (S, T, (−)D) T ≥ 3 and S ≥ 3
d.4. (S, T, (−)D) T ≥ 5 and S ≥ 2
Summary: From a signature (T, S,+) with T odd, we can reach the signatures
(S − 4, T + 4, (−)D) if { T ≥ 3 and S ≥ 4} or {T ≥ 1 and S ≥ 5}
(S, T, (−)D) if {T ≥ 5 and S ≥ 2} or {T ≥ 3 and S ≥ 3}. (9.6)
In order to find the Weyl orbits of (1,D− 1,+) we need to distinguish between D even
and D odd.
D even : The conditions given by Eq. (9.6) simplify to
(S − 4, T + 4,+) if {T ≥ 1 and S ≥ 5}
(S, T,+) if {T ≥ 3 and S ≥ 3}. (9.7)
If we start from (1,D− 1,+), after the action of WαD one gets (D− 5, 5,+) which is of
the generic type (T, S,+) with T odd furthermore all the other signatures that we reach
given by Eq.(9.7) are of this type. Therefore we can use the above analysis and taking
into account the conditions Eq.(9.7) we conclude that when D is even, the signatures
in the WαD orbit of (1,D − 1,+) for G++B = A++D−3 are given by (n is an integer)
(1,D − 1,+)
(1 + 4n,D − 1− 4n,+) 3 ≤ 4n + 1 ≤ D − 3
(D − 1− 4n, 1 + 4n,+) 5 ≤ 4n + 1 ≤ D − 1. (9.8)
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D odd : After the action of WαD the signature (D− 5, 5,−) is not of the type (T, S,+)
with T odd. To determine the orbit of (1,D − 1,+), we have thus to analyse the
signatures of the form (T, S,−) with T even and S odd.
• Step 2: Let us consider an involution Ω characterised by a signature (T, S,−) where
T is even and S is odd (D is odd). The discussion of the different possible cases of
signature change is similar to the ones discussed in step 1. Indeed, the even number
of time coordinates balances the minus sign for the kinetic term of Ra1...aD−3,aD−4 (see
Eq.(6.22)). We must be careful as far as the conditions on T and S are concerned. The
only difference with the Tables 9.3, 9.4, 9.6, 9.7 is that we have for D odd the opposite
parity for the number of times in the coordinates {4, ...,D − 1}. Therefore, starting
with (T, S,−) we will reach the signature (S, T,+) under the following conditions,
(S, T,+) if {T ≥ 2 and S ≥ 5} or {T ≥ 4 and S ≥ 3}. (9.9)
The sign + given by Eq.(6.21) for Ω′Ra1...aD−3,aD−4 is obtained by a reasoning similar to
the one given below Table 9.2 taking into account the fact that the number of dimensions
is odd.
The new signature Eq.(9.9) is of the type considered in step 1. The conditions for getting
new signatures by acting again with WαD on this signature can thus be deduced from
Eq.(9.6). Starting from (1,D − 1,+) the step 1 gives us (D − 5, 5,−), then step 2
gives us (5,D − 5,+), step 1 can be used again to obtain (D − 9, 9,−). Repeating the
argument, all the new signatures are obtained using “step 1” or “step 2”.
We conclude that when D is odd, the following signatures can be reach,
(1 + 4n,D − 1− 4n,+) 1 ≤ 4n+ 1 ≤ D − 2
(D − 1− 4n, 1 + 4n,−) 1 < 4n+ 1 ≤ D. (9.10)
We can rewrite Eq.(9.8) and Eq.(9.10) in a more concise way and conclude that for all D
(odd and even) the signatures of G++B in the Weyl orbit of (1,D − 1,+) are given by
(1 + 4n,D − 1− 4n,+) 0 ≤ n ≤ [D − 3
4
]
(D − 1− 4n, 1 + 4n, (−)D) 1 < n ≤ [D − 1
4
], (9.11)
where n is an integer and [x] is the integer part of x.
D = 5
The reasoning of the previous section cannot apply for D = 5 because the conditions on Ω to
obtain new signatures Ω′ given in Table 9.1 assumed 4 < D−1. These conditions give in this
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case sign(ΩK34) 6= sign(ΩR35,5) and sign(ΩK45) 6= sign(ΩR45,4). Starting from a signature
(1, 4,+), this implies that the coordinate 4 must be the time. We get by acting with the Weyl
reflection generated by α5 the signature (0, 5,−). Consequently all the possible signatures
for D = 5 are
(1, 4,+) (0, 5,−). (9.12)
D = 4
The Dynkin diagram of A+++1 is depicted in Fig.9.2. To get a signature change due to the
Figure 9.2: Dynkin diagram of A+++1
1 2 3
4
i i i
y
action of the Weyl reflection generated by α4 we need sign(ΩK
3
4) 6= sign(ΩR3,4) which is
not possible since we started from (1, 3,+). The symmetric tensor Ra,b is the representation
[2,0,0] of A3 that occurs at level one. The only possible signature is the Minkowskian one,
(1, 3,+). (9.13)
9.1.2 D+++D−2
D > 6
They are two simple roots not belonging to the gravity line, namely αD and αD+1 (see Figure
9.1). Given a signature (T, S, ε), the first sign in the set ε is associated to the generator3
Ra1a2 and the second one to the generator Ra5...aD (see Eqs. (6.21) and (6.22)). We will
analyse the possible signature changes due to WαD and WαD+1.
1) The Weyl reflection generated by the root αD will never non trivially change the
signature. Indeed, its action on the simple root αD−2 and the corresponding action of UWαD
on the simple generator RD−2D are,
WD: αD−2 ↔ αD−2 + αD UWD : KD−2D−1 ↔ σRD−2D.
3The tensor Ra1a2 is in the representation [0, 1, 0, . . . , 0, 0] of AD−1 that occurs at level (1, 0), the tensor
Ra5...aD is in the representation [0, . . . , 0, 1, 0, 0, 0] of AD−1 that occurs at level (0, 1) [122]. The level (l1, l2) of
a root α of D+++D−2 can be read in its decomposition in terms of the simple roots α = m1α1+ ...+mD−1αD−1+
l1αD + l2αD+1.
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Table 9.8: Conditions on Ω’s leading to non-trivial signature change under the Weyl reflection WαD
for SD++D−2
sign(ΩK45) sign(ΩR
46...D)
A + -
B - +
Therefore to obtain a change of signature one needs (see Eq.(6.18)): sign(ΩKD−2D−1) 6=
sign(ΩRD−2D). We have
sign(ΩRD−1D) = −sign(ΩRD−2D).sign(ΩKD−2D−1),
thus sign(ΩRD−1D) = + implies that the coordinates D − 1 and D are of different nature
because RD−1D satisfies Eq.(6.21). So even if Ω′KD−2D−1 6= ΩKD−2D−1 we will not have
a non trivial signature change but just an exchange between the nature of the coordinates
D − 1 and D.
2) We now consider the action of the Weyl reflection generated by the root αD+1. Its
action on α4 is
WD+1: α4 ↔ α4 + αD+1 UWD+1: K45 ↔ ρR46...D.
In order to have a signature change, we need sign(ΩK45) 6= sign(ΩR46...D). This leads to
two possibilities explicitly given in Table 9.8. The condition A means that the nature of the
coordinates 4 and 5 are different and that if we start from (T, S,±,+) (resp. (T, S,±,−))
there is an even (resp. odd) number of times in {4, 6, ...,D} . Whereas condition B means
that that the nature of the coordinates 4 and 5 are the same and that if we start from
(T, S,±,+) (resp. (T, S,±,−)) there is an odd (resp. even) number of times in {4, 6, ...,D}.
• By analogy with the A+++D−3 case, we start from the signature (T, S,+,+) where T is an
odd number.
A. There is an odd number of times in {1, 2, 3, 5}, i.e 1 or 3. These time coordinates
can be distributed as in Table 9.9. The new signatures Ω′, also given in Table 9.9, are
deduced from the fact that the action of the Weyl reflection generated by αD+1 will
change the nature of the coordinates greater than 4.
B. There is an even number of times in {1, 2, 3, 5} i.e 0, 2 or 4. 4 is excluded here
because we want that 1 is space–like. These time coordinates can be distributed as in
Table 9.10. The new signatures are also given in Table 9.10.
⇒ if D is even, from a signature (T, S,+,+) we can reach the signatures (S, T,+,+)
(if T ≥ 3 and S ≥ 3) and (S − 4, T + 4,+,+) (if T ≥ 1 and S ≥ 5 ).
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Table 9.9: Ω’s leading to signature changes under the Weyl reflection WαD+1 and the related new
signatures Ω′’s (in the case A).
1 2 3 4 5 Ω′ T ≥ S ≥
i. s s t t s (S, T,+, (−)D) 3 3
ii. s s s s t (S − 4, T + 4,+, (−)D) 1 4
iii. s t t s t (S, T,+, (−)D) 3 2
Table 9.10: Ω’s leading to signature changes under the Weyl reflection WαD+1 and the related
new signatures Ω′’s (in the case B).
1 2 3 4 5 Ω′ T ≥ S ≥
i. s s s s s (S − 4, T + 4,+, (−)D) 1 5
ii. s s t t t (S, T,+, (−)D) 3 2
iii. s t t s s (S, T,+, (−)D) 3 3
⇒ if D is odd, from a signature (T, S,+,+) we can reach the signatures (S, T,+,−) (if
T ≥ 3 and S ≥ 2) and (S − 4, T + 4,+,−) (if T ≥ 1 and S ≥ 4).
• From the signature (T, S,+,−) where T is an even number and S odd (D is odd). By
the same procedure, we can conclude that the signatures (S, T,+,+) can be reached (if
T ≥ 2 and S ≥ 3) and the signatures (S − 4, T + 4,+,+) (if S ≥ 5).
Summary: We get the same signatures as the ones of pure gravity as expected since WαD
does not change the signature and only WαD+1 has a non-trivial action,
(1 + 4n,D − 1− 4n,+,+) 0 ≤ n ≤ [D − 3
4
]
(D − 1− 4n, 1 + 4n,+, (−)D) 1 < n ≤ [D − 1
4
], (9.14)
where [x] is the integer part of x. We could have acted with the Weyl reflection generated by
the graviphoton lying at level (1, 1) instead of acting withWαD+1 and we would have obtained
the same results. The sign of the kinetic term of the graviphoton agrees with Eq.(9.11).
D = 6
They are two simple roots out of the gravity line, namely α6 and α7 (see Figure 9.3). Given
a signature (T, S, ε), the first sign in the set ε is associated to the generator Ra1a2 and the
second one to the generator R˜a1a2 .
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Figure 9.3: Dynkin diagram of D+++4
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We can immediately conclude that no signature changes are possible. Indeed the Weyl
reflections generated by the two simple roots not belonging to the gravity line cannot change
the signature in the same way as the Weyl reflectionWαD cannot do it in the previous section.
9.1.3 E+++6
They are two simple roots not belonging to the gravity line, α8 and α9 (see Figure 9.1). The
non trivial actions of the corresponding Weyl reflections W8, W9 are
W8: α5 ↔ α5 + α8 UW8 : K56 ↔ ρR578
α9 ↔ α9 + α8 R ↔ σR˜678
W9: α8 ↔ α8 + α9 UW9 : R678 ↔ δR˜678.
The tensor Rabc is the representation [0, 0, 1, 0, 0, 0, 0] of A7 that occurs at level
4 (1, 0), the
tensor R is the representation [0,0,0,0,0,0,0] of A7 that occurs at level (0, 1) and R˜
abc is the
representation [0, 0, 1, 0, 0, 0, 0] of A7 that occurs at level (1, 1) [122]. The sign of the kinetic
term of R˜abc can be deduced from the ones of Rabc and R, it is the product of these two signs.
The Weyl reflection generated by α9 exchanges the signs of R
abc and R˜abc.
To obtain a signature change from (1, 7,+,+)5, we must act with the Weyl reflection
generated by α8 and there must be an odd number of time coordinates in the following
subset: 6,7,8. In all of this cases, the new signature is (2, 6,−,−). Now we can start from
this new signature and act with the Weyl reflection generated by α9 to get the signature
(2, 6,+,−) or with the one generated by α8 to get (5, 3,+,+). Acting again with the Weyl
reflections generated by α8 (vertical arrows) and α9 (horizontal arrows) on these signatures,
we can conclude that all the signatures are
4The level (l1, l2) of a root α of E
+++
6 can be read in its decomposition in terms of the simple roots
α = m1α1 + ...+m7α7 + l1α8 + l2α9.
5The first sign characterises Rabc and the second one characterises R (see Eqs.(6.21) and (6.22)).
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(1, 7,+,+)
↓
(2, 6,−,−) → (2, 6,+,−)
↓ ↓
(5, 3,+,+) (3, 5,−,+)
↓ ↓
(6, 2,−,−) → (6, 2,+,−).
Theses signatures are the expected ones from the gravity, i.e. (1, 7,+,+), (3, 5,−,+) and
(5, 3,+,+), plus new ones.
9.1.4 E+++7
They are two simple roots not belonging to the gravity line, α9 and α10. The non trivial
actions of the Weyl reflections W9, W10 are
W9: α8 ↔ α8 + α9 UW9 : K89 ↔ ρR8
W10: α6 ↔ α6 + α10 UW10 : K67 ↔ δR689.
The tensor Ra is the representation [1, 0, 0, 0, 0, 0, 0, 0] of A8 that occurs at level
6 (1, 0), the
tensor Rabc is the representation [0,0,1,0,0,0,0,0] of A8 that occurs at level (0, 1).
The Weyl reflection generated by the root α9 will change the signature if sign(ΩK
8
9) 6=
sign(ΩR8). The Weyl reflection generated by the root α10 will change the signature if
sign(ΩK67) 6= sign(ΩR689). With these rules we get the following signatures (a horizon-
tal arrow represents the action of the Weyl reflection generated by α10 and a vertical one the
action of the Weyl reflection generated by α9),
(1, 8,+,+) → (2, 7,−,−) → (5, 4,+,+) → (6, 3,−,−)
↓ ↓ ↓ ↓
(0, 9,−,−) → (3, 6,+,+) → (4, 5,−,−) → (7, 2,+,+).
The signs in the above signatures refer to the kinetic terms of Ra and Rabc (see Eqs.(6.21)
and (6.22)).
9.1.5 E+++8
The signatures are given in [69]. To be complete, we recall them here,
(1, 10,+) → (2, 9,−) → (5, 6,+) → (6, 5,−) → (9, 2,+). (9.15)
6The level (l1, l2) of a root α of E
+++
7 can be read in its decomposition in terms of the simple roots
α = m1α1 + ...+m7α7 +m8α8 + l1α9 + l2α10.
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The sign refers to the sign of the kinetic term of Rabc which is the representation [0,0,1,0,0,0,0,0,0,0]
of A10 that occurs at level 1.
9.2 Non simply laced algebras
9.2.1 B+++D−2
The only non trivial action of the Weyl reflection generated by the short root αD is
WD: αD−1 ↔ αD−1 + 2αD UWD : KD−1D ↔ σRD−1D.
The tensor Rab is the representation [0, 1, 0, , . . . , 0] of AD−1 that occurs at level7 (2, 0) [122].
To get a signature change with this Weyl reflection we need sign(ΩKD−1D) 6= sign(ΩRD−1D)
which is impossible since the sign of the kinetic term of Rab is given by Eq.(6.21).
We are therefore left with one simple long root, namely αD+1. The Weyl reflection
WαD+1 will clearly produce the same signature changes as WαD+1 does for D
+++
D−2 . Therefore
all possible signatures are the ones found for D+++D−2 , i.e the signatures of pure gravity.
(1 + 4n,D − 1− 4n,+,+) 0 ≤ n ≤ [D − 3
4
]
(D − 1− 4n, 1 + 4n,+, (−)D) 1 < n ≤ [D − 1
4
], (9.16)
where [x] is the integer part of x. The first sign refers to the kinetic term of Ra and the
second to the one of Ra5...aD . Ra is the representation [1,0,...,0] of AD−1 that occurs at level
(1, 0) and Ra5...aD the representation [0,...,0,1,0,0,0] that occurs at level (0,1) [122].
9.2.2 C+++q+1
Clearly, if the Weyl reflections associated to α4 and α5 do not change the signature, there
will be no signature changes. Let us first have a look at α5,
W5: α4 ↔ α4 + α5 UW5: R4 ↔ ρR˜4
α6 ↔ α6 + α5 R˜ ↔ σ ˜˜R.
The tensor Ra is the representation [1, 0, 0] of A3 that occurs at level
8 (1, 0, ..., 0), the tensor
R˜a is the representation [1,0,0] of A3 that occurs at level (1, 1, 0, ..., 0), the tensor R˜ is the
representation [0, 0, 0] of A3 that occurs at level (0,0,1,0,...,0) and
˜˜R is the representation
7The level (l1, l2) of a root α of B
+++
D−2 can be read in its decomposition in terms of the simple roots
α = m1α1 + ...+mD−1αD−1 + l1αD + l2αD+1.
8The level (lq+1, lq, ..., l1) of a root α of C
+++
q−1 can be read in its decomposition in terms of the simple roots
α = m1α1 +m2α2 +m3α3 + lq+1α4 + ...+ l1αq+4.
172 DUALITIES AND SIGNATURES OF G++ INVARIANT THEORIES
Table 9.11: Level decomposition of F+++4
(l1, l2) A5 weight Tensor
(0,1) [0,0,0,0,0] R
(1,0) [1,0,0,0,0] Ra
(1,1) [1,0,0,0,0] R˜a
(2,0) [0,1,0,0,0] Rab
[0, 0, 0] of A3 that occurs at level (0, 1, 1, 0, ..., 0). Because we started with a signature where
all the generators have the sign of their kinetic term positive, we will not reach new signatures
(i.e. here meaning new signs for the kinetic term of Ra or R˜) with this reflection.
Let us now look at α4,
W4: α5 ↔ α4 + α5 UW4 : R ↔ R˜4
α3 ↔ α3 + 2α4 K34 ↔ R34.
The tensor R is the representation [0,0,0] of A3 that occurs at level (0,1,0,...,0), R
ab is the
representation [0,1,0] of A3 that occurs at level (2,0,...,0). To get a signature change we need
Ω(K34) 6= Ω(R34) which is impossible because we have Eq.(6.21) for R34.
9.2.3 F+++4
There are two short simple roots not belonging to the gravity line, namely α6 and α7. The
generators associated to these simple roots are given in Table 9.11 respectively at level9 (1,0)
and (0,1) [122]. The non trivial action of the Weyl reflection Wα6 (and of the corresponding
conjugaison by a group element UWα6 ) on the simple roots (and on the corresponding simple
generators) are,
W6: α5 ↔ α5 + 2α6 UW6: K56 ↔ R56
α7 ↔ α7 + α6 R ↔ R˜6.
Wα6 can not change the signature because it needs sign(ΩK
5
6) 6= sign(ΩR56) which is impos-
sible since the sign of the kinetic term for Rab is always positive. Moreover Wα6 can neither
change the sign of the kinetic term of R because we start from a signature such that all
kinetic terms are characterised by Eq.(6.21). The action of Wα7 on the simple roots is,
W7: α6 ↔ α6 + α7 UW7: R6 ↔ R˜6.
9The level (l1, l2) of a root α of F
+++
4 can be read in its decomposition in terms of the simple roots
α = m1α1 + ...+m5α5 + l1α6 + l2α7.
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Table 9.12: Level decomposition of G+++2
l A4 weight Tensor
1 [1,0,0,0] Ra
3 [1,1,0,0] R˜abc
This reflection can only a priori change the sign of the kinetic term for Ra. This sign can
change if sign(ΩR6) 6= sign(ΩR˜6) which is impossible since we started from a signature with
all the signs given by Eq.(6.21). Therefore the only possible signature is
(1, 5,+,+), (9.17)
where the first sign refers to Ra and the second to R.
9.2.4 G+++2
There is only one simple root not belonging to the gravity line, namely α5. The only non
trivial action of the Weyl reflection generated by α5 on the simple roots is (see Table 13)
W5:α4 ↔ α4 + 3α5 UW5: K45 ↔ R˜455.
To get a signature change we need sign(ΩK45) 6= sign(Ω(R˜455), i.e. 5 is a time coordinate
(because we start with the sign of R˜abc given by Eq.(6.21)). The new signature is the euclidian
one (0, 5,−). These are the only signatures we can reach in agreement with pure gravity in
D = 5,
(1, 4,+) (0, 5,−), (9.18)
where the sign refers to the kinetic term of Ra.
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This thesis deals with recent aspects in the investigation of the symmetry structure of
gravity. First, we addressed questions within the framework of the Cosmological Billiards.
The billiard picture is derived within General Relativity, in studying the dynamics of the
gravitational field (and other fields) in the vicinity of a space–like singularity. Of course, a
satisfactory study of the gravitational field in this regime would require the knowledge of a
quantum theory of gravity. In the quest for such a theory, it is however natural to examine
General Relativity close to the regime where it breaks down. Moreover, the symmetries
exhibited in a classical analysis might be also symmetries of the full quantum theory, even
if the BKL analysis breaks down. The study of Cosmological Billiards suggests that Kac–
Moody algebras might play an important role in a more fundamental theory of gravity. This
observation deserves a more in–depth analysis. In this perspective, we obtained the following
results:
– Our study of homogeneous cosmologies confirms the restoration of chaos when non–diagonal
elements of the metric are kept in 5 ≤ D ≤ 10 [55]. When considering particular initial
conditions, we found some Lorentzian Kac–Moody subalgebras of the algebras relevant in
the generic, i.e. non homogeneous, context. We stressed the importance of having a better
understanding of the momentum constraints in the generic case since in the very particular
case of some empty D = 4 homogeneous cosmologies, the billiard shape might depend on a
gauge choice [but the finiteness, or infiniteness, of the billiard volume is not affected by a
gauge choice]. We hope that these simplified models could provide a laboratory for the proof
of the BKL conjecture in the chaotic cases.
– The shape of the billiards contains rather “coarse–grained” information about gravitational
theories: it is invariant under dimensional reduction, it is not sensitive to Chern–Simons terms
and it does not depend on the complete field content of the theories. From the billiard shape,
we were able to derive information about the oxidation endpoint of the D = 3 cosets of
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non–split groups coupled to gravity [50]. More precisely, we gave the highest dimensions for
all cases and showed how to find the field content of these oxidation endpoints.
– We next turned to hyperbolic Kac–Moody algebras. These algebras are of particular in-
terest since they characterise chaotic Kac–Moody billiards. For any Kac–Moody algebra,
we addressed the questions of the existence of a Lagrangian reproducing this algebra and
the maximal dimension in which such a Lagrangian exists. We completely answered these
questions and gave explicitly the minimal field content of the Lagrangians in the highest
dimensions [56]. The maximal rank for hyperbolic algebras is 10 (and only four hyperbolic
algebras do exist); we confirmed the oxidation endpoint for CE10 (spacetime dimension, field
content and Lagrangian) that is the only rank 10 hyperbolic algebra a priori not related to a
string/M–theories. Our analysis restricts to the Weyl groups of hyperbolic algebras, but the
search for Lagrangians invariant under these algebras [which are not over–extended algebras]
has not been considered. Non–linear realisations based on these algebras might give a hint
on how to handle this problem.
As stated above, one of most attractive features of Cosmological Billiards lies in the
beautiful symmetric structure of gravitational theories they reveal and which is believed to be
preserved in a quantum regime, although the BKL behaviour might be destroyed. Attempts
to make this symmetry manifest and to go beyond this billiard picture have been suggested
by the construction of actions invariant under Kac–Moody algebras. Reference [43] proposed
an action invariant under E++8(8) —which is the case relevant to D = 11 supergravity— that
describes a geodesic motion on the coset space E++8(8)/K(E
++
8(8)). The equations of motion
resulting from this action have been compared, level by level, to the equations of motion of
the (bosonic sector of the) D = 11 supergravity. The matching is perfect up to level 3− or
equivalently height 30 (which is much better than the height 1 roots accessed in the billiard
picture). The inclusion of fermions was however lacking in this construction but we filled this
gap in [52]. In the meanwhile, we showed that:
– The Dirac field is compatible with the hidden symmetries that emerge upon toroidal di-
mensional reduction to three dimensions, provided one appropriately fixes its Pauli couplings
to the p–forms [51]. We have only considered the split real form for the symmetry (duality)
group in three dimensions, but similar conclusions would apply to the non–split forms. We
have also indicated that the symmetry considerations reproduce some well known features of
supersymmetry when supersymmetry is available.
– The Dirac field is compatible with the conjectured infinite–dimensional symmetry G++ and
a perfect matching was found with the non–linear σ–model equations minimally coupled to
a (1 + 0) Dirac field, up to the levels where the bosonic matching works [51].
– The Dirac fermions get frozen a` la limite BKL. Moreover when the fermionic currents are
treated as ordinary classical fields, chaos will be destroyed —whenever it is present in the
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bosonic theory— in agreement with the findings of [8]. A direct group theoretical interpre-
tation of this result is that the motion in the Cartan subalgebra becomes time–like [51].
– The gravitino field of 11–dimensional supergravity is compatible with the conjectured hid-
den E10(10) symmetry up to the level reached in the bosonic sector. In σ–model terms, the
supergravity action is given by the (first terms of the) action for a spinning particle on the
symmetric space E10(10)/K(E10(10)), with the internal degrees of freedom in the ‘spin 3/2’
representation of K(E10(10)) (modulo the 4–fermion terms) [52]. This action takes the same
form as the action for a Dirac spinor but with the appropriate ‘spin 3/2’ representation. We
can thus analyse its dynamics in terms of the conserved K(E10(10)) currents along the same
lines as for the spin 1/2 case and conclude that the BKL limit holds. We have treated explic-
itly the case of D = 11 supergravity, but a similar analysis applies to the other supergravities,
described also by infinite–dimensional Kac–Moody algebras (sometimes in non–split forms
[89, 78]). The inclusion of fermions in the G+++–invariant actions could be considered along
the same lines.
Actions invariant under G+++ have been proposed in [71] that encompass two non equiv-
alent actions invariant under G++, SG++B and SG++C [69]. The action SE++8(8)B has been shown
to possess “extremal brane” solutions that form orbits under the Weyl group identifiable
with the U–duality orbits existing in M–theory [71, 72]. This strongly suggests a general
group–theoretical origin of ‘dualities’ for all SG++B –theories transcending string theories and
supersymmetry [71, 72, 73]. One aspect of the dualities is that they can change the space-
time signature [96, 97, 95]. In this context, we extended to all SG++B –theories the analysis of
signature changing Weyl reflections [53]. We found for all the SG++B –theories all the possible
signatures (T, S) —where T (resp. S) denotes the number of time–like (resp. space–like)
directions— related by Weyl reflections of G++ to the Lorentzian (1,D− 1) signature. Along
with the different signatures the signs of the kinetic terms of the relevant fields have been
discussed. In the context of string theory, the special cases of D++24 and B
++
8 are interesting.
The attempts to reformulate “M–theories” as non–linear realisations are very instructive.
They do not include space(time) as a basic ingredient, rather it is hoped to be encoded in
the dynamics. To understand how, a proof of the conjecture that certain infinite “tower”
of representations encode the spatial derivatives the (supergravity) fields [43] would be illu-
minating. But it seems that a better knowledge of Kac–Moody algebras is needed to tackle
this statement. A first step in this direction could be to seek solutions to the Kac–Moody
invariant actions that are identifiable as supergravity solutions that depend on two spacetime
coordinates. A better understanding of infinite–dimensional subalgebras might be of great
important in that context. More generally, difficulties arise in the interpretation of fields of
increasing level (for instance, for E10(10), no dictionary has been established for fields of level
ℓ > 3−). Various interesting propositions have been put forward for how to understand the
structure of these higher level fields. First, the conjecture mentioned above about the spa-
tial derivatives. Furthermore, these higher level fields may also be interpreted as candidates
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for higher spin fields because of their index structure (see for instance [54] and references
therein). Recently, some very promising results have also been obtained regarding the in-
corporation of quantum corrections into the structure of the Kac–Moody algebras related to
string and M–theory [48, 125, 38]. More precisely, for M–theory the leading contribution of
the 8th derivative correction is associated with the fundamental weight Λ10 conjugate to the
exceptional simple root of e10(10). Subdominant terms at the same order in derivatives then
contributes by the addition of positive roots to this weight. This opens up the tantalising
possibility that M–theoretical corrections are encoded in (non–integrable) representations of
e10(10). Since the dominant weights, appearing as lowest weights in the representations, corre-
spond to negative levels these results indicate that the original E10(10)–invariant action [based
on a Borel–type decomposition] is probably insufficient to incorporate the full structure of
M–theory. Reference [19] also deals with imaginary roots.
Whatever M–theory will be, we believe that it will reflect the deep connections between
dimensional reduction, asymptotic dynamics of the gravitational field in the vicinity of a
space–like singularity, hidden symmetries, dualities, non–local transformations and infinite–
dimensional Lie algebras.
Appendix A
Simple Lie Algebras
This appendix is based on [79] and [99]. For more details and examples, see [16].
A.1 Structure of Simple Lie Algebras
Basic Definitions
A complex Lie algebra g is a vector space equipped with a binary operation [ , ] called a
commutator, mapping g×g into g with the following properties; ∀ x, y, z ∈ g and ∀ α, β ∈ C,
1. Antisymmetry : [x, y] = −[y, x] ;
2. Bilinearity : [αx+ βy, z] = α[x, z] + β[y, z] ;
3. Jacobi identity : [[x, y], z] + [z, [x, y]] + [y, [z, x]] = 0 .
A Lie algebra g can be specified by a set of generators {Jb} and their commutations relations
[Jb, Jc] = f bcdJ
d .
The dimension of the algebra is the dimension of the underlying vector space. The constants
f bcd are the structure constants.
Simple Lie algebras are non-abelian Lie algebras that contain no proper1 ideal. An ideal i of
g is a subspace of g such that [i, g] ⊂ i .
Semi-simple Lie algebras are Lie algebras that contain no abelian ideal and that are not
empty. Every semi-simple Lie algebra can be decomposed into the direct sum of its simple
ideals (see theorem in Section 5.2 of [99]).
Levi theorem: Every Lie algebra can be decomposed into the direct sum of simple Lie algebras
and solvable algebras (a solvable algebra is a Lie algebra such that the series L(0) = L, L(1) =
[L(0), L(0)], L(k) = [L(k−1), L(k−1)] stops for some k).
1A proper subset of a set is a set which is not the set itself neither the empty set.
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A linear representation Γ of a Lie algebra g in the vector space V is an homomorphism2
Γ : g → gl(V ) : x→ Γ(x) , Γ(x) : V → V : v → Γ(x) · v . (A.1)
The linear operator Γ(x) is sometimes simply denoted by x .
The Cartan-Weyl Basis and Roots
Only semi-simple complex Lie algebras are treated. In the Cartan-Weyl basis, the generators
are constructed as follows. We first find the maximal set of commuting generators H i ,
i = 1, ..., r , such that adHi is semi-simple for all i (an endomorphism is called semi-simple if
in a suitable basis it can be expressed by means of a diagonal matrix). This set of operators
forms the Cartan subalgebra3 g◦. The rank of g is defined to be the dimension r of its Cartan
subalgebra.
Because the matrices adHi can be simultaneously diagonalized, the remaining generators
are chosen to be those particular combinations Eα of the Ja’s that satisfy the following
eigenvalue equations
adHiE
α = [H i, Eα] = α(H i)Eα
where the α(H i), also noted αi, are the (not all vanishing) components of elements of g⋆◦, the
dual of the Cartan subalgebra g◦ . The non-zero elements α of g⋆◦ such that the set
gα = { X ∈ g | [H i,X] = αiX ∀ H i ∈ g◦ }
is not empty are called roots. The set of all roots of g is denoted ∆ and is called the root
system of g. Eα is the corresponding ladder operator. To get the commutation relations
between the ladder operators, one observes that the Jacobi identity implies
[H i, [Eα, Eβ ]] = (αi + βi)[Eα, Eβ ] .
If α + β ∈ ∆, the commutator [Eα, Eβ ] must be proportional to Eα+β . It certainly must
vanish if α+β is not a root. When α = −β, the commutator [Eα, E−α] commutes with all H i,
which is possible only if it is a linear combination of the generators of the Cartan subalgebra
(see Eq.(A.5) for precise relation). Therefore, the full set of commutation relations in the
2∀x, y ∈ g and ∀ v ∈ V , [Γ(x),Γ(y)] · v = Γ([x, y]) · v and Γ(αx+ βy) · v = αΓ(x) · v + βΓ(x) · v
3An equivalent definition can be found in Section 15.3 of [99]. It is also shown that all Cartan subalgebras of
a given finite-dimensional semi-simple Lie algebras are isomorphic (see the Corollary in Section 15.3. (Section
8.1. for definition) and Section 16.4).
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Cartan-Weyl basis is
[H i,Hj ] = 0
[H i, Eα] = αiEα
[Eα, Eβ ] = Nα,βE
α+β for some Nα,β ∈ C if α+ β ∈ ∆ ,
=
∑r
i=1 aiH
i for some ai ∈ C if α = −β ,,
= 0 otherwise .
(A.2)
The Killing Form and Properties of Roots
In order to know the Cartan-Weyl basis more explicitly, more must be said about the root
system ∆. The Killing form plays an important role in this perspective.
A bilinear and symmetric form on g, called the Killing form, can be defined by
K(x, y) := tr(adx ady) ∀x, y ∈ g .
The Killing form possesses important properties: (i) its invariance (under the adjoint action)
K(x, [y, z]) = K([x, y], z) ∀ x, y, z ∈ g; (ii) it is non-degenerate (Cartan’s criterion); (iii) the
restriction of the Killing form to g◦ is non-degenerate.
The fundamental role of the Killing form is to establish an isomorphism between g◦ and g⋆◦ .
To every γ ∈ g⋆◦ corresponds, up to a normalization factor cγ , an element Hγ ∈ g◦ through
γ(h) = cγK(h,H
γ) ∀ h ∈ g◦ . (A.3)
To avoid the normalization factor, we also define hγ := cγH
γ . With this isomorphism, the
Killing form can be transferred into a (non-degenerate) inner product on g⋆◦ :
(γ, β) := K(hβ , hγ) = cβcγK(H
β,Hγ) . (A.4)
Using the Killing form, the commutation relation between Eα and E−α can be established.
One can show that,
[Eα, E−α] = cαK(Eα, E−α)Hα = K(Eα, E−α)hα . (A.5)
Here are listed some important results concerning the root system ∆ of (finite-dimensional)
semi-simple complex Lie algebras.
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⋆ The roots span all g⋆◦ : spanC(∆) = g⋆◦
⋆ The root spaces gα are one-dimensional (gα = spanC{Eα}), i.e. the roots are non-
degenerate;
⋆ The only multiples of α ∈ ∆ which also belong to ∆ are ±α ;
⋆ On g◦(R), the real vector space with basis {H i}ri=1 (or {hβi}ri=1), we have α(H i) ∈ R
∀ i and ∀ α ∈ ∆.
⋆ K(h, h′) is real for all h, h′ ∈ g◦(R). Moreover, for all h ∈ g◦(R), K(h, h) > 0 and
K(h, h) = 0 implies h = 0.
The Killing form thus provides an Euclidean metric on the root space g⋆◦(R), so that we have
g⋆◦(R) ∼= Rr. This highly non-trivial fact is one of the key ingredients in the classification of
all finite-dimensional simple Lie algebras.
Simple Roots, Cartan Matrix and Dynkin Diagram
Let hβ1 , hβ2, . . . hβr be a set of r linearly independent elements of g◦, where βi ∈ ∆, 1 6
i 6 r . It can be shown that every non-zero root α of ∆ can be written in the form α =∑r
j=1 kiβj , ki ∈ Q , i = 1, . . . , r. A non-zero root of ∆ is said to be positive (with respect
to this basis) if the first non-vanishing coefficient of the set {ki}ri=1 is positive. One then
writes α > 0. The set of all positive (resp. negative) roots is denoted ∆+ (resp. ∆−). A
simple root is a positive root that cannot be written as the sum of two positive roots. If g
has rank r then g possesses precisely r simple roots {α(i)}ri=1. They form a basis of the dual
space g⋆◦ such that every positive root α can be written as α =
∑r
i=1 kiα
(i) ∈ ∆+ where the
ki’s are non negative integers. The level or height of α is the positive integer k =
∑r
i=1 ki .
A lexicographic ordering of roots can be introduced: let α and β be any two roots of ∆ ,
then if α− β is positive, (α− β) > 0 , one writes α > β .
The Cartan matrix A of g is an r × r matrix whose elements Aij are defined in terms of
the simple roots {α(i)}ri=1 of g by
Aij =
2(α(i), α(j))
(α(j), α(j))
, i, j = 1, . . . , r . (A.6)
The Cartan matrix A possesses the following properties: Aii = 2 ∀ i ∈ {1, . . . , r}; for i 6= j
the only possible values of Aij are 0, −1, −2 or −3; Aij = 0 if and only if Aji = 0 .
The coroot of the simple root α(i) is
α(i)∨ :=
2α(i)
(α(i), α(i))
.
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There is a highest root Θ, the unique root for which, in the expansion
∑
miα
(i), the height
(or level)
∑
mi is maximized.
One depicts a so-called Dynkin diagram for each simple complex Lie-algebra g where
each simple root α(i) of g is assigned a point (a vertex) and max{|Aij |, |Aji|} lines are drawn
between the vertices corresponding to α(i) and α(j) with an arrow towards the shortest root,
i.e. if
√
α(i), α(i) <
√
α(j), α(j) the arrow is directed toward α(i).
Remaining Commutation Relations
If α, β, γ, δ, α + β ∈ ∆, and p, q are such that the α-string4 containing β is β − pα, . . .,
β, . . ., β + q α it can be shown that the Nα,β’s of Eq.(A.2) are such that
(a) Nα,β 6= 0 ;
(b) Nβ,α = −Nα,β ;
(c) if α+ β + γ = 0, Nα,βKγ = Nβ,γKα = Nγ,αKβ where Kα = K(E
α, E−α);
(d) if α, β, γ, δ are such that the sum of two of them is never zero, and if α+β+γ+ δ = 0,
then Nα,βNγ,δKα+β +Nβ,γNα,δKβ+γ +Nγ,αNβ,δKα+γ = 0
(e) Nα,βN−α,−β = −12(α,α)
KαKβ
Kα+β
q(p+ 1);
(f) with K(Eα, E−α) taking any assigned value Kα for each pair of roots α, −α ∈ ∆,
the basis elements of g may be chosen so that either Nα,β = N−α,−β ∀ α, β ∈ ∆ or
Nα,β = −N−α,−β ∀ α, β ∈ ∆.
To fix the commutations relations (A.2, A.5) up to signs, one can for instance take
1. Kα = 1 ∀ α ∈ ∆ (one denotes the ladder operators normalised accordingly by eα) and
2. N−α,−β = −Nα,β ∀α, β ∈ ∆. With these conventions, all Nα,β are real and obey
Nα,β
2 =
1
2
(α,α)q(p + 1) .
3. Moreover, one chooses the Cartan generators chosen to be the hα such that α(h) =
K(h, hα) ∀ h ∈ g◦.
With these normalisations, the commutation relations write
[hα, hβ ] = 0 ,
[hα, eβ ] = β(hα)eβ ,
[eα, eβ ] = ±
√
1
2
(α,α)q(p + 1)eα+β if α+ β ∈ ∆ ,
= hα if β = −α ,
= 0 ortherwise . (A.7)
4If α and β are roots, the α–string of roots containing β is the set of all roots of the form β + kα, where k
is an integer.
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Two other choices are often used in the literature, the Chevalley basis and the orthonormal
basis.
The Chevalley Basis and Serre Relations
The Chevalley basis is a particular case of Cartan-Weyl basis which is the one most useful
for studying representations. In this section, a construction of finite dimensional simple Lie
algebras based on Cartan matrices and called the Chevalley–Serre construction is presented.
A Cartan matrix A is an r×r matrix such that (i) Aii = 2, (ii) Aij = 0,−1,−2,−3 for i 6= j,
(iii) Aij = 0 ⇐⇒ Aji = 0 for i 6= j, (iv) det(A) > 0, (v) A is indecomposable, i.e. there
is no renumbering of the indices which would bring A to a block diagonal form. Any finite
dimensional simple Lie algebra g(A) can be built out of a Cartan matrix A, see e.g. [99].
The algebra g(A) is generated by 3 r, {ei, fi, hi}i=1,...,r obeying the following commutation
relations,
[hi, hj ] = 0 ,
[hi, ej ] = Ajiej ,
[hi, f j] = − Ajif j ,
[ei, f j] = δijhi .
Moreover, their multi-commutators (the remaining generators) are subject to the so-called
Serre relations,
(adei)
1−Ajiej = 0 ,
(adf i)
1−Ajif j = 0 .
It can be shown that the algebra g(A) admits a triangular decomposition,
g(A) = n− ⊕ g◦ ⊕ n+ ,
where g◦ is the Cartan subalgebra generated by the hi, n− is nilpotent and generated by
the multicommutators of the fi (elements of the form [fi, [fj, [..., [fk , fl]]]]) and n+ is gen-
erated by multicommutators of the ei. As mentioned above, the roots are not degenerate
therefore to each multicommutator eα of the ei correspond one positive root α and to each
multicommutator fα of the fi correspond one negative root −α.
This choice of basis corresponds to the following normalisation choices,
1. The hi are equal to the H(α
i) of Eq.(A.3) with cαi = (α
(i), α(i))/2, i.e. they are normalised
such that the equation α(i)(h) = 1/2 (α(i), α(i))K(h, hi) is satisfied.
2. The ei and f i are the previously introduced Eα
(i)
and E−α(i) generators normalised
such that Kα(i) = K(E
α(i) , E−α
(i)
) = 2/(α(i), α(i)). They obey Eq.(A.5) which, with these
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normalisations, rewrites [ei, fi] = hi.
3. The normalisation of the multicommutators eα is chosen such that K(eα, fα) = 2/(α,α).
Remark : The Cartan-Chevalley involution τ reads
τ(hi) = −hi, τ(ei) = −fi and τ(eα) = (−1)ht(α)fα . (A.8)
Chevalley Basis up to signs
A slightly different convention is the same as here above except that we take the “negative”
generators fi with the opposite sign. The only relation that is modified is [ei, fj ] = −δij hi.
The sign convention for fi simplifies somewhat the form of the generators of the maximal
compact subalgebra . The Cartan-Chevalley involution reads τ(hi) = −hi, τ(ei) = fi, τ(fi) =
ei and extends to the higher height root vectors as τ(eα) = fα, τ(fα) = eα. A basis of the
maximal compact subalgebra is given by kα = eα+ fα. It is convenient to define g
T = −τ(g)
for any Lie algebra element g. The invariant bilinear form on the Lie algebra is given for the
Chevalley-Serre generators by
K(hi, hj) =
2Aji
(αi|αi) =
2Aij
(αj |αj) , K(hi, ej) = K(hi, fj) = 0, K(ei, fj) = −
2δij
(αi|αi) (A.9)
and is extended to the full algebra by using the invariance relation K(x, [y, z]) = K([x, y], z).
Here, the αi’s are the simple roots. The induced bilinear form in root space is denoted by (·|·)
and given by (αi|αj) = 2Aij(αi|αi) . The numbers (αi|αi) are such that the product Aij (αi|αi) is
symmetric and they are normalized so that the longest roots have squared length equal to 2.
One gets
K(hi, eα) = K(hi, fα) = 0 = K(eα, eβ) = K(fα, fβ), K(eα, fβ) = −Nαδαβ , (A.10)
where the coefficient Nα in front of δαβ in the last relation depends on the Cartan matrix
(and on the precise normalization of the root vectors corresponding to higher roots – e.g.,
Nα =
2
(α|α) in the Cartan-Weyl-Chevalley basis).
Orthonormal Basis
The Killing form of g provides an inner product for the real vector space g◦(R). Consequently
a basis may be set up in g◦(R) that is orthonormal with respect to the Killing form, and this
basis is also a basis g◦(R). Thus there exist r elements Hi, i = 1, . . . , r of g◦(R) such that
K(Hi,Hj) = 2δij , i, j = 1, 2, . . . , r . (A.11)
It follows that K(~a,~b) = 2~a.~b for ~a, ~b in g◦ (~a =
∑
i a
iHi, ~b =
∑
i b
iHi) and (~α|~β) = 12~α.~β for
~α, ~β in the dual space. Here, ~a.~b =
∑
i a
ibi and ~α.~β =
∑
i αiβi (and αi, βi components of ~α,
~β in the dual basis).
188 SIMPLE LIE ALGEBRAS
A.2 Highest Weight Representations
The key idea in the analysis of finite-dimensional representations of simple Lie algebras is to
reduce the problem to the representation theory of the algebra sl(2). This is possible because
each Hα together with Eα and E−α span a sl(2) subalgebra in the Chevalley basis. Note
that we will only be interested in finite dimensional representations of simple Lie algebras.
In this section, we use the Chevalley basis.
Representations of sl(2)
The generators h, e and f of sl(2) satisfy the relations
[h, e] = 2e [h, f ] = −2f [e, f ] = h (A.12)
For all integer p > 0 there exists a unique, up to isomorphism, irreducible representation
of dimension p + 1 of maximal weight p. One can always choose a basis {v0, ..., vp} of the
representation space such that e, f and h acts as in Eq.(A.13) with j = 0, ..., p.
h vj = (p − 2j) vj e vj = j(p− j + 1) vj−1 f vj = vj+1 . (A.13)
Weights of a Representation
For any simple Lie algebra g, with the convention corresponding to the Chevalley basis, each
Hα together with Eα and E−α ≡ Fα span an sl2 subalgebra. These generators obey the sl(2)
commutation relation given by Eqs. (A.12) with the following identifications,
Hα → h Eα → e E−α → f (A.14)
One learns therefore that for an arbitrary representation V of g, a basis {|λ〉} can always be
found such that the whole Cartan subalgebra acts diagonally on it. Indeed, sl(2) acts on V
and the representation theory of this algebra tell us that there exists a basis of V such that
Hα acts diagonally on it. The hi’s (= Hα
(i)
’s) spanning the Cartan subalgebra all commute
and therefore the whole Cartan subalgebra acts diagonally on a well chosen basis of V
hi|λ〉 = λi|λ〉 . (A.15)
The eigenvalues λi can be collected into an r-dimensional vector which is called a weight.
This weight can be seen as an element of g⋆◦, λ(hi) = λi.
Moreover, the weight λi are integers. Indeed, the representation V provides a represen-
tation of the slα(i)(2) subalgebra spanned by the Chevalley generators {Hα
(i)
, E±α
(i)} . The
latter representation of slα(i)(2) can be decomposed into a direct sum of irreducible represen-
tations of slα(i)(2) discussed in the previous section. Thus the diagonal elements of H
α(i) must
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all be integers, which means that λ(Hα
(i)
) is an integer. We have λi = λ(hi) = λ(Hα
(i)
) .
From this, one concludes that (λ, α∨) is an integer for any α ∈ ∆. One just repeats the
previous argument for any subalgebra sl2(α) of g, α ∈ ∆ , and by noting that λ(Hα) =
2
(α,α)λ(hα) =
2(λ,α)
(α,α) = (λ, α
∨) .
Suppose that α is a root of g and λ is a weight of some representation of g, then the
“α-string of weights containing λ” is the set of all weights of that representation of the form
λ+ kα, where k is an integer.
Let α be a non-zero root of g and λ a weight of some representation V of g. Then there
exist two non-negative integers p and q (which depend on α and λ) such that λ+kα is in the
α-string containing λ for every integer k that satisfies the relations −p 6 k 6 q. Moreover,
p and q are such that
p− q = 2(λ, α)
(α,α)
= (λ, α∨) . (A.16)
Fundamental Weights
The dual basis of the coroot basis is denoted {Λ(i)}ri=1 and its elements obey
(Λ(i), α
(j)∨) = δji . (A.17)
The Λ(i) are called fundamental weights.
One defines the quadratic form matrix G = (Gij) with lower indices by Gij := (Λ(i),Λ(j)).
In terms of the Cartan matrix Aij, (G)ij = (A
−1)ij
(α(j) ,α(j))
2 . It inverse G
−1 is written
Gij in components and is called the symmetrized Cartan matrix, Gij = (α(i)∨, α(j)∨). The
symmetrized Cartan matrix coincides with the restriction of the Killing form to the Cartan
subalgebra g◦.
In order to describe the inner products on the root and weight spaces explicitly, one
expresses roots and weights through their components with respect to the basis of simple
coroots and the Dynkin basis B⋆ := {Λ(i) | i = 1, 2, . . . , r}, respectively. Thus one writes
λ =
r∑
i=1
λiα
(i)∨ =
r∑
j=1
λjΛ(j) with λi = (λ,Λ(i)) , λ
i = (λ, α(i)∨) . (A.18)
The coefficients λi are called Dynkin labels. As a consequence of (Λ(i), α
(j)∨) = δji one has
(α(j)∨)i = δ
j
i = (Λ(i))
j , (α(j))i =
(α(j), α(j))
2
δji . (A.19)
The quadratic form matrix and the symmetrized Cartan matrix serve to lower and raise
indices, respectively:
λi =
r∑
j=1
Gijλ
j , λi =
r∑
j=1
Gijλj . (A.20)
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The matrix Gij provides an inner product on the weight space; for simple Lie algebras, this
product is in fact euclidean, i.e. its signature is (r, 0). Combining (A.19) and the expression
of Gij in terms of the Cartan matrix, it follows that
(α(i))
j ≡
r∑
k=1
(α(i))kG
kj = (A)ij . (A.21)
In words: the components of the simple roots in the Dynkin basis coincide with the rows of
the Cartan matrix.
The Dynkin labels are the eigenvalues of the Chevalley generators of the Cartan subalgebra
in the basis were Eq. (A.15) holds. Indeed
hi|λ〉 = λ(hi)|λ〉
=
∑
j
λjΛ(j)(h
i)|λ〉
=
∑
j
λj
2
|α(i)|2Λ(j)(hα(i))|λ〉
= λi|λ〉 .
Recall that the eigenvalues λi of h are integers. They can be computed by using Eq. (A.16).
Weights and their Multiplicities
A weight Λ of a representation of g is said to be a Highest weight Λ if Λ is such that Λ > λ
for every other weight λ.
Any finite-dimensional irreducible representation has a unique highest weight state |Λ〉
which is completely determined by its Dynkin labels. The importance of the highest weight
of a representation stems from the fact that each irreducible representation is uniquely and
completely specified by its highest weight, all of its properties, such as its dimension and the
other weights being easily deducible from it. Moreover, there is a straightforward procedure
for constructing every possible highest weight. The highest weight state is such that Eα|Λ〉 =
0, ∀α > 0. The existence of such a highest weight state is obvious (for finiteness of the
representation) but the uniqueness is not trivial.
More precisely, for every irreducible representation Γ of a semi-simple complex Lie algebra
g the highest weight Λ can be written as
Λ =
r∑
i=1
niΛ(i) , n
i ∈ Z+ , 1 6 i 6 r (A.22)
where {Λ(i)}ri=1 is the set of fundamental weights of g. Moreover, to every set of non-negative
integers {ni}ri=1 there exists an irreducible representation of g with highest weight Λ given by
Equation (A.22), and this representation is unique up to equivalence. This highest weight can
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be encoded into a Young Tableau. A Young tableau is set of boxes that encodes the Dynkin
labels. For example, the representation of A10 = sl(11,C) the weight Λ =
∑10
i=1 λ
iΛ(i) such
that λi = [0, 0, 1, 0, 0, 0, 0, 0, 0, 1] is encoded in the following Young tableau (the first
column contains 8 boxes),
...
The dimension d of such a representation is given by the following “Weyl’s dimensionality
formula”
d =
∏
α∈∆+
(Λ + ρ, α)
(ρ, α)
, ρ =
r∑
i
Λ(i) , (A.23)
where
ρ =
∑
i
Λ(i) =
1
2
∑
α∈∆+
α .
For any simple complex Lie algebra g, Weyl’s formula (A.23) can be rewritten as
d =
∏
α∈∆+
[( r∑
i=1
nikαi wi/
r∑
j=1
kαj wj
)
+ 1
]
, (A.24)
where α =
∑r
i=1 k
α
i α
(i) , Λ =
∑r
i=1 n
iΛ(i) , and wi is the “weight”
5. Although less concise,
Eq.(A.24) is much easier to apply than Eq.(A.23).
The set of eigenvalues of all the states in VΛ is called the weight system and denoted
ΩΛ . All the states in the representation space VΛ are obtained by the action of the lowering
operators of g as
E−βE−γ · · ·E−η|Λ〉 , where β, γ, . . . , η are simple roots .
As one can learn from the representation theory of sl(2), each weight λ ∈ ΩΛ is necessarily
of the form Λ−∑niα(i) with ni ∈ Z+. The sum∑ni is called the level of λ and an analysis
level by level can be done. Let us focus on the action of a specific simple root α(i) . As
Eα
(i) |Λ〉 = 0 and hi|Λ〉 = Λi|Λ〉, the representation theory of sl(2) tells us that E−α(i) |Λ〉
is non vanishing iff Λi > 1, more precisely one can act Λi times with E−α(i) on |Λ〉. With
this criterion, the systematic construction of all weights in the representation can be done by
means of the following algorithm. We start with the highest weight Λ = (Λ1, ...,Λr) in the
Dynkin basis. For each positive Dynkin label Λi > 0 we construct the sequence of weights
Λ−α(i), ..., Λ−Λiα(i) which belong to ΩΛ. The process is repeated with Λ replaced by each
of the weights just obtained.
5wi = w(α
(i), α(i)) where the constant w is equal to mini{|(α(i), α(i))|−1}
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The Freudenthal recursion formula gives the multiplicity of the weight λ in the represen-
tation Λ
[(Λ + ρ,Λ + ρ)− (λ+ ρ, λ+ ρ)]multΛ(λ) = 2
∑
α>0
∞∑
k=1
(λ+ kα, α)multΛ(λ+ kα) . (A.25)
Appendix B
Real forms of complex semi–simple
Lie algebras
Let us recall some definitions,
V C: Let V be a vector space over R. V C := V ⊗R C is called the complexification of V . One
has dimRV = dimCV
C.
WR: Let W be a vector space over C. Restricting the definition of scalars to R then leads to
a vector space WR over R and dimCW = 1/2 dimRW
R.
Real form of g : Let g be a Lie algebra over C. A real form of g is a subalgebra g◦ of the
real Lie algebra gR such that
gR = g◦ ⊕ ig◦ (direct sumof vector spaces) .
In the rest of the appendix, only real forms of semi–simple complex Lie algebras are consid-
ered. There are two special real forms, the split real form and the compact real form:
• Let ∆ be the root system of g. Then for each α ∈ ∆ it is possible to choose generators
eα ∈ gα such that ∀α, β ∈ ∆:
– [eα, e−α] = hα
– [eα, eβ ] = Nα,βeα+β if α+ β ∈ ∆ with Nα,β real
– [eα, eβ ] = 0 if α+ β 6= 0 and α+ β /∈ ∆ .
Defining h◦ = {H ∈ h| α(H) ∈ R ∀α ∈ ∆}, the split real form is
gsplit◦ = h◦ ⊕α∈∆ Reα .
• The compact real form u◦ is constructed from the split real one,
u◦ =
∑
α∈∆
R ihα +
∑
α∈∆
R(eα − e−α) +
∑
α∈∆
R i(eα + e−α) . (B.1)
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Cartan Decomposition
An automorphism σ : g → g such that σ2 = 1 is called an involution. A Cartan involution
θ of a real semi-simple Lie algebra is an involution such that Kθ is positive define. Kθ is
defined by Kθ(Z,Z
′) := −K(Z, θZ ′) for all Z, Z ′ ∈ g and K is the Killing form of g. It can
be shown that every real semi-simple Lie algebra has a Cartan involution.
A vector space decomposition
g◦ = k◦ ⊕ p◦ (B.2)
of g◦ is called Cartan decomposition if (i) the following bracket laws are satisfied [k◦, k◦] ⊆ k◦,
[k◦, p◦] ⊆ p◦, [p◦, p◦] ⊆ k◦ and (ii) the Killing form K is negative definite on k◦ and positive
definite on p◦.
Let θ be a Cartan involution of g◦. Then the eigenspace k◦ of eigenvalue +1 and the eigenspace
p◦ of eigenvalue -1 correspond to a Cartan decomposition. Conversely, one can associate a
Cartan involution in a natural way to any Cartan decomposition.
Iwasawa Decomposition
Let a◦ be a maximal abelian subspace of p◦. For λ ∈ a⋆◦, let
g◦,λ := {X ∈ g◦|adH(X) = λ(H)X ∀H ∈ a◦} .
If g◦,λ 6= 0 and λ 6= 0, λ is called a restricted root of g◦. Σ denotes the set of restricted
roots. The restricted roots and restricted root spaces have the following properties: (i)
g◦ = g◦,0 ⊕λ∈Σ g◦,λ is an orthogonal sum, (ii) [g◦,λ, g◦,µ] ⊆ g◦,λ+µ, (iii) θg◦,λ = g◦,−λ, (iv)
λ ∈ Σ ⇒ −λ ∈ Σ, (v) g◦,0 = a◦ ⊕m◦ orthogonally, where1 m◦ = Zk◦(a◦).
A notion of positivity can be introduced on V , the vector space containing an abstract
reduced2 root system ∆. A positivity notion is introduced on a⋆◦ and the set of positive
restricted roots is denoted Σ+. The subalgebra n◦ = ⊕λ∈Σ+g◦,λ is such that n◦ is nilpotent,
[a◦, n◦] = n◦ and a◦ ⊕ n◦ is a solvable algebra. Every g◦ possesses an Iwasawa decomposition,
i.e. g◦ can be decomposed into a direct sum of vector space directs as follows,
g◦ = k◦ ⊕ a◦ ⊕ n◦ . (B.3)
The rank of g◦ is defined to be the dimension of any Cartan subalgebra h◦ ≡ g◦,0 of g◦. This
is well defined since h◦ is a Cartan subalgebra of g◦ iff hC◦ is a Cartan subalgebra of g. Let t◦
be a maximal abelian subset of m◦, then it can be shown that h◦ = t◦ ⊕ a◦.
1Zb(c) = {X ∈ b | [X,Y ] = 0 ∀ Y ∈ c}.
2An abstract root system ∆ is said to be reducible if ∆ admits a non trivial disjoint decomposition ∆ =
∆′ ∪∆′′ with every elemen of ∆′ orthogonal to every element of D′′.
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Using h◦ = t◦ ⊕ a◦ as a Cartan subalgebra of g◦, we built the set ∆(g, h) of roots of g
with respect to the Cartan subalgebra h. It is possible to introduce a notion of positivity
compatible with the one of Σ.
An Iwasawa decomposition is unique up to conjugation by internal automorphisms Int(g◦)
of g◦. But a Cartan subalgebra h◦ is conjugate via Int(g◦) to a θ stable Cartan subalgebra.
Therefore, it is sufficient to study stable Cartan subalgebras. Let h◦ be a θ stable Cartan
subalgebra of g◦. Then h◦ = t◦ ⊕ a◦ with t◦ ⊆ k◦ and a◦ ⊆ p◦. One can show that all roots
of (g, h) are real valued on it◦ ⊕ a◦. The roots taking real (resp. purely imaginary) values
on h◦ are called real (resp. imaginary). dim t◦ is called compact dimension and dim a◦ non
compact dimension.
A θ stable Cartan subalgebra is called maximally noncompact if its noncompact dimension
is maximal. It can be shown that h◦ is maximally compact iff t◦ is maximally abelian in t◦.
The action of θ on a root α is given by
(θ(α))(h) = α(θ(h)) .
Satake Diagram
A Satake diagram of the real simple Lie algebra g◦ with maximally non compact Cartan
subalgebra h◦ = t◦ ⊕ a◦ consists in the Dynkin diagram of g (the root lattice of g is denoted
∆) with additional decoration:
• Black nodes stand for roots invariant under the Cartan involution θ, i.e. if the root αi
is attached to a black node, one has θ(αi) = αi. This condition is equivalent to ask that
αi vanishes on a◦, indeed θ(α)(x) = α(x) for x ∈ a◦ gives α(θ(x)) = −α(x) = α(x).
• White nodes stand for roots not invariant under the Cartan involution θ.
• White nodes can be connected by arrows. If the node αi is connected to the node αj it
means that αi− θ(αi) = αj − θ(αj). This condition is equivalent to ask that αi and αj
take the same value on a◦.
Note that (i) the restricted root system Σ is the set of roots ∆1 = ∆−∆0 where ∆0 = {α ∈
∆|θ(α) = α} (ii) the set of roots ∆s anti–invariant under θ is orthogonal to ∆0.
Let σ be the involution determining the real form g◦. It can be shown that σ = θ · τ
where τ is the involution fixing the maximally compact real form u◦ given by (A.8). In order
to determine the real form g◦, the action of θ on the generators of g is needed: if α ∈ ∆0,
the involution θ acts on eα, fα, hα as θ(hα) = hα, θ(eα) = eα and θ(fα) = fα, i.e. θ = +1;
if α ∈ ∆s, θ acts on eα, fα, hα as θ(hα) = −hα, θ(eα) = −fα; finally if α ∈ ∆1 −∆s, then
θ(Eα) = ρEθ(α) where Eα = eα if α is a positive root and Eα = f−α is α is a negative root.
The sign ρ is fixed by the fact that σ(eα) = +eβ for some positive root β ∈ ∆1 −∆s.
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Example 1.: The most simple examples are the real forms of a1 = sl(2,C), where
the two different Satake diagrams are shown in Figure B.1.
AI AII
i y
Figure B.1: Satake diagrams for the real forms of sl(2,C).
For AI, since α1 is not black and therefore not invariant under θ, one concludes
that θ(α1) = −α1. It follows that σ(f1) = θ(−e1) = f1, σ(e1) = θ(−f1) = e1 and
σ(h1) = h1. Therefore AI is generated by eα1 , fα1 and hα1 and AI = sl(2,R).
For AII, the only node is black therefore the involution fixing the real Lie algebra
is τ and AII = su(2).
Example 2.: The Satake diagram depicted in the Figure B.2 encodes one real form
of the complex simple Lie algebra a2. The involution θ acting on the roots can be
α1 α2
Figure B.2: Satake diagram of type AIII for a2
read from this diagram: α1− θ(α1) = α2− θ(α2). As θ(α1) is not α1 (not a black
node) nor in {−α1, α2, α1 + α2, −α1 − α2} since this would imply that θ(α2) is
not a root, one concludes that θ(α1) = −α2. At the level of the generators, one
has therefore θ(e1) = ρf2, θ(e2) = ρ
′f1, ... and finally σ(e1) = e2, σ(f1) = f2 and
σ(h1) = h2. The generators of g◦ are those invariant under σ, i.e.
h1 + h2 , i(h1 − h2) e1 + e2 i(e1 − e2) ,
f1 + f2 , i(f1 − f2) , ie3 , if3 .
The subalgebra a◦ is generated by h1 + h2 and the restricted root system is : α
with multiplicity 2 and 2α with multiplicity 1 (where α is such that α(h1+h2) = 1)
and the corresponding negative roots.
Appendix C
Kac–Moody Algebras
This appendix is mainly inspired by [54]. We refer to [109] for more details.
Let us define a Kac–Moody algebra g via its Dynkin diagram, with n nodes and links between
these nodes, that encodes a generalised Cartan matrix A. The algebra is a Lie algebra with
Chevalley generators hi, ei, fi (i = 1, . . . , n) obeying the following relations
[ei, fj] = δijhi
[hi, ej ] = Aijej
[hi, fj] = −Aijfj
[hi, hj ] = 0 (C.1)
where Aii = 2 and −Aij (i 6= j) is a non-negative integer related to the number of links
between the ith and jth nodes. The so-called Cartan matrix A in addition satisfies Aij = 0⇔
Aji = 0. The generators must also obey the Serre relations,
(ad ei)
1−Aijej = 0
(ad fi)
1−Aijfj = 0 (C.2)
A root α of the algebra is a non-zero linear form on the Cartan subalgebra h (= the subalgebra
generated by the {hi | i = 1, ..., n})1 such that
gα = {x ∈ g |[h, x] = α(h)x ∀h ∈ h}
is not empty. g can be decomposed in the following triangular form,
g = n− ⊕ h⊕ n+ (C.3)
1Here we assume the Cartan matrix A to be non-degenerate.
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or according to the root spaces,
g = ⊕α∈∆gα ⊕ h
where n− is the direct sum of the negative roots spaces, n+ of the positive ones and h is the
Cartan subalgebra. The dimension of gα is called the multiplicity of α. These multiplicities
obey the Weyl–Kac character formula
Πα∈∆+(1− eα)multα =
∑
w∈W
ǫ(w)ew(ρ)−ρ
The sum is over the Weyl group which in the case of interest here is infinite. ǫ(w) is the
parity of w and ρ is the Weyl vector. This formula cannot be solved in closed form in general.
Our interest is focussed here on a class of Kac–Moody algebras called very-extensions of
simple Lie algebras. They are the natural extension of the over-extended algebras which are
themselves extensions of the affine algebras. The procedure for constructing an affine Lie
algebra g+ from a simple one g consist in the addition of a node to the Dynkin diagram in a
certain way which is related to the properties of the highest root of g. One may also further
increase by one the rank of the algebra g+ by adding to the Dynkin diagram a further node
that is attached to the affine node by a single line. The resulting algebra g++ is called the
over–extension of g. The very-extension, denoted g+++, is found by adding yet another node
to the Dynkin diagram that is attached to the over-extended node by one line [80].
The algebras g build on a symmetrisable Cartan matrix A have been classified according
to properties of their eigenvalues
• if A is positive definite, g is a finite dimensional Lie algebra;
• if A admits one null eigenvalue and the others are all strictly positive, g is an Affine
Kac–Moody algebra;
• if A admits one negative eigenvalue and all the others are strictly positive, g is a
Lorentzian Kac–Moody algebra.
A Kac–Moody algebra such that the deletion of one node from its Dynkin diagram gives a
sum of finite or affine algebras is called an hyperbolic Kac–Moody algebra. These algebras
are all known; in particular, there exists no hyperbolic algebra with rang higher than 10.
Appendix D
Hamiltonian Formulation of
General Relativity
The Hamiltonian formulation of General Relativity requires a breakup of spacetime into
space and time. This can be achieved by foliating spacetime by Cauchy hypersurfaces1 Σt
parametrised by a global time function t. Let nµ be the unit normal vector field to Σt (this
         
 
Σt
Nµ
tµ
Nnµ
nµ
Σt+δt
Figure D.1: Slicing of spacetime by hypersurfaces Σt.
vector is therefore proportional to ∇µt, nµ = α∇µt). The spacetime metric gµν induces, on
each Σt, a spatial metric hµν :
hµν = gµν + nµnν . (D.1)
Let tµ be a vector field such that the covariant derivative of the time function t along its
direction equals one, tµ∇µt = 1. This vector field may be interpreted as the “flow of time”.
1Let M be the spacetime. A Cauchy hypersurface is an achronal set Σ such that D(Σ) = M . A subset
S ⊂ M is said to be achronal if there exist no p, q ∈ S such that q ∈ I+(S). Recall that I+(S) is the
chronological future of S, I+(S) = ∪p∈SI+(p) and I+(p) = {q ∈ M | there exists a future directed timelike
curve λ(t) with λ(0) = p and λ(1) = q } and that D(Σ) = D+(Σ) ∪D−(Σ) where D±(Σ) = {p ∈ M | every
past/futur inextendible causal curve through p intersects Σ}.
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It is useful to decompose tµ into two vectors, one perpendicular and one tangent to Σt,
tµ = Nnµ + Nµ. This defines respectively the lapse function2 N and the shift vector Nµ,
through
N = −tµnµ = (nµ∇µt)−1 , (D.2)
Nµ = hµνt
ν .
d–dimensional tensors
It is natural to choose coordinates appropriate to the d+1 dimensional breakup and to in-
troduce d–tensors. Let the spacetime indices µ decompose as µ = {0, a} where {a} label
coordinates on the surfaces Σt and the 0th index refers to t. Instead of considering the in-
duced metric hµν as a spacetime tensor, the d–dimensional metric
(d)hab ≡ gab (a = 1, . . . , d)
can be used. Since na = 0 where a ∈ {1, ..., d−1}, the relationship between these two tensors
is given by
hµν =
(
0 0
0 (d)hab
)
. (D.3)
For notational convenience, we will simply denote (d)hab by hab. More generally, a spacetime
tensor T µ1...µmν1...νn which satisfies
hρ1µ1 ...h
ρm
µmh
ν1
σ1 ...h
νn
σnT
µ1...µm
ν1...νn = T
ρ1...ρm
σ1...σn ,
has its components with one temporal index that vanish. Therefore, one can express it
as a spatial tensor and in this case one will denote it (d)Tm1...mmn1...nn, or more simply
Tm1...mmn1...nn . As we have seen, hµν is such a tensor. Note that the given of gµν is equivalent
to that of {gab, N, Na},
gµν =
(
NaN
a −N2 Nb
Na gab
)
(D.4)
and that Nµ is also a spatial tensor in this sense explained above.
Extrinsic curvarture
An important notion, illustrated by Fig.(D.2), is the extrinsic curvature because it is related
to the “time derivative” of hµν . If the hypersurfaces Σt are flat, the extrinsic curvature clearly
vanishes. More formally, the extrinsic curvature Kµν is,
Kµν = hν
ρ∇ρnµ
2The second equality of Eq.(D.2) is obtained by using nµ = α∇µt which implies by the first equality of
Eq.(D.2) that −αtµ∇µt = N (and α = −N). Then nµ = −N∇µt which contracted with nµ gives the desired
equality.
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P
P + δP
nµ(P + δP )
nµ(P )
Figure D.2: The extrinsic curvature measures the variation of the unit normal vector to Σt projected
on Σt.
where hν
ρ = gρµhνµ ensures that Kµν is purely spacelike
3, i.e. Kµ0 = 0 and K0ν = 0, so that
one can naturally define (d)Kab ≡ Kab. To derive other expressions of the extrinsic curvature,
it is easier to keep spacetime tensors. In particular, one is interested to know its expression
in terms of the “time derivative” of hµν ,
h˙µν ≡ hµαhνβLthαβ ,
where Lt stands for the Lie derivative4 along tµ. In this vain, an important property of the
extrinsic curvature is its symmetry, Kµν = Kνµ which can be shown using the Frobenius
theorem (see Appendix B of [168]). Using the symmetry of Kµν , it is easy to show that
Kµν =
1
2
Lnhµν .
Starting from this expression, one get
Kµν =
1
2
Lnhµν
=
1
2
(nρ∇ρhµν + hµρ∇νnρ + hρν∇µnρ)
=
1
2N
(Nnρ∇ρhµν + hµρ∇ν(Nnρ) + hρν∇µ(Nnρ))
=
1
2N
hµ
ρhµ
σ(Lthρσ − LNhρσ)
=
1
2
N−1(h˙µν −DµNν −DνNµ) , (D.5)
where Dµ stands for the covariant derivative on Σ. The covariant derivative on Σ of a tensor
T is given by
DµT
α1...αi
β1...βj = h
α1
γ1 ...h
αi
γih
δ1
β1...h
δj
βj∇µT γ1...γiδ1...δj ,
see chapter 10 of [168]. Note that the expression (D.5) is purely spatial, therefore one has
Kab =
1
2
N−1(h˙ab −DaNb −DbNa) . (D.6)
3hν
ρ is a projector on the hypersurface Σt. If v
µ is orthogonal to nν then vµ = vνhν
µ.
4The Lie derivative of a tensor Tα1...αiβ1...βj with respect to v
µ is LvTα1...αiβ1...βj = vµ∇µTα1...αiβ1...βj −∑i
k=1 T
α1...γ...αi
β1...βj∇γvαk +
∑j
l=1 T
α1...αi
β1...γ...βj∇βlvγ .
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Einstein–Hilbert Lagrangian
General Relativity possesses gauge symmetries therefore not all variables are dynamical. The
set {hab, N, Na} is very convenient because the equations of motion for hab contain second
order derivatives with respect to time; those for N and Na contain only first order derivatives
with respect to time and are constraints. Moreover, the time derivative of hab appears in the
Einstein-Hilbert Lagrangian only through Kab. The time derivatives of N and Na do not
appear since they are not dynamical (they just describe how to pass from one hypersurface
to the next).
In order to introduce the Hamiltonian formalism, one needs the expression of the Einstein-
Hilbert Lagrangian density L =
√−gR in terms of N, Na, hab and their derivatives. It is
easy to show that
√−g = √hN . To get the spacetime scalar curvature R in appropriate
variables it is a less trivial. One uses the fact5 that
1
2
Rµναβh
µαhνβ = R+ 2Rµνn
µnν
= (d)R+K2 −KµνKµν (D.7)
where Rµναβ and Rµν are the spacetime Riemann and Ricci tensors; K = K
µ
µ;
(d)R is the
spatial scalar curvature. Then one evaluates6 Rµνn
µnν,
Rµνn
µnν = Rµγν
γnµnν
= −nµ(∇µ∇γ −∇β∇m)nγ
= (∇µnµ)(∇γnγ)− (∇γnµ)(∇µnγ)−∇µ(nµ∇γnγ) +∇γ(nµ∇µnγ)
= K2 −KµνKµν −∇µ(nµ∇νnν) +∇µ(nν∇νnµ) . (D.8)
With total derivatives neglected, the Einstein-Hilbert Lagrangian density is,
L =
√
hN((d)R+KabK
ab −K2) . (D.9)
Hamiltonian Formalism
All ingredients are now in order to get the Hamiltonian. One just needs the momentum
canonically conjugate to hµν , which is
πab =
∂L
∂h˙ab
=
√
h(Kab −Khab) . (D.10)
5The first equality of (D.7) is obtained by using twice the definition (D.1). For the second one, one uses
the Gauss–Codacci relations see chapter 10 of [168],
(d)Rµνρ
σ = hµ
αhν
βhρ
γhσδRαβγ
δ −KµρKνσ +KνρKµσ
contracted with hµρ and δνσ.
6The first and second equalities of (D.8) come from the definitions of the Ricci and Riemann tensors. The
third uses integration by parts and the last one the definition of the extrinsic curvature.
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The Hamiltonian density is
H = πabh˙ab − L
=
√
h{N(−(d)R+ h−1πabπab − 1
d− 1h
−1π2)
− 2Na(Db(h−1/2πba))
+ 2Da(h
−1/2Nbπab)}
where π = πaa. Variation of H with respect to N and Na yields respectively the Hamiltonian
and momentum constraints,
H = (d)R+ h−1πabπab − 1
d− 1h
−1π2 ≈ 0 ,
Ha = Db(h
−1/2πab) ≈ 0 .
Hamiltonian Formalism and the Iwasawa Decomposition
This section is a complement to the section 2.4 (to which we refer for the notations) and is
devoted to derive the Hamiltonian formalism after the Iwasawa decomposition of the spatial
metric and the choice a spacetime slicing such that Nµ = 0. One needs the Einstein-Hilbert
Lagrangian density expressed in terms of {N ab, βa, N, N˙ ab, β˙a}. The extrinsic curvature
K (D.6) in these variables, and in matricial notation, is
K =
1
2
N−1(T N˙A2N + 2TNA˙AN + TNA2N˙ ) .
The Einstein-Hilbert Lagrangian density (D.9) is
L =
√
gN((d)R+ tr(g−1K)2 − (tr(g−1K))2)
=
√
gN((d)R+
1
4
N−2tr(N−1A−2TN−1(T N˙A2N + 2TNA˙AN + TNA2N˙ ))2
− 1
4
N−2(tr(N−1A−2TN−1(T N˙A2N + 2TNA˙AN + TNA2N˙ )))2) ,
where g is the determinant of the spatial metric and g is the spatial metric. After expending
the above expressing and noticing that the tr(N˙N ) vanishes7 due to the form (2.8) of the
N ’s, one finds
L =
√
g
N
(N2(d)R+ (tr(A−1A˙)2 − (trA˙A−1)2 + 1
2
tr(N−1A−2TN−1T N˙A2N˙ )
=
√
g
N
(N2(d)R+ (
∑
a
(β˙a)2 − (
∑
a
β˙a)2 +
1
2
∑
b<d
e2(β
b−βd)N−1abN−1cbN˙ dcN˙ da) .
One can compute the momenta conjugated to the β’s and N ’s, they are
P i(a) =
∂L
∂N˙ (a)i
=
∑
b<a
e2(β
b−βa)N˙ (a)jN−1j (b)N−1i(b) (D.11)
π(a) = 2 N˜
−1G(a)(b)β˙(b) (D.12)
7as well as tr(N˙NΛ) = 0 where Λ is any diagonal matrice and in particular tr(N˙N )2 = 0.
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where G(a)(b) is the inverse of the auxiliary space metric G(a)(b),
G(a)(b)π(a)π(b) =
∑
a
π2(a) −
1
d− 1(
∑
a
π(a))
2 .
The Hamiltonian density is
H[β,N , π, P ] = π(a)β˙(a) + P i(a)N˙ (a)i − L
H[β,N , π, P ] = N˜
4
G(a)(b)π(a)π(b)
+
1
4N˜
Tr(PA−2TP TNA2N)
−gN˜ (d)R . (D.13)
Appendix E
The Cartan Formalism
This appendix is inspired essentially from [154] and [20]. Usually, one uses a coordinate basis
on spacetime M . However, it is often useful to consider a non-coordinate basis. Instead of
choosing in the tangent space Tp at each point p, a basis which is eµ = ∂µ, one can take a
basis e(µ). This basis e(µ) is numbered by a index in brackets to emphasize the fact that this
is a general basis, i.e. not a coordinate basis. Of course one can express the new basis in
terms of the old one,
e(µ) = e(µ)
νeν
and vice-versa,
eν = eν
(µ)e(µ) .
The inner product of the vector basis give the components of the metric with respect to this
basis,
g(µ)(ν) = g(e(µ), e(ν)) .
It is in particular possible to choose the basis such that g(µ)(ν) = ηµν . In these cases, the e(µ)’s
are called vielbeins. Here we will consider the general case. Similarly, one can introduce a
basis θ(µ) of one forms in T ⋆p dual to e(µ),
θ(µ)e(ν) = δ
µ
ν .
It is obvious that this basis is related to the basis θµ = dxµ (which is dual to eµ) through
θ(µ) = e(µ)µθ
µ. Let T be any tensor in Tp × ...× Tp︸ ︷︷ ︸
i
×T ⋆p ...× T ⋆p︸ ︷︷ ︸
j
. In the coordinate basis, one
has T = T µ1...µiν1...νjeµ1 ...eµiθ
ν1...θνj . One can of course express this tensor in the new basis
T = T (µ1)...(µi)(ν1)...(nj)e(µ1)...e(µi)θ
(ν1)...θ(νj). The components of T in the two basis are related
by
T (µ1)...(µi)(ν1)...(ni) = e
(µ1)
µ1 ...e
(µi)
µie(ν1)
ν1...e(ni)
νiT µ1...µiν1...νj .
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The commutator [ , ] of two vector fields U and V is defined to be
[U, V ] = UV − V U .
The Lie derivative £U of a vector field V along U is
£UV = [U, V ].
The structure constants C(µ)(ν)(ρ) in a given basis are defined to be the components of the Lie
derivative of e(ν) along e(µ),
£e(µ)e(ν) = C
(ρ)
(µ)(ν)e(ρ) .
It can be shown that they are also the components of the two form dθ(µ),
dθ(µ) = −1
2
C(µ)(ν)(ρ)θ
(ν) ∧ θ(ρ) . (E.1)
In the special case of a coordinate basis, the structure constants therefore vanish.
Covariant Derivative
The covariant derivative ∇U maps a tensor field T into another tensor field ∇UT of the same
rank. The covariant derivative of any tensor along any vector field is given once one knows
∇e(µ)e(ν). The connection coefficients Γ(ρ)(µ)(ν) are the components of ∇e(µ)e(ν),
∇e(µ)e(ν) = Γ(ρ)(µ)(ν)e(ρ) . (E.2)
In order to make this connection unique, one requires ∇Ug = 0. With the definition of the
connection forms
ω(µ)(ν) = Γ
(µ)
(ν)(ρ)θ
(ρ) , (E.3)
this condition reads
∇Ug = 0 ⇔ dg(µ)(ν) = ω(µ)(ν) + ω(ν)(µ) . (E.4)
One also requires no torsion. It can be shown that the no torsion condition is equivalent to
C(µ)(ν)(ρ) = Γ
(µ)
(ρ)(ν) − Γ(µ)(ν)(ρ). This last relation implies the first Cartan equation,
dθ(µ) = ω(µ)(ν) ∧ θ(ν) . (E.5)
Using three times the first Cartan equation (E.5)
C(µ)(ν)(ρ) = Γ(µ)(ρ)(ν) − Γ(µ)(ν)(ρ)
C(ν)(ρ)(µ) = Γ(ν)(µ)(ρ) − Γ(ν)(ρ)(µ)
C(ρ)(µ)(ν) = Γ(ρ)(ν)(µ) − Γ(ρ)(µ)(ν) ,
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where three of the Γ’s are replaced by Γ(µ)(ν)(ρ) = −Γ(ν)(µ)(ρ) + e(ρ)g(µ)(ν) (equality implied by
the condition (E.4)) gives
C(µ)(ν)(ρ) = −Γ(ρ)(µ)(ν) + e(ν)g(µ)(ρ) − Γ(µ)(ν)(ρ)
C(ν)(ρ)(µ) = −Γ(µ)(ν)(ρ) + e(ρ)g(ν)(µ) − Γ(ν)(ρ)(µ)
C(ρ)(µ)(ν) = −Γ(ν)(ρ)(µ) + e(µ)g(ρ)(ν) − Γ(ρ)(µ)(ν) ,
Substracting the frist equation to the two last ones, one get the connection coefficients in a
general basis,
Γ(µ)(ν)(ρ) =
1
2
g(µ)(δ)(g(δ)(ν),(ρ) + g(δ)(ρ),(ν) − g(ν)(ρ),(δ))
+
1
2
(−C(µ)(ν)(ρ) + g(ν)(δ)g(µ)(σ)C(δ)(σ)(ρ) + gd(ρ)g(µ)(σ)C(δ)(σ)(ν)) , (E.6)
where g(µ)(ν),(ρ) = e(ρ)g(µ)(ν).
Curvature
The curvature operation R on two vector fields U and V is defined by
R(U, V ) = ∇U∇V −∇V∇U −∇[U,V ] . (E.7)
R(U, V ) is a tensor of covariant rank one and contravariant rank one. One defines a tensor
of covariant rank three and contravariant rank one which operates on three vector fields
U, V, W and one differential form ω to produce a function,
R(U, V,W,ω) = ω(R(U, V )W ) .
ConsiderR(e(µ), e(ν)) acting on e(ρ), the components of the Riemann curvature tensor R
(δ)
(ρ)(µ)(ν),
R(e(µ), e(ν))e(ρ) = R
(δ)
(ρ)(µ)(ν)e(δ) .
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It is a direct computation1 to show that,
R(δ)(ρ)(µ)(ν) = Γ
(δ)
(ρ)(ν),(µ) − Γ(δ)(ρ)(µ),(ν) + Γ(σ)(ρ)(ν)Γ(σ)(σ)(µ) − Γ(σ)(ρ)(µ)Γ(δ)(σ)(ν) − C(σ)(µ)(ν)Γ(δ)(ρ)(σ)(E.8)
where Γ(δ)(ρ)(ν),(µ) = e(µ)Γ
(δ)
(ρ)(ν).
The Second Cartan Equation
The curvature forms are defined by
θ(µ)(ν) = dω
(µ)
(ν) + ω
(µ)
(ρ) ∧ ω(ρ)(ν) ,
and possess the nice property to obey the second Cartan equation,
θ(µ)(ν) =
1
2
R(µ)(ν)(ρ)(δ)θ
(ρ) ∧ θ(δ) . (E.9)
1The components R(δ)(ρ)(µ)(ν) of the Riemann tensor are given by
R(e(µ), e(ν))(e(ρ)) = R
(δ)
(ρ)(µ)(ν)e(δ) .
Inserting the definition of the Riemann tensor R, one gets
∇e(µ) [∇e(ν)e(ρ)]−∇e(ν) [∇e(µ)e(ρ)]−∇[e(µ),e(ν)]e(ρ) = R(δ)(ρ)(µ)(ν)e(δ)
using further the defintion of the connection components (E.2) and the fact that [e(µ), e(ν)] = −1/2C(ρ)(µ)(ν)e(ρ)
together with the linearity of the covariant derivative ∇[e(µ),e(ν)]e(ρ) = −1/2C(δ)(µ)(ν)Γ(σ)(ρ)(δ)e(σ), one deduces
that
R(δ)(ρ)(µ)(ν)e(δ) = (∇e(µ)Γ(δ)(ρ)(ν))e(δ) − (∇e(ν)Γ(δ)(ρ)(µ))e(δ)
+ Γ(δ)(ρ)(ν)Γ
(σ)
(δ)(µ)e(σ) − Γ(δ)(ρ)(µ)Γ(σ)(δ)(ν)e(σ)
+
1
2
C(δ)(µ)(ν)e(δ) ∧ e(ρ)
and finally noting that the Γ’s are functions which implies that (∇e(ν)Γ(δ)(ρ)(µ)) = e(ν)Γ(δ)(ρ)(µ), one obtain
Eq.(E.8).
Appendix F
Dimensional Reduction
This appendix, based on [150], reviews the dimensional reduction procedure. Firstly by
reducing gravity from D + 1 dimensions to D dimensions in great details. Next, the one–
dimensional reduction of a p–form is considered. Repeating the procedure, general formulas
to reduce gravity coupled to a p–form from D + n to D dimensions can be deduced. These
formulas are summarised and can be easily used to reduce in dimension actions of the general
form (2.1). Here, we consider only toroidal dimensional reduction.
Dimensional Reduction of Gravity: from D + 1 to D
The basic idea of the dimensional reduction on a circle is that one of the coordinates no
longer lives on R but rather takes its values on a circle S1. The main assumption of dimen-
sional reduction is that the reduced fields are supposed to be independent of the compactified
coordinate. This assumption is equivalent to throwing away the massive modes of the fields
appearing in the Fourier decomposition of the (D+1)–dimensional fields along the compacti-
fied coordinate [150]. If the D–dimensional coordinates are {xµˆ}µ=0,...,d and one compactifies
on xd = z, this singles out the latter coordinate. Naively, one is tempted to reinterpret the
D–dimensional metric gˆµˆνˆ as the following D − 1 fields, a metric gµν = gˆµν , a one–form
Aµ = gˆµz and a scalar field φ = gˆzz where µ, ν = 0, ..., d − 1. However, these fields do
not have the right transformation properties to be interpreted as suggest here above: the
”metric” do not the right transformation properties under D–dimensional general coordinate
transformations, the ”one—form” do not possess U(1) gauge invariance. As shown in [150]1,
1We follow the same notation except for α which is replaced by α/2.
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a clever ansatz for the metric is
dsˆ2 = eαφds2 + eβφ(dz +A)2 ,
gˆµν = e
αφgµν + e
βφAµAν
gˆµz = e
βφAµ
gˆzz = e
βφ ,
or at the vielbein level,
eˆa = e
α
2
φea
eˆz = e
β
2
φ(dz +A) .
With this choice, gµν , Aµ and φ possess the right transformation properties under D–
dimensional general coordinate transformations and local U(1) gauge transformations to be
interpreted as notations suggest. The rest of this section is devoted to obtain the Einstein–
Hilbert Lagrangian,
L =
√
−gˆRˆ ,
in terms of the reduced fields gµν , Aµ and φ. In order to compute the Ricci scalar Rˆ one
needs the structure constants (E.1) which can be directly read here under,
deˆa =
α
2
dφ ∧ eˆa + eα2 φ(−1
2
Cabce
b ∧ ec)
= −1
2
e−
α
2
φ(−α∂bφδac + Cabc)eˆb ∧ eˆc
deˆz =
β
2
dφ ∧ ez + eβ2 φdA
=
β
2
e−
α
2
φ∂bφeˆ
b ∧ eˆz + 1
2
e(
β
2
−α)φFbceˆb ∧ eˆc ,
where ∂bφ ≡ θbφ = e−α2 φθˆbφ, θb and θˆbˆ are the inverse D– and (D+1)–dimensional vielbeins.
Fab = (∂aAb − ∂bAa) are the components of F = dA = 12Fabea ∧ eb. Therefore the structure
constants are
Cˆabc = e
−α
2
φ(−α
2
(∂bφδ
a
c − ∂cφδab) +Cabc)
Cˆzbz = −β
2
e−
α
2
φ∂bφ
Cˆzbc = −e(
β
2
−α)φFbc .
The connection coefficients (E.2) are straightforwardly obtained by using (E.6) where gab =
ηab,
Γˆabc = e
−α
2
φ(Γabc +
α
2
(∂bφδ
a
c − ∂aφηbc))
Γˆabz = −1
2
e(
β
2
−α)φFab
Γˆazb =
1
2
e(
β
2
−α)φFab
Γˆzbz =
1
2
βe−
α
2
φ∂bφ .
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The connection forms (or spin connections) are then deduced,
ωˆab = ω
a
b +
α
2
e−
α
2
φ(∂bφ eˆ
a − ∂aφηbc eˆc)− 1
2
e(
β
2
−α)φFab eˆz
ωˆaz =
1
2
βe−
α
2
φ∂aφ eˆz +
1
2
e(
β
2
−α)φFab eˆb .
Using the second Cartan equation (E.9), one gets the components of the Riemann tensor
(E.8). The Ricci scalar is then easily obtained and the Einstein–Hilbert Lagrangian rewrites,
L =
√
−gˆRˆ = √−g(R− 1
2
∂µφ∂
µφ− 1
4
e−(D−1)αφFµνFµν) ,
where β is chosen to be β = −2(D − 2)α in order to get the Einstein–Hilbert Lagrangian in
D dimensions and α is chosen such that α2 = 2/((D− 1)(D− 2)) to normalise the dilaton as
usual [150].
Gravity coupled to a p–form: from D to D − 1
One considers now the p–form Lagrangian,
Lp = −
√−gˆ
2p!
Fˆ (p) 2 ,
where Fˆ (p) = dAˆ(p−1). The ansatz for the reduction of the potential A(p−1) is
Aˆ(p−1)(xµˆ) = A(p−1)(xµ) +A(p−2)(xµ) ∧ dz ,
and the ”clever” one for the field strength F (p) [150] is,
Fˆ (p) = F (p) + F (p−1) ∧ (dz +A) ,
where
F (p) = dA(p−1) − dA(p−2) ∧ A
F (p−1) = dA(p−2) .
In the vielbein basis, the components of Fˆ (p) are
Fˆ (p)(a1)...(ap) = e
−pα
2
φF (p)(a1)...(ap) ,
Fˆ (p)(a1)...(ap−1)(z) = e
(D−p−2)α
2
φF (p−1)(a1)...(ap−1) .
Therefore the Lagrangian re–expresses as
Lp = −
√−g
2p!
e−(p−1)αφF (p) 2 −
√−g
2(p − 1)!e
(D−p−1)αφF (p−1) 2 .
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General Formula for Dimensional Reduction
The (Dˆ = D + n)–dimensional Lagrangian is
LDˆ =
√
−gˆ R− 1
2 p!
Fˆ (p) 2 . (F.1)
The metric will be reduced using the standard Kaluza–Klein ansatz which, in the notation
of [150, 28], is
ds2
Dˆ
= e~s·~φ ds2D +
n∑
i=1
e2~γi·~φ (hi)2 , (F.2)
where
hi = dzi +Ai(0)j dzj +Ai(1) = γ˜ij (dzj + A¯j(1)) ,
γ˜ij = δ
i
j +Ai(0)j ,
A¯i(1) = γijAj(1) . (F.3)
We define also γij = (γ˜
−1)ij, as in [28]. The constant vectors ~s and ~γi are given by
~s = (s1, s2, . . . , sn) , ~γi =
1
2
~s− 1
2
~fi ,
where
si =
√
2
(Dˆ − 1− i)(Dˆ − 2− i) ,
~fi =
(
0, 0, . . . , 0︸ ︷︷ ︸
i−1
, (Dˆ − 1− i)si, si+1, si+2, . . . , sn
)
.(F.4)
The potential A(p−1) is reduced according to the standard procedure
A(p−1) −→ A(p−1) +A(p−2)i dzi + 1
2
A(p−3)ij dz
i ∧ dzj · · · . (F.5)
After reduction on the n–torus, the Lagrangian in D dimensions is given by
L = R ∗1l− 1
2
∗d~φ ∧ d~φ− 1
2
e~a·~φ ∗F (p) ∧ F (p) − 1
2
∑
i
e~ai·~φ ∗F (p−1)i ∧ F (p−1)i
−1
2
∑
i<j
e~aij ·~φ ∗F (p−2)ij ∧ F (p−2)ij − · · ·
−1
2
∑
i1<i2<···<ip−1
e~ai1i2···ip−1 ·
~φ ∗F (1)i1i2···ip−1 ∧ F (1)i1i2···ip−1
−1
2
∑
i
e
~bi·~φ ∗F i(2) ∧ F i(2) −
1
2
∑
i<j
e
~bij ·~φ ∗F i(1)j ∧ F i(1)j . (F.6)
The dilaton vectors are given by
~a = −(p− 1)~s , ~ai = ~fi − (p − 1)~s , ~aij = ~fi + ~fj − (p − 1)~s , · · ·
~ai1···ip−1 = ~fi1 + ~fi2 + · · ·+ ~fip−1 − (p − 1)~s ,
~bi = −~fi , ~bij = −~fi + ~fj . (F.7)
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The field strengths are given by
F (q)i1i2···ip−q = γ
j1
i1 γ
j2
i2 · · · γjp−q ip−q F¯ (q)j1j2···jp−q
F i = γ˜ijF¯ j(2)
F ij = γkjdAik ,
with
F¯ (p) = dA(p−1) − dA(p−2)i A¯i(1) +
1
2
dA(p−3)ij A¯i(1) A¯j(1)
−1
6
dA(p−4)ijk A¯i(1) A¯j(1) A¯k(1) + · · · ,
F¯ (p−1)i = dA
(p−2) + dA(p−3)ij A¯j(1) +
1
2
dA(p−4)ijk A¯j(1) A¯k(1)
+
1
6
dA(p−5)ijkℓ A¯j(1) A¯k(1) A¯ℓ(1) + · · · ,
· · · · · ·
F¯ (1)i1...ip−1 = dA
(0)
i1...ip−1 . (F.8)
and
F¯ i(2) = dA¯i(1) ,
A¯i(1) = γijAi(1) .
Dualisation
If we take the case where D = n + 3, so that the reduction goes down to three dimensions,
the Lagrangian will be simply
L3 = R ∗1l− 1
2
∗d~φ ∧ d~φ− 1
2
∑
i
e
~bi·~φ ∗F i(2) ∧ F i(2)
−1
2
∑
i<j
e
~bij ·~φ ∗F i(1)j ∧ F i(1)j −
1
2
∑
i1<···<ip−2
e~ai1···ip−2 ·
~φ ∗F (2)i1···ip−2 ∧ F
(2)
i1···ip−2
−1
2
∑
i1<···<ip−1
e~ai1···ip−1 ·
~φ ∗F (1)i1···ip−1 ∧ F
(1)
i1···ip−1 . (F.9)
This is obtained from (F.6) by dropping all field strengths associated with forms of degree
higher than 2. We may then follow the standard procedure for dualising the 1–form potentials
Ai(1) and A(1)i1···ip−2 to axionic scalars χi and ψj1···jp−2, by introducing the axions as Lagrange
multipliers for the Bianchi identities for the 2–form field strengths (see, for example, [28]).
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Upon doing so, we arrive at the purely scalar three-dimensional Lagrangian
L3 = R ∗1l− 1
2
∗d~φ ∧ d~φ− 1
2
∑
i
e−~bi·~φ ∗G(1) i ∧ G(1) i
−1
2
∑
i<j
e
~bij ·~φ ∗F i(1)j ∧ F i(1)j −
1
2
∑
i1<···<ip−2
e−~ai1···ip−2 ·
~φ ∗G(1) i1···ip−2 ∧G(1) i1···ip−2
−1
2
∑
i1<···<ip−1
e~ai1···ip−1 ·
~φ ∗F (1)i1···ip−1 ∧ F
(1)
i1···ip−1 , (F.10)
where
F (1)i1···ip−1 = γ
j1
i1 · · · γjp−1 ip−1 dA(0)j1···jp−1 ,
G(1) i1···ip−2 = γ˜i1j1 · · · γ˜ip−2jp−2 dψj1···jp−2 ,
G(1)i = γji(dχj −
∑
k1<···<kp−2
A(0)k1···kp−2j dψ
k1···kp−2) ,
F i(1)j = γkj dAi(0)k . (F.11)
Appendix G
Notations and Conventions
fdjkmq
⋆1 =
√−gdDx
F (p) = dA(p)
(p)F = 1(p+1)!Fµ1...µp+1dx
µ1 ∧ · · · ∧ dxµp+1
⋆(p)F = 1(p+1)!(D−p−1)!ǫν1...νD−p−1
µ1...µp+1Fµ1...µp+1dx
ν1 . . . dxνD−p−1
r rank of an algebra
n number of dilatons
d spatial dimension
D spacetime dimensions
g determinant of the spatial metric
g matrix of the spatial metric
N lapse
Na shift
a, b, c curved spatial indices in a coordinate basis OR indices for reduced dimensions
µν... curved spacetime indices in a coordinate basis
(a), (b), ... flat spatial indices in a general basis
(µ), (ν), ... flat spacetime indices in a general basis
BKL Belinsky, Khalatnikov and Lifshitz
A++n = A
∧∧
n = EAn as well as for the B, C, D.
E++n = E
∧∧
n for n = 6, 7, 8; E
++
8 = E10, E
+++
8 = E11
G++2 = G
∧∧
2 , F
++
4 = F
∧∧
4
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G finite dimensional simple Lie Group
G+ Affine Lie group
G++ Overextended simple Lie Group
G+++ Very extended simple Lie Group
g Complex Lie algebra
g◦ Real form of the complex Lie algebra g
h Cartan subalgebra of g
h◦ = g◦,0 Cartan subalgebra of g◦
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